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1 Introduction

Multi-sector growth models are ubiquitous in modern macroeconomics. Analyzing them requires the
aggregation of sectoral value added to economy-wide GDP. The theoretical literature aggregates with
numeraires whereas the National Income and Product Accounts (NIPA) of most of industrialized coun-
tries now aggregate with the Fisher quantity index. We ask whether the aggregation method matters for
anything important and if one of them is preferable. We study these questions in a three-sector model of
structural change, which has an investment sector and two consumption sectors that produce goods and
services. Our model contains the most important challenges to aggregation: relative prices change; the
sectoral composition changes because relative prices and income change.

We show that the aggregation method matters theoretically for the existence and the properties of
a balanced growth path (BGP). Constructing a BGP involves the least restrictions with the numeraire
investment and the most restrictions with the Fisher index. Moreover, if the BGP constructed with
a numeraire exhibits structural change from goods to services, then GDP growth measured with the
Fisher index exhibits a slow down, although GDP growth measured with the numeraire is constant. In
other words, the Fisher index detects the implications of Baumol’s (1967) Cost Disease on GDP growth
whereas the numeraire does not.

We document that the aggregation method also matters empirically. Compared to the Fisher index,
average annual GDP growth in the postwar U.S. is 0.27 percentage points lower if it is measured with the
numeraire consumption and 1.03 percentage points higher if it is measured with the numeraire invest-
ment. Moreover, GDP growth is approximately constant if it is measured with the numeraire investment
but slows down if it is measured with the numeraire consumption or the Fisher index. Since over long
horizons, the resulting cumulative differences in GDP levels are sizeable, we conclude that GDP must be
constructed with the same aggregation method in both model and data. This leaves the question whether
it is preferable to construct model and data GDP with a numeraire or with the Fisher index.

We show that using the Fisher index has two conceptual advantages: it is independent of which
numeraire is used for the construction of the BGP; if utility is homothetic, the Fisher index approximates
a measure of welfare changes. This welfare result is a discrete-time version of the one derived by Durdn
and Licandro (2017) for continuous time. We differ from Durdn and Licandro (2017) in that we use a

new method of proof that provides separate first-order approximations for the Laspeyres and the Paasche



indexes.

We conclude that while it is most tractable to construct a BGP with the numeraire investment, using
the Fisher index is preferable for connecting model GDP to data GDP. We therefore advocate to proceed
in three steps: (i) construct a BGP in the model by using a numeraire (preferably investment); (ii)
construct model GDP by applying the Fisher index to the sectoral value added from the BGP; (iii)
connect this measure of model GDP to data GDP.

The organization of the rest of the paper follows the two-step procedure of Herrendorf et al. (2014).
We first study a two-sector growth model with investment and consumption where aggregation issues
arise from changes in relative prices. We then study a three-sector growth model with structural change
from consumption goods to services where additional aggregation issues arise from changes in the sec-

toral composition.

2 Two-sector growth model

2.1 Environment

The household is endowed with initial capital Ky > 0 and one unit of time in each period. Capital K;
accumulates according to

K1 =0 -0K; +X;,

where ¢ € [0, 1] and X; is investment.

The utility function is

iﬁt log(Cy),

=0
where 8 € (0, 1) and C, is consumption.

The sectoral production functions for consumption and investment are:

1-6
Cr = Ki(AuLe) (1a)

1-6
X, = K% (AuLy) (1b)

where 6 € (0, 1) is the capital-share parameter; K;; and L; are sectoral capital and labor; A; captures

exogenous, sector-specific, labor-augmenting technological progress.'

"Having the same 6 across sectors has the advantage that the production side aggregates. Herrendorf et al. (2015) established



Capital and labor are freely mobile between the sectors and the usual feasibility constraints apply:

K+ Ky <K,

LCt+th S LZ = 1

2.2 Competitive equilibrium

A competitive equilibrium is a sequence of prices and an allocation such that: given prices, the allocation
solves the household’s problem and the firms’ problems in each sector; markets clear. Since the two-
sector model is well known, we state the standard equilibrium properties without deriving them. Since we
want to study different numeraires, it is convenient to initially denominate all prices in current dollars.?
Profit maximization in each sector implies that the rental prices for capital and labor, r, and w;, equal

the marginal revenue products. Denoting the prices of the sectoral outputs by p,, and p,, this gives for

ielg,s)

it

0-1
K; -
It = Pite('L”) Ailt ’,
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we = pir(1 — 9)(L—”) Al
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Combining the first-order conditions gives the usual result that the capital-labor ratios are equalized:

Ko Ka K

=l -k, 2
Ly Ly, L ' @

where the last equality follow from the fact that L, = 1. The relative price is inversely related to relative

sector TFPs:

1-6
Pct 1&
Pxt B (Act) . ©)

Figure 1 shows that the empirically relevant case is ;\\xt > ;41.,, where a “hat” denotes a growth factor. We

will focus on this case from now on.

that Cobb-Douglas production functions with equal capita-share parameters nonetheless captures the key features of labor
reallocation in the postwar U.S.

