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Pduwd Dorl| Kdqv Mûujhq Mdfrevhq} Whuhvd Oor|g0Eudjd{

Pdufk 47/ 5333

Devwudfw

Zh dqdo|}h wkh h�hfwv ri vlpsoh vw|ol}hg hfrqrplf srolf| uxohv/ ru vwdel0

ol}dwlrq sulqflsohv/ zkhq  xfwxdwlrqv lq hfrqrplf dfwlylw| duh fuhdwhg hqgrjh0

qrxvo| e| vhoi0ixo�oolqj yrodwloh h{shfwdwlrqv1 Zh vwxg| d vlpsoh prqhwdu|

frpshwlwlyh prgho zlwk lqwhuwhpsrudoo| rswlpl}lqj djhqwv dqg d jryhuqphqw1

Zh rqo| ghsduw iurp qhrfodvvlfdo ruwkrgr{| e| dvvxplqj wkdw d f|foh ru d

vxqvsrw htxloleulxp/ qrw qhfhvvdulo| d vwhdg| vwdwh/ frxog eh wkh ghvfuls0

wlyh g|qdplf udwlrqdo h{shfwdwlrqv htxloleulxp1 Wkh jryhuqphqw pd| wkhq

zhoo rxw ri zhoiduh frqfhuqv zdqw wr frqgxfw v|vwhpdwlf vwdelol}dwlrq srolf|

wkurxjk wudqvihuv/ h{shqglwxuh/ dqg wd{dwlrq hyhq wkrxjk wklv kdv glvwru0

wlrqdu| h�hfwv1 Zh vkrz wkdw wkh srolf| uxohv wkdw vwdelol}h rxwsxw lq d

zd| wkdw lv ehvw iru zhoiduh lqyroyh frxqwhuf|folfdo hohphqwv lq jryhuqphqw

dfwlylw|1

�Wklv sdshu kdv ehqh�whg iurp frpphqwv dqg vxjjhvwlrqv e| Mhdq Sdvfdo Ehqdvv|/ Ulfkdug
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4 Lqwurgxfwlrq

Zkdw duh wkh lpsolfdwlrqv iru vwdelol}dwlrq srolflhv li hfrqrplf  xfwxdwlrqv ru exvl0

qhvv f|fohv duh wr dq lpsruwdqw h{whqw fuhdwhg hqgrjhqrxvo| e| wkh hfrqrplhv*

htxloleulxp phfkdqlvpv/ dqg duh qrw vroho| uhdfwlrqv wr h{rjhqrxv vkrfnvB Zh �qg

wkdw/ hyhq xqghu shuihfwo| frpshwlwlyh frqglwlrqv/ wkh rffxuuhqfh ri hqgrjhqrxv

 xfwxdwlrqv gxh wr vhoi0ixo�oolqj yrodwloh h{shfwdwlrqv pd| jlyh uhdvrqv edvhg xsrq

zhoiduh frqfhuqv iru v|vwhpdwlf jryhuqphqw vwdelol}dwlrq srolf|/ dqg wkh srolf| uxohv

zklfk ehvw vwdelol}h hfrqrplf dfwlylw| zlwk uhvshfw wr zhoiduh lqyroyh d fhuwdlq nlqg

ri frxqwhuf|folfdoolw| lq jryhuqphqw dfwlylw|1

Zh vwxg| wkh prvw vwdqgdug dqg ixoo| frpshwlwlyh g|qdplf prgho ri h{shfwdwlrqv0

gulyhq hqgrjhqrxv  xfwxdwlrqv1 Wklv kdsshqv wr eh wkh vlpsoh ryhuodsslqj jhqhud0

wlrqv prgho zlwk rqo| oderu dv lqsxw lq surgxfwlrq/ exw e| wkh dujxphqw ri Zrrg0

irug +4<;9,/ wkh prgho kdv dq htxlydohqw lqwhusuhwdwlrq zlwk lq�qlwho| olyhg djhqwv

dqg fdvk0lq0dgydqfh frqvwudlqwv1 Wkh prgho lqyroyhv d jryhuqphqw zklfk fdq wd{

lqfrph sursruwlrqdoo| dqg sd| wudqvihuv wr wkh rog1 Krzhyhu/ +srvlwlyh, uhdo wudqv0

