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Abstract. A fluid-immersed granular mixture may spontaneously separate when subjected to vertical vi-
bration, separation occurring when the ratio of particle inertia to fluid drag is sufficiently different between
the component species of the mixture. Here, we describe how fluid-driven separation is influenced by
magneto-Archimedes buoyancy, the additional buoyancy force experienced by a body immersed in a para-
magnetic fluid when a strong inhomogeneous magnetic field is applied. In our experiments glass and bronze
mixtures immersed in paramagnetic aqueous solutions of MnCl2 have been subjected to sinusoidal vertical
vibration. In the absence of a magnetic field the separation is similar to that observed when the interstitial
fluid is water. However, at modest applied magnetic fields, magneto-Archimedes buoyancy may balance the
inertia/fluid-drag separation mechanism, or it may dominate the separation process. We identify the vibra-
tory and magnetic conditions for four granular configurations, each having distinctive granular convection.
Abrupt transitions between these states occur at well-defined values of the magnetic and vibrational pa-
rameters. In order to gain insight into the dynamics of the separation process we use computer simulations
based on solutions of the Navier-Stokes’ equations. The simulations reproduce the experimental results
revealing the important role of convection and gap formation in the stability of the different states.

PACS. 45.70.Mg Granular flow: mixing, segregation and stratification

1 Introduction

Granular materials are widespread both in nature and
in commerce. In many industrial applications it is very
important to be able to separate granular materials, ob-
tained, for example, from mined ores, into their con-
stituent components. A number of important separation
techniques have been successfully based on differences in
size, density or roughness [1,2]. However, when grains
move within a fluid, and the grains are fine enough for
the fluid-grain interactions to be strong, it is generally
the fluid-grain interactions which dominate the dynamics,
and therefore the separation processes.

This paper concerns the influence of magnetic buoy-
ancy on the fluid-driven separation of fine granular mix-
tures under low-frequency vibration.

In the absence of magnetic forces a granular mix-
ture subjected to vertical vibration in the presence of a
fluid may spontaneously separate [3,4]. Grains are thrown
from a platform undergoing sinusoidal vertical motion
zp = A sin(ωt) if the dimensionless acceleration of the
platform Γ = Aω2/g exceeds unity. Here A is the am-
plitude of vibration, g is Earth’s gravity and ω = 2πf
is the angular frequency of vibration. While the grains
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move upwards after being thrown, fluid is drawn down
through the bed to fill the space below. Later in the vi-
bration cycle, when the grains fall back towards the plat-
form, fluid is forced up through the bed. It is this peri-
odic fluid flow which leads to separation if the ratio of
particle inertia to fluid-drag force is sufficiently different
between the species of the mixture [3,4]. Here, we refer
to this as the vibratory inertia/fluid-drag (VIFD) mech-
anism. However, if the fluid is paramagnetic it will be
drawn towards the strongest part of any magnetic field
in which it is placed. The grains will then be subjected
to magnetic buoyancy forces which may act to reinforce
or to counteract VIFD separation. It is the influence of
this magneto-Archimedean buoyancy on VIFD separation
which we report here.

In the case of a fluid of negligible density, such as
air, and in the absence of a magnetic field, VIFD sep-
aration will occur if the granular components have dis-
tinctly different ratios of inertial mass to fluid drag. At
low Reynolds’ numbers, such that the flow is laminar, the
drag forces per particle scale as ηd, where d is the particle
diameter and η is the dynamic viscosity of the fluid. That
constituent of the mixture having the greater ratio of in-
ertia mass to fluid drag will then present a larger value
of ρd2/η. Here ρ is the density of the granular material.
In isolation a group of these grains thrown by vibration
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will tend to fly higher than an isolated group of grains
having a lower value of ρd2/η. A detailed analytical treat-
ment of the conditions for the separation of a mixed bed
is not available. However, it might be supposed that over
many cycles of vibration the mixture will separate with
the grains of higher ρd2/η in the upper part of the gran-
ular bed. Detailed studies of the fluid-driven separation
of fine bronze and glass granular mixtures vibrated in air
have shown that, at low frequencies, this is indeed the
case [3,4], and that the VIFD separation of a mixture
consisting of grains of type a and b may be predicted by
examining the parameter S = ρad2

a/ρbd
2

b . At low frequen-
cies grains of type a will separate above grains of type
b if S is appreciably greater than unity. The separation
may be essentially complete, the boundary between the
separated layers being sharp and well defined [3,4].

The complexity of the problem is illustrated by noting
that at sufficiently high frequencies separation still occurs
if S is appreciably different from unity, but that the higher
ρd2 component is then found sandwiched between an up-
per and a lower region of the lower ρd2 component [3,4].
At high frequencies, periodic spatial oscillations are found
at high values of Γ . These effects have not yet been fully
explained despite extensive computer simulation [5].

For grains in a liquid, an analysis of the conditions for
VIFD separation is further complicated by the appreciable
fluid density. This results in buoyancy forces, mass correc-
tion effects and Basset history forces [6], each of which in-
fluence the granular dynamics. The mass corrections and
history forces are known for an isolated spherical particle
moving within a dense fluid [7,8] but the expressions for
such forces on a particle moving within a dense granular
bed are unknown. Nevertheless, in studies of VIFD separa-
tion of water-immersed binary mixtures, the parameter S
is still useful in approximately determining the condition
for separation [9]. At low frequencies an appreciably higher
ρd2 component is found above the lower ρd2 component.

At low frequencies of vibration, a granular bed is un-
stable against the development of Faraday tilting [10,11].
Should any tilt of the upper surface occur, horizontal com-
ponents of the fluid flow will enhance the tilt until a dy-
namic angle of repose is reached. The resulting fluid-driven
granular convection speeds the separation process [12].
During the development of VIFD separation, like grains
will interact similarly with the fluid and will stay together;
grains of different ρd2 will be drawn apart. Groups of the
two species coarsen, the process usually leading to a sin-
gle region of each type. Since they have distinct values of
ρd2, these regions will be thrown with distinct flight paths,
gaps opening between them during flight. It is found that
convective motion principally occurs while these gaps are
open, enabling convective motion within each region with-
out the two regions mixing [9].