2Greenwood et al. (1997) and Oulton (2007) developed versions of the two-sector model. Herrendorf et al. (2014) solved a
similar version as is used here.



Combining (2)—(3), equations (1) become:

C,=KAOL,, (4a)

X, = KPAOL,,. (4b)

(3) and (4) imply that the expenditure ratio equals the labor ratio::

pcCy _ L

DX B Ly '

Hence, we can restrict our attention to analyzing the properties of the expenditure ratio.
The household maximizes its utility subject to the budget constraint and the feasibility constraints.

The first-order conditions imply the usual consumption-Euler equation and transversality condition:

C
Pet+1C 141 =ﬁpxt+l [1 5+ Trs1 ],
PeiCy Dt Paxt+1
0 = 1im g 22l
t—00 DeiCy

2.3 Aggregation and balanced growth

We now study the existence and the properties of a balanced growth path (BGP) equilibrium. Standard
definitions of BG require the growth rates of all variables to be constant (including zero). This is too re-
strictive in multi-sector models of structural change in which relative prices and the sectoral composition
change.

There are less stringent alternatives in the literature. Kongsamut et al. (2001) introduced Generalized
Balanced Growth Path (GBGP): “A GBGP is a trajectory along which the real interest rate is constant”.
Although often applied, GBG is too loose in our context because it does not require constant growth
of all aggregate variables. Ngai and Pissarides (2007) introduced Aggregate Balanced Growth Path
(ABGP): “We define an aggregate balanced growth path such that aggregate output, consumption, and
capital grow at the same rate.” This concept ABGP works well for our purpose if we make two minor
modifications: (i) aggregate quantities are expressed in the same units;> (ii) the growth rates of aggregate

quantities are not necessarily the same.* We therefore use the following modified concept of ABG:

3For example, we will require that p.,C, grows at a constant rate. The distinction between p.,C, and C, is relevant because
in general C; does not grow at a constant rate in models of structural change.
“We will encounter an example in Proposition 1 below where, with numeraire consumption, the growth rates of capital and



Definition 1 An ABGP is an equilibrium path along which aggregate quantities expressed in the same

units grow at constant rates (including zero).

Note that changes in the sectoral composition are permitted to take place underneath the ABGP. In
contrast, BG rules out such changes because it requires all variables to grow at constant rates.

We now aggregate sectoral outputs to GDP using the numeraires consumption and investment. We
do not consider the numeraire labor, because it fits with the income approach instead of the product

approach that we pursue here. Using the abbreviations

and superscripts to denote the numeraire, GDP in units of a numeraire is defined as:

YX=P.C + X, = KiAl? (5a)

xt

YE =C+ PyX, = K'AL? (5b)

ct
where the equalities follow from (3)—(4).

Proposition 1

(i) Let X be the numeraire:
an ABGP exists if and only if A, x Is constant; along the ABGP, ?tX = A, x and a = ;1:96:42; 9,
(ii) Let C be the numeraire:

an ABGP exists if;l\x andA\c are constant; along the ABGP, ZC = a = AVAL-Y,

X°Tc

GDP are constant yet different along the ABGP.



Proof. We begin by eliminating prices and consolidating the equilibrium conditions so that the only

unknowns are equilibrium quantities:

Y =KA, Y =KALY (62)
C; X;
1= — + —, (6b)
KIAZY KIAGY
— X
K = Et +1-4, (6¢)
t
-~ 1-6 6-1
A —~ K,
(AXHI) Ct+1:ﬁ 1_5+9( t+l) ’ (6d)
Acr+1 xt+1
AN K |
0=limpg =< sy 6e
t—>oo'8 ( xt) Ct ( )

Depending on the numeraire, the first or second equality in (6a) applies.

Proof of Part (i). Necessity: We need to show that the existence of an ABGP implies that A,; grows
at a constant rate. Since the growth of YtX and K; is constant along the ABGP, this follows from the first
equality of (6a).

Sufficiency: We need to show that if A, is constant, then an ABGP exists. We do so by constructing
a path {YtX , K:, X;, C,};’io such that Y,X and K, grow at constant factors, L, = 1 is constant, and the first
equation of (6a) and (6b)—(6e) are satisfied.

We first construct {Y; tX s Ke, Xi, G2, Set E, = A, +» Which is constant, and define {ZX }i2, such that the

first equation of (6a) is satisfied for all r > 0 if it is satisfied at r = 0. In particular,
Y\ = KA = AL

We define {}?t};’il such that equation (6c¢) is satisfied for all # > 0 if it is satisfied at £ = 0. Since

X — —
= =K -(1-0)=A-(1-9),
t

this implies X,/ K; must be constant. Thus, we set )?t = A\x. We define {a};’i] such that (6b) is satisfied
forall 7 > O if it is satisfied at 7 = 0. Since K; = X; = A,, (6b) implies that C,/(K?A!~?) must be constant.
AVAI-0

Hence, we set C; = ATA [ ”.