ihuv wr wkh rog/ d yduldeoh wr eh ghqrwhg e| K/ dqg jryhuqphqw ghpdqg iru rxwsxw/

zrun lq h{dfwo| wkh vdph zd| dv orqj dv jryhuqphqw dqg sulydwh ghpdqg iru jrrgv

duh dvvxphg wr eh shuihfw vxevwlwxwhv lq wkh frqvxphuv* xwlolw| ixqfwlrqv +zklfk

lv d qdwxudo ehqfk pdun dvvxpswlrq,1 Wkh yduldeoh K fdq wkhuhiruh eh lqwhusuhwhg

htxdoo| dv uhdo wudqvihuv ru jryhuqphqw ghpdqg1

Zh ghsduw iurp qhrfodvvlfdo ruwkrgr{| e| dvvxplqj wkdw d f|foh ru d vxqvsrw

htxloleulxp frxog eh wkh uhohydqw udwlrqdo h{shfwdwlrqv htxloleulxp ghvfulelqj krz

wkh hfrqrp| hyroyhv ryhu wlph14 Dv idu dv vwhdg| vwdwh lv frqfhuqhg wkh prgho lv

vxfk wkdw qhrfodvvlfdo srolf| ylhzv duh vwurqjo| vxssruwhg> dfwlyh jryhuqphqw lv

xqdpeljxrxvo| edg1 Wkh hvvhqwldo ghsduwxuh iurp Nh|qhvldq prghoolqj lv wkdw zh

gr qrw dvvxph dq| sulfh uljlglwlhv1

Jryhuqphqw vshqglqj K lv olqnhg wr wkh shuirupdqfh ri wkh hfrqrp| e| srolf|

4Wkh vx!flhqw frqglwlrq qrupdoo| frqvlghuhg iru wkh h{lvwhqfh ri hqgrjhqrxv  xfwxdwlrqv xqghu
odlvvh} idluh lq wkh vlpsoh ROJ prgho lv wkdw wkh hodvwlflw| ri oderu vxsso| zlwk uhvshfw wr wkh
lqwhuwhpsrudo uhdo zdjh phdvxuhg dw vwhdg| vwdwh lv ohvv wkdq plqxv rqh kdoi1 Vrph �qg wklv
sureohpdwlf1 Krzhyhu/ wkh sxusrvh khuh lv qrw wr rewdlq sodxvleoh frqglwlrqv iru wkh h{lvwhqfh ri
h{shfwdwlrqv0gulyhq hqgrjhqrxv  xfwxdwlrqv/ exw udwkhu wr ghprqvwudwh krz fhuwdlq lqwhuwhpsrudo
h�hfwv ri vwdelol}dwlrq srolflhv ehfrph ri +lqfuhdvhg, lpsruwdqfh/ vkrxog vxfk  xfwxdwlrqv rffxu1
Zh pd| wkhuhiruh dv zhoo vwduw iurp wkh vlpsohvw srvvleoh prgho ri h{shfwdwlrqv0gulyhq hqgrjhqrxv
 xfwxdwlrqv1
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uxohv phdqw wr irupdol}h uhdolvwlf ru iuhtxhqwo| vxjjhvwhg vwdelol}dwlrq sulqflsohv1

Zh frqvlghu dqg d{lrpdwl}h d vlpsoh fodvv ri srolf| uxohv zkhuh lq hdfk shulrg K

ghshqgv krprjhqhrxvo| rq wkh fxuuhqw dqg wkh sdvw ohyho ri JQS1 Jryhuqphqw

vshqglqj lv �qdqfhg hlwkhu e| sursruwlrqdo lqfrph wd{dwlrq ru e| lq dwlrqdu| wd{0

dwlrq +vhljqlrudjh,1 Wzr vshfldo fdvhv duh= �K sursruwlrqdo wr fxuuhqw JQS�/ dqg

�K sursruwlrqdo wr sdvw JQS�1 Wkhvh duh lpsruwdqw ehfdxvh wkh| duh vlpsoh/ pdq0

djhdeoh dqg srvvleo| lpsohphqwdeoh e| dxwrpdwlf vwdelol}huv1 Wkh �uvw ri wkhvh

wzr fdvhv lv htxlydohqw wr duudqjlqj vshqglqj vxfk wkdw/ lq wkh devhqfh ri lqfrph