Catherall et al. have shown that fine granular mixtures
vibrated in vacuum may be effectively separated through
the use of a strong and inhomogeneous magnetic field if
the component grains have sufficiently distinct magnetic
susceptibilities [13]. It is well known that a paramagnetic
or diamagnetic body of volume V in the presence of a

vertically inhomogeneous magnetic field B will experience
a vertical force F given by

F =
χV

µ0

B
dB

dz
, (1)

where χ is the magnetic susceptibility of the body and µ0

is the magnetic permeability of vacuum [14]. The body
behaves as if it is exposed to an effective gravitational
force ρV g̃ where

g̃ = g −
χ

ρµ0

B
dB

dz
. (2)

When g̃ = 0, a diamagnetic object may achieve mag-
netic levitation [15–17]. Diamagnetic levitation was
initially proposed by Lord Kelvin, firstly observed by
Braunbeck [15,16] and famously demonstrated by Berry
and Geim [17]. In magnetic fields insufficient to cause
complete levitation, those components of a vibrated
granular mixture which have a lower g̃ will tend to be
thrown higher than those having a larger g̃, and over
many cycles the mixture will separate. In experiments
on bismuth-bronze mixtures the degree of separation has
been found to be a continuous function of the magnetic
and vibrational parameters [13].

When similar experiments are conducted in air, the
magnetic separation mechanism may act in concert with
the VIFD separation mechanism or may oppose it. The
two may cancel leading to mixing. As a result a num-
ber of distinct mixed and separated states are found each
with its own distinctive convection. The system changes
abruptly between these states as the control parameters
are adjusted [18,19].

A related magnetic separation mechanism, that dis-
cussed here, occurs when a granular mixture is vibrated
inside a paramagnetic fluid held within an inhomogeneous
magnetic field. A paramagnetic fluid experiences a force
moving it towards stronger fields, leading to a magneto-
Archimedes buoyancy force on any objects within the
fluid. This magnetic buoyancy acts in concert with
Earth’s gravitational force and with normal Archimedean
buoyancy. If only static forces are considered, the body
may then be considered to experience an effective gravity
given by

g̃ = g − g
ρf

ρ
−

(χ − χf )

ρµ0

B
dB

dz
, (3)

where ρf and χf are the density and susceptibility of
the surrounding fluid. In the above expression the term
proportional to χf represents the magneto-Archimedes
buoyancy force. Since a paramagnetic fluid may be
far more strongly magnetic than diamagnetic granular
materials, using such a fluid enables the use of smaller
|BdB/dz| to achieve levitation or magneto-vibratory
separation [20–23]. Note that if the paramagnetic suscep-
tibility of the fluid dominates the magnetic properties of
the grains themselves, the magnetic separation mechanism
will be based on differences in the particle density, while
the VIFD separation which we have described above is
based on differences in the product ρd2. If negative values
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of BdB/dz are applied, as in the present work, lighter
grains experience a lower g̃ and for sufficient magnitudes
of |BdB/dz| will be expected to separate to the top of
the bed, while under fluid-driven vibratory separation
alone they would tend to separate to the bottom of the
bed. If positive values of BdB/dz are applied the two
separation mechanisms are expected to act in concert.

Here, we describe how magneto-Archimedean buoy-
ancy forces influence the VIFD separation of bronze and
glass granular mixtures subjected to vertical sinusoidal
vibration. The paramagnetic fluids used are aqueous so-
lutions of MnCl2 of different molar concentrations. In the
absence of any magnetic force, the granular mixtures sep-
arate under vertical vibration approximately according to
their S ratios, since only the VIFD separation mecha-
nism is present. However, in the presence of an inhomo-
geneous magnetic field and vibration a granular mixture
adopts a number of distinct mixed and separated states
which may be selected by choosing the magnetic and vi-
bratory conditions. Insight into the dynamics of the sepa-
ration is achieved through computer simulations in which
the fluid movement is treated through the Navier-Stokes’
equations. These simulations enable us to clarify details
of the separation behaviour which are very difficult to in-
vestigate through experimentation.

2 Experimental details

The magnetic fields used in these experiments were
generated by an Oxford Instruments superconducting
magnet with a closed-cycle cooling system. The magnet
has a vertical open bore of 5 cm diameter and produces
a maximum field of 17T and a maximum BdB/dz of
±1470T2m−1. The value of BdB/dz can be controlled
by varying the current in the superconducting coils. In
these experiments the granular mixtures were positioned
in the upper part of the magnet bore in the region where
BdB/dz is maximally negative.

A granular sample under investigation was held in a
soda-glass box of horizontal dimensions 10mm by 40mm
and of height 40mm. The mean depth of a granular mix-
ture was always close to 20mm when at rest. Due to the
dimensions of the box, the mean motion of the grains dur-
ing vertical vibration is observed to be confined to the
plane defined by the two larger dimensions of the box [9].
The grains of all our mixtures were given a ±10% size
distribution in order to prevent crystallisation effects dur-
ing vibration. The experimental arrangement is shown in
Figure 1. The soda-glass box was mounted on a 48mm cir-
cular plinth, which was bolted to the top of a thin-walled
stainless-steel rod. The rod passed down through the open
bore of the magnet and a slide bearing, not shown in the
figure. The bottom of the rod is bolted to a long-throw
loudspeaker [13]. A cantilever capacitance accelerometer
attached to the bottom of the rod was used to measure
the amplitude of vibration. In the region within the bore
of the magnet occupied by the grains during vibration,
the product BdB/dz varies by less than 5%. Small radial
forces are also present for off-axis grains. However, these

Loudspeaker
Accelerometer

Sample
Magnet

Fig. 1. Schematic diagram of the apparatus showing the gran-
ular sample positioned within the vertical magnet bore, and the
method of vibration.

forces are less than 5% of the vertical force in magnitude
and are considered negligible in our experiments. Further
details of the experimental apparatus and of the magnetic
field profiles may be found in references [13] and [24].