Next, we set (Y()f , Ko, X0, Cp) such that (6a)—(6¢) hold at + = 0 and the Euler equation (6d) holds for



all t > 0. Together with the previous growth factors, this uniquely determines {YX, K, X, Cil2,- Using

consumption growth and that K1 /A1 = Ko/Axo, (6d) becomes:

~ KO 6—1
Ax—ﬁ[1—6+9(A—xo) )

We choose the unique solution Ky > 0 given Ayy > 0. Given Ko, we then set Y = KJA![? and

Xo = [X +— (1 = 9)]Kp to satisfy (6a)—(6b) at t = 0. Given Xy and Ky, we choose Cy to satisfy (6b) at

X
CO:(I— 0 ]KgAl(;”.

To show that the transversality condition (6¢) holds, we substitute the growth factors for K, and C, into

t=0:

the right-hand side:

1-6
,Bl & Ki :,Btﬁ;(m
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Since this converges to zero as t — oo, we have constructed an ABGP.

Proof of Part (ii). Sufficiency: The proof is exactly the same as for Part (i), except now the second

equation of (6a) applies and
Y = KAy = ATA

QED

Proposition 1 shows that constructing an ABGP with numeraire X is possible under less restrictive
conditions than with numeraire C: whereas A, may change with numeraire X, we are able to establish
the existence of an ABGP with numeraire C only if both A, and A, are constant. Given (3), this implies
that only with numeraire X can the ABGP match the fact that in the postwar U.S. the average annual
growth rate of p./p, varied widely; it was 0.63% during 1955-1975, 1.46% during 1975-1995, and
2.33% during 1995-2015.

Proposition 1 also shows only if GDP growth is measured with the numeraire consumption does
it equal consumption growth. This is noteworthy because aggregate output measured in units of con-
sumption is often viewed as an indicator of well being. This notion goes back to Weitzman (1976) who

showed for a continuous-time, two-sector growth model without technological progress that the present



discounted sum of future consumption equals the present value of receiving ad infinitum today’s Net
Domestic Product (NDP) measured in units of consumption. Dasgupta and Méler (2000) clarified that
Weitzman’s result has a welfare interpretation only if utility is linear. Asheim and Weitzman (2001)
replied by showing that if utility is concave and real NDP is constructed with a Divisia consumption
price index, then welfare increases if and only if real NDP increases. We emphasize that this is a qual-
itative result that says that welfare and real NDP move together. Below, we will provide a quantitative
result that says that, if the utility function is homothetic, then the change in GDP measured with the
Fisher index approximates the change in a measure of welfare based on compensating expenditures.
Lastly, Proposition 1 shows that GDP growth depends on the choice of the numeraire, because /Y\IX =

A, whereas ?,C = AYA1~0 This immediately implies the following result:

X et
Proposition 2 If ;\\c, < th, then ’Y\IC < ’l-/?(
The result of the proposition is intimately linked to the behavior of the relative price. To see this, recall
that (5) defined the growth rates of GDP in units of a numeraire as:

YX=P.,C, + X, YE =C, + PyX,. (7)

t

As mentioned before, Equation (3) and Figure 1 imply that the empirically relevant case is A, > A, and
Fx, < Fct. Since the relative price is the only difference in the definitions of Y[X and Y,C , it is obvious that
Y <X

That GDP growth depends on the choice of numeraire is undesirable. We will see next that using
the Fisher index results in a measure of GDP growth that is independent of the choice of numeraire. In
this context, it will be important that along the ABGP P.,C;/X; is constant, which follows the proof of

Proposition 1 implies that P.,C; and X; grow at the same factor along the ABGP.

2.4 Aggregation with the Fisher index

For any two adjacent periods, the Fisher quantity index is defined as the geometric average of the

Laspeyres and Paasche quantity indexes:>

. ®
Det-1Cr-1 + pr—1Xict perCrot + puXict

SWhelan (2002) offers a more detailed discussion of the Fisher index.

= VL.V \/ Det-1Ct + pr_1 X; ) DPeiCr + puXs




Proposition 3 GDP growth with the Fisher (quantity) index is independent of the numeraire.