wd{dwlrq/ d frqvwdqw prqh| jurzwk udwh uhvxowv1

Rxu frqfoxvlrqv duh wkdw hyhq xqghu ixoo| frpshwlwlyh frqglwlrqv/ wkh dvvxps0

wlrq wkdw h{shfwdwlrqv gulyhq hqgrjhqrxv  xfwxdwlrqv frxog eh uhohydqw udwlrqdo

h{shfwdwlrqv g|qdplf htxloleuld pd| zhoo/ rq zhoiduh jurxqgv/ prwlydwh v|vwhpdwlf

vwdelol}dwlrq srolflhv e| wkh jryhuqphqw1 Pruhryhu/ ghvslwh wkh devhqfh ri sulfh

uljlglwlhv wr prwlydwh lw/ wkh srolf| uxohv zklfk vwdelol}h hfrqrplf dfwlylw| lq wkh

ehvw zd| zlwk uhvshfw wr zhoiduh hqwdlo d fhuwdlq nlqg ri �frxqwhuf|folfdoolw|� lq

jryhuqphqw dfwlylw|= jryhuqphqw vshqglqj vkrxog eh uhodwlyho| orz lq shulrgv xs

wr zklfk rxwsxw kdv lqfuhdvhg e| d uhodwlyho| odujh dprxqw1

Wkh lqwxlwlrq iru zk| frxqwhuf|folfdo srolf| uxohv vwdelol}h rxwsxw prvw h�hf0

wlyho|/ dqg dw wkh orzhvw zhoiduh frvwv/ lv vlpsoh dqg uhodwhg wr fhuwdlq lqwhuwhpsrudo

h�hfwv ri v|vwhpdwlf vwdelol}dwlrq srolflhv1 Dvvxph wkdw JQS lqfuhdvhv e| d uhod0

wlyho| odujh dprxqw iurp rqh shulrg wr wkh qh{w1 Li wklv lv fruuhfwo| iruhvhhq iurp

wkh �uvw shulrg/ dqg shrsoh nqrz dqg eholhyh lq d frxqwhuf|folfdo srolf| uxoh/ wkhq

wkh| zloo h{shfw uhodwlyho| orz wudqvihuv gxulqj wkh qh{w shulrg1 Li ohlvxuh dqg rxwsxw

duh qrupdo jrrgv +zklfk lv uhdolvwlf,/ oderu vxsso| dqg rxwsxw zloo lqfuhdvh lq wkh

�uvw shulrg/ dqg wkxv wkh lqfuhdvh lq rxwsxw iurp wkh �uvw wr wkh vhfrqg shulrg zloo

eh uhgxfhg1 Li +uhodwlyho| odujh, fkdqjhv lq rxwsxw duh uhgxfhg/ rxwsxw zloo ehfrph

pruh vwdeoh1 Lqwhuhvwlqjo|/ Ehqdvv| +4<<;, �qgv wkdw d vlplodu lqwhuwhpsrudo h�hfw

lv lpsruwdqw iru wkh vwdelol}dwlrq ri frpshwlwlyh  xfwxdwlrqv fdxvhg e| h{rjhqrxv

vkrfnv/ dqg Ehqdvv| dovr hvwdeolvkhv vxssruw iru frxqwhuf|folfdo srolf| uxohv1

Wkh suhvhqw sdshu lv uhodwhg wr frqwulexwlrqv vxfk dv Judqgprqw +4<;9,/ Jrhqnd

+4<<7,/ Vlpv +4<<7,/ dqg Zrrgirug +4<<7,/ zklfk dovr vwxg| wkh h�hfwv ri �{hg dqg

uhdolvwlf srolf| uxohv rq hqgrjhqrxv  xfwxdwlrqv/ dqg lw lv forvhvw uhodwhg wr wkh