Before vibration, a particular MnCl2 aqueous solution
was poured in the soda-glass box which contained the
granular mixture under investigation. Then the soda-glass
box was shaken to remove any air bubbles trapped within
the grains. Once free of bubbles, the grains were stirred
with a spatula in order to achieve a near-homogeneous
mixture. The granular mixtures consisted of spherical
soda-glass grains sourced from Potters Ballotini Ltd. and
spherical bronze grains sourced from Makin Powders Ltd.
The density of the glass grains used is 2500 ± 25 kg m−3,
while that of the bronze grains is 8900±25 kg m−3. In our
experiments, 50% : 50% mixtures by volume were used
throughout. The magnetic susceptibility of both compo-
nents is approximately −5 × 10−6. These susceptibilities
may be considered negligible when compared to those of
the paramagnetic fluids used in these experiments. The
temperature in the bore of the magnet was kept at 20 ◦C.
In all the experiments the vibrational frequency was fixed
at 20Hz, the separation being studied as a function of Γ
and the BdB/dz applied.

3 Initial results

We first describe the behaviour of a glass and bronze
mixture with both components having a mean particle
diameter of 1090µm. The S parameter of this mixture is
about 3.6. Thus, if vibrated in water, the denser bronze
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grains would separate on top of the glass grains [9]. The
mixture was immersed in a MnCl2 aqueous solution with
a molar concentration of 1.5M. The density, dynamic
viscosity and magnetic susceptibility of this solution are
respectively ρf = 1145 kg m−3, η = 1.6 × 10−3 Pa s and
χf = 260 × 10−6. The vibrational frequency was fixed at
20Hz whilst Γ = 2.0. With the vibrational parameters
fixed, only BdB/dz was varied. At the frequency used,
Faraday tilting and its associated fluid-driven convection
are clearly evident.

When no magnetic force is applied, the separation
is dominated by the VIFD mechanism and the mixture
behaves similarly to its behaviour if immersed in water.
At the vibratory conditions applied, the denser bronze
grains accumulate on top of the bed. The sequence of
the separation can be observed in Figure 2(a). By about
30 s after vibration starts, the bed has broken symmetry
through Faraday tilting. As the bed starts to tilt, the
denser bronze grains accumulate in the upper regions of
the bed. At the same time the bed acquires the granular
convection indicated by the overlaid arrowed white lines.
By approximately 50 s almost all of the bronze particles
are on top of the glass grains. Two well-defined convection
cells may be observed, one in the upper bronze layer
and the other in the lower glass region. Despite apparent
opposite granular flow at the boundary between the
layers, the boundary remains sharp. These observations
are in agreement with the previous observations by
Leaper et al. on VIFD separation in water [9].

The application of an inhomogeneous magnetic field
can completely change the separation behaviour. For the
MnCl2 solution used here the g̃ of the glass grains becomes
zero when a BdB/dz of approximately −63T2m−1 is ap-
plied. However, a magnetic force just half of that required
to levitate the glass is sufficient to completely modify
the segregation of the mixture under investigation. Fig-
ure 2(b) shows the separation process when a BdB/dz of
−30T2m−1 is applied. Under this BdB/dz, the g̃ of glass
is reduced to 2.7m s−2, whilst g̃ for bronze is 7.8m s−2.
This difference is sufficient to counteract the tendency
to form VIFD separation through differences of density
noted for zero field and, in equilibrium, the components
remain partially mixed and the bed displays a single
convection cell. However, for a BdB/dz of −50T2m−1,
the separation process is completely inverted, as may
be observed in Figure 2(c). With this magnetic force,
g̃ = 1.0m s−2 for the glass grains and 7.3m s−2 for the
bronze grains. Thanks to their small effective gravity the
glass grains quickly migrate to the top during vibration,
accumulating on top of the bronze particles. After a few
cycles of vibration, a pure glass bed is found above a pure
bronze bed with a sharp boundary existing between them.
If a BdB/dz of −45T2m−1 with Γ = 3.5 is applied,
a fourth type of separation is observed, that shown in
Figure 2(d). Here bronze grains are sandwiched between
a lower and an upper region of glass grains. These initial
results clearly illustrate how the differences in effective
gravities generated by the magneto-Archimedes buoyancy
can effectively modify the VIFD separation process.

t=0s t=30s t=50s

t=0s t=60s t=120s

t=0s t=10s

t=0s t=30s t=60s

t=5s

(a)

(b)

(c)

(d)

Fig. 2. Sequences of the segregation process of glass and
bronze grains of mean diameter 1090 µm from the initially
well-mixed state to the equilibrium state. The grains were vi-
brated at 20 Hz in a 1.5 M aqueous solution of MnCl2 using
different values of BdB/dz and Γ : (a) 0 T2m−1 and Γ = 2.0;
(b) −30 T2m−1 and Γ = 2.0; (c) −50 T2m−1 and Γ = 2.0;
(d) −45 T2m−1 and Γ = 3.5. The thicker arrowed lines rep-
resent faster convective flow completing one loop in typically
10–20 s. The thinner lines indicate convective flows typically
10 times slower than this.

4 Detailed observations

The effect of varying the values of Γ and BdB/dz on the
separation behaviour has been investigated in detail for a
number of mixtures at the fixed vibrational frequency of
20Hz. In each case Γ was varied between 1 and 6 and the
BdB/dz applied was varied between zero and a value just
less than that required to fully levitate the glass grains.

The system with 1090 µm diameter bronze and glass
grains immersed in a 1.5M MnCl2 solution was the first
to be analysed in more detail. Depending upon the values
of Γ and BdB/dz, the mixture was observed to adopt one
of the four equilibrium states described above. We name
these states bronze on top, partially mixed, glass on top
and sandwich. Figures 2(a), (b), and (c) respectively rep-
resent examples of the first three states. Figure 2(d) repre-
sents an example of the sandwich state. In previous works
on the separation of water-immersed glass and bronze mix-
tures, the sandwich configuration has been observed to be
a metastable state which eventually evolves into a bronze-
on-top state [9]. However, in our experiments, we observe
that once such state is achieved, it remains unmodified in
time over the periods investigated, several hours.