Proof. The claim follows by pulling out p._; and p; or p,—1 and p,, from the numerators and de-
nominators of equation (8). QED

GDP levels with the Fisher index are obtained by choosing a reference year and chaining the growth
rates. For example, choosing year O as the reference year and denoting the nominal GDP of period 0 by
Yo,

YE=TE Ty,

It is straightforward to show that:

vF = Y_,C Ci+ Pu1Xy  Cr+ PyoXi ) = Y_zX Py 1Ci+ Xy PooCr+ Xy ;
' Y§ Cio1+ PuXis1 Co+ PuXo YY PuCii+ X1 PeaCo+ Xo

Since the behavior of the terms under the square root is hard to characterize analytically, Y7 is generally
not suited for obtaining analytical results. In contrast, chaining GDP growth rates calculated with the
numeraires C and X gives back the GDP levels Y and YX defined above and remains tractable.

The simplicity of the two—sector model implies that we can analytically characterize how the dif-
ferent measures of GDP growth are related to each other along an ABGP. Rearranging the terms in (8)

while using that Y€ = C, and YX = X; gives:

1 + PyX; Py 1 + PuCr Pyy
?F — ?C C Py — ?X X;  Po
4 t 1 + Py 1 X1 Py t 1 + Pey1Cr1 Py ’
Cr-t Pu-i Xi-1 Pe-i

Recalling (3), that A, x must be constant for an ABGP to exist, and that P,,X,/C; and P.;C)/X; are constant

along an ABGP, we get:

— —

€))

Hence, our maintained assumption that A, > A, implies that YC < Y/ < YX. Moreover, Y/ is constant

iff A\c is constant.

Proposition 4



(i) th < ?,F < YIX along any ABGP with numeraire C or X.
(ii) ZF and ?,X are constant along any ABGP with numeraire C.

(iii) ?,C and ?,F are constant along any ABGP with numeraire X iff XC, is constant.

Proposition 4 implies that GDP growth with the Fisher index lies between GDP growth with the
numeraires. This raises the question of how large the differences between ’ftc’ ZX and ’Y\tF are in the data.
Figure 2 and Table 1 show that they are sizeable. Since the differences among the measures of GDP
growth are too large to ignore, we must measure GDP growth in the same way in the model and in the
data.®

Figure 2 also shows that while GDP growth measured in the numeraire investment has a constant
long-run trend, GDP growth measured with the Fisher index or with the numeraire consumption slows
down.” This raises the question under which conditions there can be a growth slowdown in the two-
sector model. Proposition 4 said that if we choose the numeraire investment, then GDP growth in the
Fisher index and in the numeraire consumption may not grow at constant rates along the ABGP, so there
is room for a GDP growth slowdown. The next proposition specifies under what condition there actually

is a growth slowdown:

Proposition 5 If A, x IS constant while XC, decreases, then along any ABGP with numeraire investment:
the growth rate of GDP measured with numeraire consumption slows down; the first-order approxima-

tion of the growth rate of GDP measured with the Fisher index slows down.
Proof. To show the claim that ’ftc decreases, recall (5):
YE = KAl

Proposition 1 implies that along the ABGP with numeraire X;, K; grows at factor A, which is constant.
Hence, the assumption that ;1\“ decreases implies that ?lc decreases.

To show that a first-order approximation of ?,F slows down, we take the log of the first equation of

%Whelan (2003) is one of the few authors who appreciated this. He calibrated a two-sector growth model measuring
quantities with the Fisher index. We add to his analysis a comparison among different measures of GDP growth, paying
particular attention to the welfare properties of the Fisher index and to Baumol’s Cost Disease.

"In the figure, C is private nondurable consumption and X is private investment in fixed assets and consumer durables. Note
that Y,C is initially above Y,X because, as Figure 1 shows, P,; initially increases.

10



9):

V[~ Alog(¥/) ~ Alog(Y) + 5~

(10)

— —

1P.C (ZC, Zx)
Ax Act
The right-hand side slows down because: P.C/X and A, » are constant; A log(Y,X ) ~ ’1-/?( is constant along
the ABGP with numeraire investment; ;\\a slows down by assumption. QED.
The growth slowdown of GDP measured with the Fisher index that we described in the previous

proposition is intimately linked to the behavior of the relative price of investment. To see this in the

model, replace the TFP growth rates in equation (10) by relative prices:

- 1P.C(Pyy P
YF ~ Alog(YF) ~ Alog(YX) + = =% ( arl _ _Cd )

2 X Py Poy

GDP growth slows down along the ABGP with numeraire investment iff the relative price of consumption
increases. Figures 1 and 2 show that this is borne out by the data too: the three measures of GDP growth
started to diverge when the relative price of investment started to decrease around 1960; before 1960, the
three measures of GDP growth remained close to each other.

Given the results of this section, we advocate the following strategy for using the two-sector model in
quantitative work: (i) construct an ABGP in the model using investment as the numeraire; (ii) construct
model GDP by applying the Fisher index to the ABGP; (iii) connect model GDP to data GDP. Following
this strategy has two advantages: (i) using the numeraire X for the construction of the ABGP does
not restrict the growth rates of consumption and the relative price to be constant; (ii) using the Fisher
index results in a measure of GDP growth that is independent of the numeraire with which the ABGP is

constructed and that detects the GDP growth slowdown.