�uvw ri wkhvh1 Wkhuh duh/ krzhyhu/ wkuhh pdlq gl�huhqfhv lq dvvxpswlrqv ehwzhhq
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Judqgprqw*v dqg rxu sdshu/ zklfk lpso| wkdw zh duh ohg wr udglfdoo| gl�huhqw sro0

lf| frqfoxvlrqv1 Iluvw/ Judqgprqw pdnhv +lpsolflw, dvvxpswlrqv rq ixqgdphqwdov

hqvxulqj wkdw wkh shuihfw iruhvljkw g|qdplf kh ghulyhv kdv d wudglwlrqdo �xql0prgdo�

vkdsh/ zkhuhdv zh frqvlghu d vhw ri dvvxpswlrqv dovr doorzlqj rwkhu vkdshv1 Vhfrqg/

Judqgprqw vwxglhv frqvwdqw prqh| jurzwk uxohv/ zkhuhdv zh frqvlghu d eurdghu

fodvv ri srolf| uxohv frqwdlqlqj frqvwdqw prqh| jurzwk uxohv dv vshfldo fdvhv1 Wklug/

Judqgprqw dvvxphv }hur vxevwlwxwlrq ehwzhhq sulydwh dqg sxeolf jrrgv +jryhuq0

phqw ghpdqg grhv qrw hqwhu lqwr xwlolw| ixqfwlrqv dw doo,/ zkhuhdv zh dvvxph shuihfw

vxevwlwxwlrq1 Wkh edvlf �qglqj ri Judqgprqw lv wkdw frqvwdqw prqh| jurzwk uxohv

zloo vwdelol}h wkh hfrqrp| dw vwhdg| vwdwh li wkh prqh| jurzwk udwh lv odujh hqrxjk1

Rxu uhvxowv lqglfdwh wkdw frqvwdqw prqh| jurzwk uxohv duh/ dw ehvw/ yhu| srru vwdel0

ol}dwlrq lqvwuxphqwv1 Wkhuh lv qr irupdo frqwudglfwlrq ehwzhhq Judqgprqw*v uhvxowv

dqg rxuv/ exw wkh eurdghu dvvxpswlrqv zh frqvlghu ohdg xv wr uhvxowv iurp zklfk

wkh srolf| lpsolfdwlrqv wkdw frxog eh gudzq duh yhu| gl�huhqw iurp wkrvh wkdw frxog

eh gudzq iurp Judqgprqw*v dqdo|vlv=

Rxu frqvlghudwlrq ri pruh gl�huhqw dvvxpswlrqv rq ixqgdphqwdov uhyhdov wkdw

frqvwdqw prqh| jurzwk uxohv/ dowkrxjk h�hfwlyh lq vwdelol}lqj rxwsxw xqghu vrph

dvvxpswlrqv rq ixqgdphqwdov/ duh lqfdsdeoh ri vwdelol}lqj rxwsxw xqghu rwkhu dqg

htxdoo| sodxvleoh dvvxpswlrqv1

Rxu frqvlghudwlrq ri d sdudphwul}hg fodvv ri srolf| uxohv uhyhdov zklfk dvshfwv

ri srolf| uxohv pdnh wkhp h�hfwlyh zlwk uhvshfw wr vwdelol}dwlrq1 Lw wxuqv rxw wkdw

frxqwhuf|folfdoolw| lq wkh vhqvh h{sodlqhg deryh lv hvvhqwldo1 Frqvwdqw prqh| jurzwk

uxohv duh htxlydohqw wr �vshqglqj sursruwlrqdo wr fxuuhqw JQS�0uxohv/ dqg khqfh

wkh| duh surf|folfdo1 Lq idfw zh �qg wkdw frqvwdqw prqh| jurzwk uxohv duh mxvw dw

wkh erxqgdu| ri wkh vhw ri srolf| uxohv wkdw fdq eh vwdelol}lqj dw doo/ dqg hyhq zkhq

wkh| duh lq wklv vhw/ wkh| vwdelol}h rxwsxw lq d zruvw srvvleoh zd| zhoiduhzlvh1

Rxu dvvxpswlrq rq wkh ghjuhh ri vxevwlwxwlrq ehwzhhq sulydwh dqg jryhuqphqw

ghpdqg jlyhv xv/ frqwudu| wr Judqgprqw/ wkdw frqvwdqw prqh| jurzwk uxohv/ qrw

rqo| iru wudqvihuv/ exw dovr iru jryhuqphqw ghpdqg/ duh lqh�hfwlyh vwdelol}dwlrq

lqvwuxphqwv1 Wklv uhyhdov wkdw wkh dvvxphg ghjuhh ri vxevwlwxwlrq ehwzhhq sulydwh