The schematic diagram exhibiting the vibratory and
magnetic conditions needed to achieve the different equi-
librium states is shown in Figure 3. The mixture was al-
ways vibrated from an initially well-mixed initial configu-
ration. Although for this mixture the timescale to achieve
the equilibrium state is typically 1–2 minutes, some of the
experiments were left running for far longer periods in
order to confirm the stability of each of the equilibrium
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Fig. 3. Schematic diagram of the different equilibrium states
of a glass and bronze mixture of mean diameter 1090 µm as a
function of BdB/dz and Γ when immersed in a 1.5 M MnCl2
solution. The vibrational frequency was 20Hz. The approxi-
mate boundaries between the different equilibrium configura-
tions are shown by the broken lines.

states. In the diagram, clear regions corresponding to the
bronze-on-top, partially mixed, sandwich and glass-on-top
states are evident. Each equilibrium state is associated
with a distinct pattern of convection cells and the change
in the behaviour at the boundaries between the different
regions is abrupt. The uncertainty in determining these
boundaries is typically ±5% in BdB/dz and ±0.1 in Γ .
The positions of these boundaries are roughly indicated
by broken lines as a guide to the eye. In additional exper-
iments we have observed that the final state reached by
the mixture was independent of the initial configuration
of the grains. The same final state results whether the ini-
tial condition is a homogeneously mixed state or is one
of the other configurations. This is true for all the exper-
iments reported here. In examining this diagram it is to
be noted that at low values of BdB/dz, and particularly
at higher values of Γ , the bronze-on-top state is found. At
high magnetic fields and particularly at lower values of Γ ,
the glass-on-top state is found. The partially mixed and
sandwich states are found in the boundary region between
these two extremes, a region extending from the bottom
left to the top right of the diagram, that is from low fields
and low Γ to high fields and high Γ .

To study the influence of the magnetic fluid, the
experiments were repeated using MnCl2 solutions having
molar concentrations of 0.5M, 1.0M, 2.25M and 3.0M.
Their properties are summarised in Table 1. In each case
bronze and glass grain sizes of 1090µm and a frequency
of 20Hz have been used. For each magnetic fluid, the
four equilibrium states which we have described above
are found and in very similar topological arrangements
within the (BdB/dz, Γ )-plane.

In such complex systems it is not surprising that no
simple criterion has been developed for predicting the
values of Γ and BdB/dz for which the four equilibrium
states occur. Certainly we are not aware of any gener-

Table 1. Measured properties of the MnCl2 solutions used.
The dynamic viscosity of distilled water at 20 ◦C is equal to
η0 = 1 × 10−3 Pa s.

Molar concentration ρf η/η0 χf

(M) (kg m−3) (×10−6)

0.50 1050 1.1 85

1.00 1090 1.3 170

1.50 1145 1.6 260

2.25 1220 2.0 370

3.00 1290 2.6 485

alisation of the parameter S to include magnetic forces.
However, in analysing these results qualitatively, a num-
ber of important features may be understood by noting
that the dynamics principally result from the interplay of
the inertia of the particles, proportional to their volume
and density, the dominant magnetic buoyancy forces
proportional to V χfBdB/dz, and the fluid-drag forces.
At the low Reynolds number used here, the latter are pro-
portional to the product of ηd and the relative velocity of
the fluid and the grains. For equal-sized bronze and glass
mixtures, such as those used to obtain Figure 3 and at low
magnetic fields, the interplay between inertia and fluid
drag leads to VIFD separation with the bronze uppermost
At high magnetic fields magnetic buoyancy dominates
the fluid drag and the most buoyant material, glass, is
found uppermost. The fluid-drag term is proportional to
the relative velocity of the liquid and the grains. This
relative velocity will increase approximately linearly with
Γ . Thus, as Γ is increased, larger values of the magnetic
field will be needed to dominate fluid drag and therefore
to pass from the bronze-on-top state to the glass-on-top
state. This is just the trend shown in Figure 3. These
general arguments are not sufficient, however, to explain
the presence and the extent of the partially mixed and
sandwich states found along the border.

We further note that the magnetic forces are always
of the form V χfBdB/dz. The principal effect of changing
the molar concentration of the manganese chloride solu-
tion is to change the susceptibility, with smaller changes
in the viscosity and density. It is therefore to be expected
that the equilibrium state diagrams, of which Figure 3 is
an example, will be very similar in form but for a change in
scale along the vertical BdB/dz axis. To test this suppo-
sition we have measured the value of the BdB/dz thresh-
old necessary to achieve the glass on top as a function of
the susceptibility of the MnCl2 solutions. To minimise the
effect of fluid-driven convection, the measurements were
carried out at Γ = 1.25. The results can be seen in Fig-
ure 4, in which the data is plotted as χfBdB/dz against
χf . It may be seen that, as is expected, χfBdB/dz does
not depend strongly upon χf . The slight reduction with
increasing χf must be attributed to the increases in vis-
cosity and fluid density with increasing MnCl2 molar frac-
tion. The boundary which we are examining is principally
determined by the interplay of magnetic and drag forces



150 The European Physical Journal E

0 100 200 300 400 500
χ

f
 (x10

-6
)

0

5

10

15

20

-χ
fB

dB
/d

z 
(x

10
-3

 T
2 m

-1
)

220 µm
450 µm
1090 µm

Fig. 4. Value of the −χfBdB/dz threshold needed to achieve
the glass-on-top configuration at 20 Hz and Γ = 1.25 as a func-
tion of the susceptibility of the magnetic solution, χf . Data are
shown for three glass and bronze mixtures of mean diameters
1090 µm (△), 450 µm (♦), 220 µm (◦).

which we again note are proportional to the product of ηd
and the relative velocity of the fluid and the grains. The
viscosity is substantially increased by going from 0.5M to
3M MnCl2 solutions, but the effect of this increase is to
damp the motion of the bed, substantially reducing the
relative velocity of the fluid and the grains. Numerical
simulations, the details of which we shall present below,
show that the effect on the fluid drag of changing the vis-
cosity is far smaller than the change in viscosity itself, as
is evident from Figure 4.