2.5 Welfare changes

We start by defining an indirect utility function and an expenditure function that are needed to construct

compensating expenditure. The household’s problem gives rise to the standard value function V:®

— — A -
V(K;, A Acr) = max {10g(C) + BV (Xi + (1 = Ky, AcA Achlr) - 22C,+ X, < ¥ = KAL),

Xt

8We could have written the value function also with C as the numeraire.

11



where we used that A;;+; = A;;A;;. It is convenient to summarize the state variables by S; = (K;, Ay, Acr)
and write V(S,) = V(K;, Ay, Acr).

Following Duran and Licandro (2017), we define an indirect utility function as:’

V(Pe, Y15 ) = max {log(C)) + BV (S141) : PeuCy+ X, < VY.

where S;11 = (X; + (1 — 6)K,,XXA x,,XC,AC,). The definition of the indirect utility function drops the
constraints YIX = KfA)la_g and P, = A, /A, for period ¢, but leaves them in place for all subsequent
periods. Hence, it gives the value of the program also for realizations of income and relative prices that
are not consistent with equilibrium in period ¢. Similarly, the minimum-expenditure function is defined

as:

e(P,viS 1) = min{PoCr + X, :10g(C)) + BV (X, + (1= 9)K1, AxA. AcAer) 2 v).

1At

We now develop a measure of welfare changes that is based on compensating expenditure differ-
ences. The basic idea goes back to Fisher and Shell (1972), who generalized the index of Konus (1939)
to situations in which preferences evolve over time. They emphasized that since utility is an ordinal
concept, one must not compare the utility levels from periods # — 1 and ¢. Instead, they calculated
compensating expenditure levels by imposing indifference in terms of the same indirect utility func-
tion.1° Building on the ideas of Weitzman (2000) and Licandro et al. (2002), Duran and Licandro (2017)
showed how to apply the true quantity index of Fisher and Shell (1972) to the two-sector growth model
with general recursive preferences. The basic insight is that it does not matter whether the time depen-
dence of u,(-) and e(-) arises from evolving preferences, as in Fisher and Shell’s model, or from evolving
state variables, as in the growth model.'! While Durdn and Licandro (2017) used continuous time, we

develop a true quantity index for discrete time. Using discrete time is both more natural for connecting

°In dynamic contexts like ours there are two indirect utility functions: a period one and a present-value one. Our indirect
utility function is a recursive formulation of the present-value indirect utility function, that is, the present value of the current
and all future utilities that result under optimal behavior. In recursive formulation, that present value is a function of current
income, current prices, and the current realizations of the state variables. To avoid confusion with the language used in Durdn
and Licandro (2017), we call the indirect value function an indirect utility function.

10Although the original index of Fisher and Shell is a true cost-of-living index, it is straightforward to apply the underlying
principles to the construction of the corresponding true quantity index.

Fisher and Shell dismissed the forward-looking perspective because yesterday’s tastes are no longer relevant today. In
contrast, the forward-looking perspective is meaningful when yesterday’s indirect utility function represents past realizations
of the state variables.

12



model data to NIPA data and also is more cumbersome because it requires a careful distinction between
different reference periods. A novelty of our work is that this leads to two perspectives: the backward-
looking (forward-looking) perspective uses prices and realizations of the state variables from “today”
(“yesterday”).

The backward-looking perspective compares today’s observed expenditure, Y, with the compensat-
ing expenditure that make the household indifferent between having them at today’s prices and having
yesterday’s expenditure at yesterday’s prices. Imposing indifference in terms of today’s utility, this gives

e(Pct, W(P1, YX AN ,). The backward-looking true quantity index is:

—

5, = i
A &(Per v(Pao1. YX 1S 0:S1)
cts ct—1» t—1° t)sPt

The forward-looking perspective compares yesterday’s observed expenditure, Y. t’i |» With the compen-
sating expenditure that make the household indifferent between having them at yesterday’s prices and
having today’s expenditure at today’s prices. Imposing indifference in terms of yesterday’s utility, this

gives e(PC,_l, V(Pyy, YtX S 1): S 1). The following forward-looking true quantity index is:

e(Pczfl’V(Pcn YIXQSFI);St—l)
Y '

t—1

Fst—l,t =

The Fisher-Shell true quantity index is the geometric average of the forward- and backward-looking

ﬁt = \/ﬁt—l,t : ﬁt,t—l-

The next proposition states one of our main results that the Fisher quantity index first-order approxi-

indexes:

mates the Fisher-Shell true quantity index. While this result is a discrete-time version of the one of
Durédn and Licandro (2017), we use a more direct method of proof that provides additional first-order

approximations for the Laspeyres and the Paasche indexes.

13



Proposition 6 [n the two-sector growth model,

o VL
FSi =Y/,

o P
FSi =Y/,

Proof. We prove the claims by establishing that the Laspeyres and Paasche quantity indexes are first-

order approximations to the forward-looking and backward-looking Fisher-Shell true quantity indexes:

X
— ~ Yt
5 FS -1~

X+ PGy
X1+ PoCroy

FSi 1= X
Yt—l

Two identities are helpful:

Oe(Pet, V(P Y8115 1) dw(Py, YX; S )

1, 11
v ary (n
ae(Pcta V(P YtX; St);St) ov(P,, YIX;S,) - _C (12)
Ay AP, -

(11) follows by taking the derivative of e,(-) with respect to ¥ and rearranging. (12) follows from Roy’s

identity,

V(Per, YX: S )| 0v(Per, YX:S))
= _Cf’
aYX aPc[

‘
and (11).

We establish that F'S,_;, ~ Y* by showing that e(Pct_l,v(Pc,, Y%, 8,1); S,_l) ~ X, + Py_1C;. In-
terpreting e(PC,_ V(P Y58 121038 - 1) as a function of (P, Y;¥) and linearizing around (P¢—1,YX )

gives:

e(PCt—lav(Pctv Y,X;Sz—l);St—l) ~ e(PCt—lav(Pct—l’ Y,{1§St—1);St—1)

ae(Pct—l, V(Per-1, Y,)fl;Sz—l);Sz—l) OV(Per—1, YX 58 1-1)

X X
+ 9y 5YX (Yt - Yz—l)
t—1
Oe(Per1,V(Per-1, Y 1381013 S 121) 0v(Pey1, YX 138 11)
+ v P ) (Pct - Pct—l)-
ct—

14



Using (11)-(12) and that e(Per-1, V(Per-1, YX 3 S1-1); S1m1) = Y| gives:

e(Pes1,V(Pers Y3 S 121): S 101) & e Perot, V(Pero1, Y138 1103801 ) + (Y = ¥ )) = Cioy (Pey = Per1)
=Y~ Croi(Pey — Pey)
=X;+ Py—1Cy + (Cr = Co—1)(Pet — Per—1)

~ X;+ Py 1Cy,

where the last step leaves out the second-order terms.
We establish that FS,,; ~ Y” by showing that e(Pct, V(Pero1, Y 1;St);S,) ~ X,_1 + P,,C,_;. The
proof follows by interpreting e(Pct,v(PC,_l, Yt)f 1380:8 ,) as a function of (P._1, Yz{ 1), linearizing it

around (P, Y,X ), and following the same steps as before:

e(Pets V(Pes1, Y 13810: S 1) % € Peyy v(Per, Y3 S 1: S

ae(Pa, V(Per, Y5818 t) V(Per, YY)

X X
" v gy VT T
t
6€(Pcz, V(Pet, Y,X; S St) Ov(Pg;, Y,X; S
+ o oP (Pct—l - Pct)
ct

= Yt)il = C(Pe—1 — Peyr)

~ Xi—1 + PGy

QED

We end this section by pointing out that the Fisher-Shell true quantity index abstracts from several
relevant features of reality that affect welfare, including inequality, leisure, and life expectancy. Jones
and Klenow (2016) proposed a broader welfare measure that takes these features into account and im-

plemented it for a set of countries.

3 Three-sector Growth Model

We now disaggregate consumption into goods and services and study structural change from the goods
to the services sector. Additional aggregation issues then arise from changes in the composition of the

consumption expenditures. We will see that these composition changes importantly affect the behavior of
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GDP growth measured with the Fisher quantity index. For simplicity, we keep the investment sector as it
was in the two-sector model. We note that the results that follow would continue to hold in two alternative
specifications: a simpler two-sector growth model that does not have capital; a more elaborate four-sector
model in which structural change takes place in both consumption and investment; see Herrendorf et al.
(2018) for an analysis of the latter.

We omit the full description of the three-sector model and highlight only the parts that are differ-
ent from the two-sector model. There are now production functions for consumption goods, Cg, and

services, Cy;:

Co = Ko AgiLe)

1-6
Cu = Ki(AuLy)
The period utility now equals:
C = U(Cgt, Cst), (13)

where u satisfies the standard regularity conditions.
Similar results to (3), (4), and (5) hold for i € {g, s}:
_ Dit (Axt)l_0
Pi[ = — =7 )
Pxt At
Cil‘ = K[GAilt_eLita

th = PyCyr + PyCy + X; = Kng)lct_g-

Figure 3 shows that the empirically relevant case is A, > Xg, > A, st

There are two known classes of period-utility functions (13) for which an ABGP with structural
change from goods to services exists: the homothetic CES utility functions with C,; and Cy; being
complements studied by Ngai and Pissarides (2007); non-Gorman utility functions studied by Boppart
(2014) and Alder et al. (2017).'? In what follows, we will study the behavior of GDP growth with these

utility functions. Given the results from the two-sector model, we consider only the numeraire X. To be

12Since the last two papers started from indirect utility functions, the statement should be interpreted as referring to utility
functions that gives rise to their demand system.
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able to obtain sharp, analytical results, we also assume that all A; are constant.