To study the influence of particle size while keeping the
mean size of the two components equal, the experiments
described above were repeated using two mixtures of mean
size 450 µm and 220µm, respectively. The S parameter for
each mixture is also 3.6. Thus, when no magnetic force is
applied the grains separate into the bronze-on-top config-
uration. In a magnetic field the four equilibrium states
described above were found for each grain size. Again the
BdB/dz threshold needed to achieve the glass on top was
studied. The results are shown in Figure 4. It may be seen
that for each grain size the threshold values of χfBdB/dz
are not a strong function of χf , but that the threshold val-
ues increase substantially with a reduction in particle size.

We may qualitatively understand this dependence on
particle size as follows. As the mean particle size is re-
duced, the influence of fluid damping increases. Therefore,
stronger magnetic forces are necessary to completely coun-
teract the separation tendencies of the fluid-drag mech-
anism. However, the magnetic force is proportional to
V χfBdB/dz and therefore to d3χfBdB/dz. If we suppose
laminar flow, then the fluid-drag forces are proportional
to the mean particle size d. If we assume that the glass-on-
top state is achieved when the magnetic forces overcome
the drag interactions, we should expect χfBdB/dz to be
proportional at the boundary to 1/d2. However, were we
to suppose non-linear flow such that the second term of
the Ergun equation dominates [25], then the fluid-drag
forces would be proportional to d2. We should then ex-

pect χfBdB/dz to be proportional at the boundary to
1/d, The Reynolds number corresponding to Γ = 1.25
is about 3, suggesting that the fluid behaviour is closer
to the laminar than the fully non-linear regime. However,
the increased damping caused by a reduction in the mag-
nitude of d will lead to a reduction in the relative veloci-
ties of the fluid and grains, partially compensating for the
change in d. Thus we should expect χfBdB/dz to be pro-
portional at the boundary to 1/dn, where n is appreciably
less than 2. The data of Figure 4 display a dependence
corresponding to n = 1.1 ± 0.1.

4.1 Varying the particle size ratio

We have also investigated the effects of varying the size
ratio of the glass and bronze grains. Initially, we consider
glass and bronze mixtures in which the mean size of bronze
grains is kept constant and equal to 1090µm, while the
mean size of the glass grains is reduced. The glass grains
used were of mean sizes 900, 780, 550, 350 and 160 µm,
each with a spread of sizes of ±10%. These provide mix-
tures with S ratios of 5.2, 6.9, 14, 34 and 165, respec-
tively. All the mixtures were vibrated while immersed in
the 1.5M solution. The smaller the mean diameter of the
glass grains in the mixtures, the higher the S parameter
and, consequently, the higher the influence of fluid-drag
forces on the motion of the glass particles. It is expected,
therefore, that stronger magnetic forces will be needed
to completely overcome the VIFD separation mechanism.
That this is so is clear if Fig. 3 is compared with Fig-
ure 5, which shows the vibratory and magnetic conditions
necessary to obtain the different equilibrium configura-
tions for the mixture of S = 14. Here, most of the dia-
gram is dominated by the bronze-on-top state. Only when
the BdB/dz applied is approximately −52T2m−1 can the
differential gravity separation mechanism overcome the
VIFD mechanism so that the mixture can be separated
with the glass on top. Topologically similar diagrams were
found for the rest of the mixtures described above. For the
mixtures of the S parameter 5.2 and 6.9, the value of the
BdB/dz threshold necessary to achieve the glass-on-top
configuration is found to be approximately of the form
BdB/dz ∝ 1/dn, where n is somewhat less than 2. Here
d represents the mean diameter of the glass grains. This
dependence is consistent with the relationship described
in the previous section if the large grains dominate the
mean grain-fluid velocity. However, as the size of the glass
grains was further reduced, the threshold value for the
glass-on-top configuration was found to tend asymptot-
ically towards −60T2m−1, a value close to the one re-
quired for the full magneto-Archimedes levitation of the
glass grains. If the glass grains are small enough, size seg-
regation effects may play a role. Then, the arguments used
to justify the 1/d2-dependence are no longer appropriate.

Finally we have repeated the experiments described
above using a mixture in which the mean size of the glass
grains was 1090µm, while the mean size of the bronze
particles was 550 µm. These sizes have been selected so
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Fig. 5. Schematic diagram showing the different equilibrium
states of a mixture of 550 µm glass and 1090 µm bronze as a
function of BdB/dz and Γ when immersed in a 1.5 M MnCl2
solution. The broken lines offer, as a guide to the eye, the ap-
proximate boundaries between the different equilibrium con-
figurations. The frequency of vibration was 20 Hz.

(a) (b)

Fig. 6. Image showing the two equilibrium configurations
which can be obtained when a mixture with of 1090 µm glass
and 550 µm bronze immersed in a 1.5 M MnCl2 aqueous solu-
tion is vertically vibrated with: (a) Γ = 3.5 and zero magnetic
field; (b) Γ = 3.5 and BdB/dz = −40 T2m−1. The frequency
of vibration was 20 Hz.

that the S parameter is close to unity. No VIFD sepa-
ration is expected and indeed under vibration the mix-
ture maintains a mixed state in the absence of magnetic
fields. Depending on the magnetic field applied, this mix-
ture is found to have two equilibrium states, a low-field
partially mixed state and a higher-field glass-on-top state.
An example of both states is shown in Figure 6. Figure 7
shows, schematically, the vibratory and magnetic condi-
tions needed to achieve these two equilibrium states. If
Figures 3, 5 and 7 are compared, it can clearly be noted
how the region corresponding to the glass-on-top state di-
minishes as the S parameter of the mixture increases.

From Figures 2 and 7 it can easily be observed that
whenever a mixture separates into a number of distinct
layers, whether it is a bronze-on-top, a glass-on-top or a
sandwich configuration, the boundary between the lay-
ers remains sharp despite opposite granular flow at the
boundaries. This is due to the formation of spatial gaps
between the separated layers during flight [4,9]. Impor-
tantly, the convective motion takes place while these gaps
are open. We have confirmed the presence of these gaps
using computer simulations.
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Fig. 7. Schematic diagram showing the different equilibrium
states of a mixture of 1090 µm glass and 550 µm bronze as
a function of BdB/dz and Γ when immersed in a 1.5 M
MnCl2 solution. The broken lines represent the approximate
boundaries between the different equilibrium configuration.
The frequency of vibration was 20Hz.

We have also carried out experiments on a range of
different container widths. For wider containers separa-
tion states are found as we have described and separation
is rapid. For very narrow boxes, however, granular con-
vection is suppressed and the times for separation become
very long. The sandwich state is found over a wider range
of BdB/dz and Γ than for boxes where convection is ev-
ident, but it may well be a long-lived metastable state.

5 Simulation techniques

We have noted that an analytical treatment of the sep-
aration process is not available and that while general
arguments based on considering the forces acting on the
particles are sufficient to determine some principal fea-
tures, many behaviours cannot be simply predicted in this
way. We therefore resort to numerical simulation to aid
our understanding. These computer simulations are not
an attempt to accurately reproduce all the details of our
experiments, which would be rather difficult with the com-
putational power we can access, but are used to help us
identify the key features of the separation dynamics.

In these simulations, the grains are considered to be
perfect spheres having a spread of diameters of ±10%
about the mean, which interact with each other and with
the container walls via inelastic collisions. Particle rota-
tion is not considered. The collisions are treated using
the linear spring-dashpot model in the normal direction
and using simple Coulomb friction in the tangential direc-
tion [26]. The dashpot damping is adjusted to correspond
to the normal coefficient of restitution required. Within a
liquid the restitution coefficient is expected to be very low
for low Stokes’ numbers [27]. We have examined a range of
values of normal restitution and find that the results are
not sensitive to its value provided it is set substantially
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Table 2. Particle and fluid parameters used in the simulations.

Parameter Value

Particles diameter 900–1100 µm

Density of bronze 8900 kg m−3

Density of glass 2500 kg m−3

Magnetic susceptibility of bronze −5 × 10−6

Magnetic susceptibility of glass −5 × 10−6

Fluid Susceptibility 260 × 10−6

Container dimensions (mm) 40 × 4 × 40

Spring constant 3000N m−1

Coefficient of restitution 0.1–0.9

Particle friction coefficient 0.2

Wall friction coefficient 0.2

Fluid density 1150 kg m−3

Fluid dynamic viscosity 1.5 × 10−3 Pa s

less than unity. Most of the simulations have been carried
out with a value of 0.1. Gravitational forces, and conven-
tional and magnetic Archimedean buoyancy forces in a
form appropriate to the accelerating frame of reference of
the container, are applied directly to the grains. The equa-
tion of motion of each grain is solved using a second-order
time-stepping Verlet algorithm [28]. The simulation pa-
rameters used are shown in Table 2. The vertical and one
of the horizontal dimensions of the simulated container
were equal to those of the experimental box. However, to
speed computation one of the horizontal dimensions was
reduced to 4mm since the motion of the grains in our ex-
perimental systems is almost two-dimensional, the dimen-
sions along which the granular motion takes places being
those of the larger faces of the box. The simulated fluid is
given the same characteristics as the 1.5M MnCl2 aque-
ous solution and is considered to be incompressible [29].
We note that while grain-wall friction drives the granular
convection in “dry” systems, in wet systems the dominant
convection mechanism is fluid driven. The dynamics are
not then particularly sensitive to the grain-wall friction
coefficient used [12].

Two methods of describing the fluid-grain interactions
have been considered. The first model used is referred to as
the simple Stokes drag (SD) model [30]. Here, a modified
Stokes’ drag force derived from the empirical bed equation
of Ergun [25] is applied to each particle. The force is de-
pendent on the particle size and its velocity relative to the
container base. In this model the fluid is taken to follow
the one-dimensional vertical motion of the container as it
would do if no particles were present. This model does not
allow two-dimensional fluid flow.

The second, principal, model is referred to as the
Navier-Stokes (NS) model. In this model the fluid flow
is reproduced using a modified version of the two-
dimensional Navier-Stokes equations for the velocity and
pressure fields. These equations include the fluid-grain in-
teractions through a term involving the local mean vari-
ables of the grains, namely, the bed porosity and grain

velocity. This interaction term has been derived from Er-
gun’s bed equation [25]. The fluid momentum equation
is discretised using the MAC scheme [31] and solved to-
gether with the fluid-grain continuity equations using the
projection method [32]. Further details can be found else-
where [12,19,33]. The two-dimensional treatment of the
fluid flow is suitable for the box geometry used here
and adequately describes fluid and granular convection.
A model of this type has successfully been used to repro-
duce the Faraday tilting phenomena observed in vibrated
granular beds [11].

6 Simulation results

We initially describe the simulation predictions for the
behaviour of a mixture of 1500 bronze particles and 1500
glass particles immersed in the fluid with no magnetic field
present. The mixture was vibrated at 20Hz and Γ = 2.0.
Under these vibratory conditions the mixture separates
experimentally with the bronze grains on top. The SD
model fails to adequately simulate the separation pro-
cess. Since this model only reproduces the fluid damping
without capturing the fluid-driven convection, the gran-
ular motion is confined to the vertical direction. There-
fore, it is difficult for the grains of the different species
to pass each other and reach the bronze-on-top state. The
SD model can reproduce separation only at sufficiently
high Γ and even then it will not capture the convection
patterns observed experimentally. The use of this model
indicates that the speed of separation and, in some cases,
the development of a particular separation state is depen-
dent upon granular convection and Faraday tilting. The
need for a model which allows two-dimensional fluid flow
has also been found for magnetic separation in air [18,19].