Proposition 7 Suppose that X is the numeraire, X, is constant for i € {x,g,s}, and Xg > A, s If an
ABGP with structural change from goods to services exists, then GDP growth measured by ?,F slows

down along the ABGP.

Proof. The first step is to recognize that L, is constant along a ABGP:

_KACL, X, 1
Yok X G,y
which is constant along ABGP.

We show the claim by showing that both the Laspeyres and the Paasche index decline along ABGP.

In the three-sector model, the Laspeyres index is:

Por-1 Py-1
Pgl—lcgl‘ + Pst_lcxt + Xl‘ Pgt Pgtht + P_”PSICSI + Xt

Po 1Cor1 + Py 1Cym1 + Xsm1 Pgr1Cgr1 + Py1Cm1 + Xy

- 1-6 — 1-0
(Agf Axr) C . + (Axt Axt) C ’ + Xl
= g s

VL
Y

Axt Agf X_X,Ast
9 Al-0
Kt—let—l
VAR L\ o qio0 0 41-0
Z) KL L+ (§)  KIAL Lo+ KIAL Ly
= 6 A1-0
Kt—let—l
—~ \1-6 — (1-6 —~ \1-6
— A A A
:Ax {rg) —(TY] Lgt"'(rs) (I_Lx)+Lx ,
Ay Ay Ay

where we used that Ly, + Ly + L, = 1 and f(} = Zx along ABGP. Since Zg > Z s and Lg; declines along
the ABGP with structural change, ?,L declines.

Using the same steps gives:

— PgCq + Py Cyy + X,

YP =
£ Pé” Psr
mpgt—lcgz—l + mPst—lcst—l + X1
0A41-6
— KIA)C[
—\1-6 —\1-6
0 A1-6 [[A A,
K,_le,_l[(;—x) Lo+ (%) Lst_1+Lx,_1}
8 s
Ay

[(/A%)I_H - (%)1_9] L1 + (%)1_0(1 —-L)+ Lx'
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Since Xg > A, and Lg; declines along the ABGP with structural change, Y? declines. QED

Proposition 7 implies that GDP growth measured with the Fisher index slows down along any ABGP.
This occurs because the Fisher index picks up the effects of Baumol’s Cost Disease resulting from the
reallocation from the goods sector with high productivity growth to the services sector with low pro-
ductivity growth. Figure 2 showed that the overall growth slowdown has been large in the postwar U.S.
Several papers showed that the contribution of Baumol’s cost disease to the overall growth slowdown is
sizeable; see for example Duernecker et al. (2017).

If the period utility is homothetic, then we can go further than Proposition 7:

Proposition 8 Suppose that X is the numeraire, ;4\, is constant fori € {x, g, s}, and Xg > A, s- Ifu(Cyr, Cyp)
is homothetic, then: (i) the growth rate of the price of aggregate consumption, Fc,, increases over time;

(ii) the growth rate of welfare measured by FS, slows down along the ABGP.

Proof. We start with the proof of claim (i). Let C; = u(Cy;, Cy;) be aggregate (composite) consumption.

The expenditure function is the minimum cost of buying (Cy, Cy) to achieve consumption level C;:

E; = E(Pg, Py, Cy) = mi(gl {Pgtcgt + PyCy i u(Cy, Cy) 2 Cp, Pyy, Py 2 O}-

gt-Lst

If preferences are homothetic, then the expenditure function can be written as
E(Pgt’ Py, C) = P, Cy = PC(PgI’ P)C;.

See Shephard (1953), Chapter 4 for a proof. Shephard also proves that P.; = P.(Pg, Py) is homothetic.

Next, we show that if preferences are homothetic, then:

aPc(Pgtv Pst)ﬂ _ Pitcit
aPil Pct PctCt ‘

(14)

This follows from Sheppard’s lemma which states that

_ aE(Pgb PS[7 CI) _ a[,C(I)glv PSt)
- OP; - Py

it ts
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implying
aPc(Pgh Pst) _ ﬁ
aPit B C[ '

Multiplying both sides with P; /P, proves the claim.

To study the dynamics of P, over time, we linearise P¢i1 = Pe(Pgri1, Pgy1) around (Pg, Py):

8Pc(Pgt, Psl) aPc(Pgt, Psl)

Py ~ Pc(Pgt’ Pgy) + ant (Pgt+1 - Pgt) + oP,,

(Pst+1 - Pst),

implying
Pct+1 - Pc; - aPc(Pgta Psl)ﬁpgﬁl - Pgt + 8P0(Pgt’ Pst)&PsHl - Pst
Pe 0Py Py Py oPy Py Py

Using (14), this becomes:

Py Py

~

Pep1 — P - Py — Py + Pgtht (Pgt+1 - Pgt Py — Pst)
P Py P.Cy

By assumption, the growth rates of the prices of goods and services relative to investment are constant.
Moreover, (PgCq)/(P:C;) and the term in brackets decrease over time. Hence the growth rate of P,
increases over time.

The proof of claim (ii) follows by going through the exact same steps as in the two-sector model.
Therefore, we omit it. QED

The proposition shows that homothetic utility allows for two results in addition to the more general
result of a GDP growth slowdown. First, structural change implies that the price of aggregate consump-
tion relative to investment increases, which, of course, is the condition for the GDP growth slowdown
from the two-sector model. Remarkably, this condition is satisfied although we assume in this section
that that all sectoral TFPs grow at constant rates. Second, as in the two-sector model, the GDP growth
slowdown translates into a welfare growth slowdown. '3

Three papers are closely related to the last two propositions. Ngai and Pissarides (2004) mentioned
that Baumol’s Cost Disease can lead to a GDP growth slowdown when GDP growth is calculated with

constant relative prices. However, they did not pursue the growth slowdown further but framed their

31t is unknown whether the welfare result extends to non-homothetic utility functions; see Diewert (1976) and Diewert and
Mizobuchi (2009) for more discussion. The challenge with non-homothetic utility functions is that the price index depends
also on the growing level of consumption, implying that the first-order Taylor approximations contains additional terms that
are unrelated to the Fisher index.
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entire analysis in terms of a balanced growth path and constant GDP growth measured in a current
numeraire. Moro (2015) provided an interesting model in which Baumol’s Cost Disease reduces GDP
measured with the Fisher index. His analysis differs from our analysis because he focused on the role
of differences in the sectoral intermediate-input shares in a cross section of middle- and high-income
countries. In independent work, Leon-Ledesma and Moro (2017) asked to what extent structural change
may lead to violations of the Kaldor (1961) growth facts. In their simulation results, based on the model
of Boppart (2014), structural change leads to a growth slowdown of GDP measured with the Fisher
index.

Although in some aspects our work is similar to these three papers, two features set what we have
done apart: we have analytically characterized the behavior of GDP growth measured with a numeraire
and with the Fisher index along an aggregate balanced growth path with structural change; we have
proven that with homothetic utility the slowdown affects not only GDP growth measured with the Fisher
index but also welfare growth.

Duernecker et al. (2017) study the natural follow up question whether GDP growth will slow further
in the coming years. A particular worry is that the slowest-growing services industries could take over

the economy. They find that substitutability within the service sector prevents that from happening.

4 Conclusion

Which aggregation method is preferable to analyze multi-sector growth models with structural change
and connect them to the data from the NIPA? We have shown that the numeraire investment offers the
least restrictive way of constructing an ABGP, but that the Fisher index has the advantage that the implied
GDP growth is independent of the choice of numeraire, captures the GDP growth slowdown resulting
from Baumol’s Cost Disease, and is a measure of welfare changes if utility is homothetic. We have
advocated to proceed in three steps: (i) construct the model’s BGP with the numeraire investment; (ii)

calculate model GDP with the Fisher index; (iii) connect this measure of model GDP to the NIPA.
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Figures and Tables

Figure 1: The Price of Investment Relative to Consumption in the U.S. (1947=1)
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Source: NIPA, Bureau of Economic Analysis, own calculations. Investment: Private fixed investment and consumer durables,
Consumption: Private nondurable goods and services consumption.

Figure 2: U.S. GDP per hour with different aggregation methods

8 =
. . - -
= == Numeraire investment -
. . 7
Fisher-index _’
. . s,
"""" Numeraire consumption //
7’
4 ,:/ e
_’
-~

log scale

1

1950 1960 1970 1980 1990 2000 2010

Source: NIPA, Bureau of Economic Analysis, "Hours Worked in Total U.S. Economy and Subsectors"; BLS; own calculations.
Investment: Private fixed investment and consumer durables. Consumption: Private nondurable goods and services consumption.
GDP deflator: Fisher-index of private fixed investment, consumer durables, private nondurable goods, and services consumption.
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Table 1: U.S. GDP per hour 1947-2017

Units  Average annual growth rate  Level after 70 years

C 1.67 0.83
F 1.94 1.00
X 297 2.02

Figure 3: The Price of Goods and Services relative to Investment in the U.S. (1947=1)
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Source: NIPA, Bureau of Economic Analysis, own calculations. Goods: Private nondurable consumption,
Services: Private services consumption, Investment: Private fixed investment and consumer durables.
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