In Figure 8(a) the prediction of the NS model for the
same system may be observed. Soon after vibration starts
the bed breaks symmetry, thanks to a horizontal compo-
nent in the fluid flow, and it develops a tilt. Fluid-driven–
convection cells appear within the bed. This convective
motion drives the grains around the bed, allowing the
bronze grains to accumulate on top. As vibration contin-
ues, a bronze-rich region appears on top of the bed while
a glass-rich region appears at the bottom. Within each of
these two regions an independent convection cell is formed.
The minority particles within each region are ejected from
the region through convective motion allowing the mixture
to reach almost pure separation with the bronze grains on
top. The timescale for separation is about 1–2 minutes,
in reasonably good agreement with the time observed ex-
perimentally. These results and similar results for other
parameter values confirm the need to correctly treat the
two-dimensional fluid motion in order to correctly repro-
duce the separation process.

In Figure 8(b) we show the predictions of the NS model
for the behaviour of this mixture when a BdB/dz =
−55T2m−1 is applied. Soon after vibration starts, the
glass particles begin to accumulate on top. As vibra-
tion continues, the bed breaks symmetry. Two convection



P. López-Alcaraz et al.: Granular separation in paramagnetic liquids 153

t=0s t=50s t=75s t=100s t=125s

t=0s t=25s t=50s t=100s t=150s

(a)

(b)

Fig. 8. Numerical predictions of the time development of the behaviour of a granular mixture of 1500 glass (white) and 1500
bronze (darker) spheres immersed in 1.5 M MnCl2 when vibrated at 20Hz and Γ = 2.0. (a) In zero magnetic field using the NS
model, (b) with BdB/dz = −55 T2m−1 using the NS model.

cells circulating in the same direction can then be distin-
guished, one within the glass particles on top, the other
in the bulk of the bed, rich in bronze particles. Further
vibration leads to a complete separation with the vast
majority of the glass grains on top of the bronze parti-
cles. The same sense of circulation within the separated
regions causes apparent granular shearing at the interface
between the separated layers. However, this granular con-
vective motion does not cause mixing due to the formation
of spatial gaps between the separated beds during flight,
when the convective motion takes place. We will describe
the dynamics of these gaps below.

In the experiments described above we have shown
that different equilibrium states are achieved as BdB/dz
and Γ are changed. A characteristic convection pattern is
associated with each equilibrium state. The NS model cap-
tures all the four equilibrium states found experimentally.
While the order in which these states are observed is as in
experiment, the simulated boundaries between configura-
tions in the (BdB/dz, Γ )-plane are only in approximate
agreement. The lack of exact quantitative agreement may
be attributed to a number of factors including the use of
an empirical bed equation derived for a static bed and the
omission of lubrication effects during grain-grain impacts.

The simulations predict that the equilibrium states are
also independent of the initial separation state of the mix-
ture. As an example, for the specific mixture simulated
here, the NS model predicts a partially mixed state at
Γ = 2.0 and for BdB/dz going from −30 to −45T2m−1 as
is shown in Figure 9(a). At that Γ the NS model predicts
the transition to the glass-on-top state which is close to the
experimental observations. Sandwich states are also pre-
dicted by the NS model. Figure 9(b) shows the sandwich
state obtained at BdB/dz = −50T2m−1 and Γ = 2.8.
Because the NS model reproduces very many features of
the experiments, we can use the model to gain insight into
the detailed mechanics of the separation process.

(a) (b)

Fig. 9. A partially mixed state (a) and a sandwich state (b)
found in simulations using the NS model. The vibratory and
magnetic conditions were: (a) BdB/dz = −40 T2m−1 and Γ =
2.0; (b) BdB/dz = −50 T2m−1 and Γ = 2.8. The granular
convection is indicated schematically by the arrowed lines.

7 Discussion of bed dynamics

To clarify aspects of the separation mechanism we have
separately simulated the behaviour of a single granular
bed of 1500 particles for each species of the mixture.
For each bed we have measured the height above the
base of the container during vibration at a fixed value
of Γ = 2.0, both when no magnetic force is present and
when a BdB/dz = −60T2m−1 is applied. The results are
shown in Figure 10.

When no magnetic force is present both beds take off
at the same phase angle of vibration sin−1(1/Γ ). However,
the height reached by the glass bed and the time of flight
is considerably less than that of the bronze bed. This is
expected since the density of glass is considerably lower
than the density of bronze and, thus, the motion of the
glass bed is more influenced by the fluid damping than
the motion of the bronze bed.
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Fig. 10. Flight trajectories of a single glass bed and a sin-
gle bronze bed vibrated at Γ = 2.0 and f = 20Hz when no
magnetic force is present (solid line) and when a BdB/dz =
−60 T2m−1 is applied (dashed line).

The difference between the motions of the individual
beds when no magnetic force is present illustrates the ba-
sic principle of the VIFD separation of a mixture. In a
mixture, the bronze grains accumulate on top thanks to
their tendency to spend more time in flight during each
cycle than the glass grains. The bronze particles are ratch-
eted upwards over many vibration cycles resulting in the
bronze-on-top configuration. During flight, when the bed
porosity is enhanced, an appreciable gap opens between
the upper bronze and lower glass beds and granular con-
vection occurs as a start-stop process during this period. It
is this gap which allows for almost perfect separation [9].
Our simulations show that these results also represent the
vertical behaviour of the separated beds of the bronze-on-
top configuration even in the presence of Faraday tilting
and the associated granular convection.

Figure 10 also shows the trajectories of the two beds
when BdB/dz = −60T2m−1 is applied. Since the glass
grains have a smaller g̃ they take off earlier than the
bronze grains. Although the maximum height reached by
the glass bed is almost double than when no magnetic
force is present, it is still lower than the maximum height
achieved by the bronze particles. However, the glass
grains now spend more time each cycle in flight than
the bronze particles. Consequently, in a glass-bronze
mixture vibrated under these conditions, it will now be
the glass particles which accumulate on top. As we have
shown above, Γ = 2.0, and BdB/dz = −60T2m−1 are
conditions under which a mixture is observed to separate
into the glass-on-top state.

Finally, it is interesting to examine the dynamics of
the beds in the separated state, in order to understand
the partially mixed and the sandwich configurations. To
do this we have studied, under two different field con-
ditions, BdB/dz: −60T2m−1 and −40T2m−1, the dy-
namics of a mixture initially forced into a glass-on-top
state in which the layers are untilted. The mixture was
vibrated at 20Hz and Γ = 2.0. Under these vibratory

(a)

(b)

(c)

Fig. 11. Schematic representation of the initial configuration
of the bed. A glass bed of height h flies above a bronze
bed (light grey) of the same height. Panel (b) shows the
glass (dashed) and bronze bed (solid) trajectories with respect
to the vibrating container during one cycle of vibration when
BdB/dz = −40 T2m−1. Panel (c) shows the trajectories of
both beds when BdB/dz = −60 T2m−1. The small graphs on
the top left corner of panels (b) and (c) show the exaggerated
trajectories of the beds with respect the static frame of the
laboratory, the dotted lines represents the oscillatory motion
of the container.

conditions the experimental equilibrium configuration ob-
served at BdB/dz = −60T2m−1 is glass on top and at
BdB/dz = −40T2m−1 a partially mixed configuration
is observed. After vibration has been applied but before
the grains experienced any modification from the initial
glass-on-top state, we determined the vertical positions
of the centres of mass of the bronze and glass particles,
ZB and ZG, respectively, Figure 11(a). This figure shows a
schematic representation of the initial state of the mixture.
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Since we used the same number of glass and bronze spheres
and in flight the bed porosity is never far from its static
value, the beds of both components had the same mean
bed depth h. To obtain the flight trajectory of the bronze
bed h/2 was subtracted from ZB while 3h/2 was sub-
tracted from ZG to obtain the flight trajectory of the glass
bed. ZB and ZG were measured every 10◦ of the phase
angle of vibration ωt, over 3 cycles of vibration and then
averaged. We have only averaged a small number of cycles
to avoid the effects of the developing Faraday tilting.

The results for BdB/dz = −40T2m−1 and BdB/dz =
−60T2m−1 are respectively shown in Figures 11(b)
and (c). In both diagrams the solid line represents the
trajectory of the bronze bed above the container base,
while the dashed line shows the trajectory of the glass
bed above the bronze bed. Both trajectories correspond
to the motion of the beds in the frame of reference of the
oscillating container. The small diagrams in the top left
corner of each graph represent the bed trajectories in the
static frame of reference of the laboratory.

With a BdB/dz of −40T2m−1, the glass and the
bronze bed move together during almost all the first half of
the vibratory cycle, as Figure 11(b) shows. Later, viewed
from the frame of reference of the container, the bronze
bed moves downwards faster than the glass bed due to
its higher g̃ and a small gap opens between the beds. If
the vibrations are allowed to continue the beds tilt and
the mixture reaches the partially mixed configuration pre-
viously shown in Figure 9(a). The simulations show that
during the period early in flight when the bronze and glass
beds are dilated and mobile, they are in contact and move
together at the very rough interface, thus maintaining the
single convection cell which is found in this configuration.

When BdB/dz is −60T2m−1, the gap between the
beds remains open for most of the vibratory cycle, as Fig-
ure 11(c) shows. In fact, the beds only touch each other
briefly at around a phase angle of 170◦. This happens
because at this level of magnetic buoyancy the flight of
the glass bed extends from one cycle of vibration to the
next. Soon after the next vibratory cycle begins the bronze
grains are thrown upwards and collide again with the glass
grains as both species move downwards, repeating the
cyclic motion. If vibration is allowed to continue the beds
tilt but the configuration remains glass on top. The ver-
tical motions described above are little changed. Because
the gap between the glass and the bronze remains open
during most of the vibratory cycle, the convective motion
of the bronze grains cannot influence the glass particles,
which remain on top as vibration continues.

Finally the stability of the sandwich configuration de-
pends upon features both of the bronze-on-top state and
of the glass-on-top state. The central bronze layer and the
lower glass layer can maintain separated convection cells
and do not mix since the bronze is thrown higher than
the glass and there is an appreciable gap between them
while they are in flight and dilated. The upper glass layer
bounces lightly upon the bronze layer as in the glass-on-
top configuration. Again separate convection cells may be
maintained due to the gap between them.

8 Conclusions

We have studied the behaviour of mixtures of glass and
bronze grains when they are vertically vibrated within a
paramagnetic fluid, examining the balance between the
VIFD and magneto-Archimedean buoyancy separation
mechanisms. For containers wide enough to allow free con-
vection, four distinct separation configurations have been
identified each with their own characteristic pattern of
convection. It has been argued that the range of magnetic
and vibratory conditions for the bronze-on-top and glass-
on-top configurations may be understood qualitatively by
considering the balance between inertia, fluid-drag and
magnetic buoyancy forces. The dependence of the separa-
tion boundaries on the magnetic susceptibility may also
be qualitatively understood in this way. Quantitative de-
tails of the bed dynamics and the mechanisms behind the
boundary between partially mixed and sandwich states
have been successfully investigated through a numerical
simulation method based on the Navier Stokes equations,
a method which allows for two-dimensional fluid flow. It
has been shown that these simulations predict the four
states which we have observed and enable an understand-
ing of their stability based on the gaps which open up
between the beds during flight. With this understanding,
magneto-Archimedean buoyancy is shown to be a useful
and flexible method of controlling the separation of gran-
ular mixtures, which may then be based on either differ-
ences in density or differences in ρd2.
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