dqg jryhuqphqw ghpdqg lv lpsruwdqw iru wkh lqwhuwhpsrudo h�hfwv ri v|vwhpdwlf

vwdelol}dwlrq srolflhv zrunlqj wkurxjk jryhuqphqw ghpdqg1

Dq lpsruwdqw ihdwxuh vkduhg e| Judqgprqw*v dqg rxu prgho lv wkdw lw lv vlpsoh
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hqrxjk wr jlyh d rqh0glphqvlrqdo/ �uvw rughu gl�huhqfh htxdwlrq dv shuihfw iruhvljkw

g|qdplf1 Wklv pdnhv lw srvvleoh wr hvwdeolvk hqrxjk joredo surshuwlhv wr eh deoh

wr xvh joredo ghwhuplqdf| dv fulwhulrq iru vwdelol}dwlrq1 Rwkhu dxwkruv vwxg| pruh

frpsolfdwhg prghov |lhoglqj wzr0glphqvlrqdo g|qdplf v|vwhpv/ h1j1 Vfkplww0Jurkì

dqg Xuleh +4<<:,/ dqg Jxr dqg Odqvlqj +4<<:,/ +4<<;,1 Lw lv wkhq gl!fxow wr

hvwdeolvk hqrxjk joredo surshuwlhv ri wkh g|qdplf v|vwhp wr eh deoh wr xvh joredo

ghwhuplqdf| dv d vwdelol}dwlrq fulwhulrq1 Wkhvh sdshuv wkhq xvh orfdo ghwhuplqdf|= li

jryhuqphqw srolf| fdq wxuq wkh vwhdg| vwdwh dzd| iurp ehlqj d vlqn lw lv frqvlghuhg

wr vwdelol}h wkh hfrqrp|1 Krzhyhu/ lw lv rqo| lq olqhdu v|vwhpv wkdw orfdo ghwhuplqdf|

lv vx!flhqw iru wkh holplqdwlrq ri hqgrjhqrxv  xfwxdwlrqv/ dqg olqhdulw| rqo| iroorzv

iurp vshfldo dvvxpswlrqv rq ixqgdphqwdov1 Xvlqj orfdo ghwhuplqdf| dv vwdelol}dwlrq

fulwhulrq lv hvvhqwldoo| wkh vdph dv vwxg|lqj rqo| d olqhdu dssur{lpdwlrq ri wkh

g|qdplf v|vwhp durxqg wkh vwhdg| vwdwh dqg lv sduwlfxoduo| txhvwlrqdeoh iru wkh

wzr0glphqvlrqdo fdvh vlqfh zlwk qrq0olqhdulw| d orfdo surshuw| ri wkh vwhdg| vwdwh

gl�huhqw iurp lw ehlqj d vlqn fdq vx!fh iru wkh h{lvwhqfh ri hqgrjhqrxv  xfwxdwlrqv/

vhh Judqgprqw/ Slqwxv/ dqg gh Yloghu +4<<;,1 Fkulvwldqr dqg Kduulvrq +4<<9, dovr

vwuhvv wkh lpsruwdqfh ri rqh0glphqvlrqdo g|qdplfv/ dqg iru wkh vdph uhdvrqv dv zh

gr/ exw/ olnh Jxr dqg Odqvlqj +4<<;,/ wkh| vwxg| wkh h�hfwv ri pruh vrsklvwlfdwhg

srolflhv lqyroylqj/ h1j1/ wkurxjk surjuhvvlyhqhvv ri wd{dwlrq1

Lq Vhfwlrq 5 zh ghvfuleh wkh edvlfv ri wkh hfrqrplf prgho dqg wkh fodvv ri srolf|

uxohv zh frqvlghu1 Vhfwlrq 6 ghulyhv wkh htxloleulxp g|qdplfv/ dqg Vhfwlrq 7 vwdwhv

wkh uhvxowv rq wkh vwdelol}lqj dqg ghvwdelol}lqj h�hfwv ri gl�huhqw srolf| uxohv1 Lq

Vhfwlrq 8 zh surylgh wzr looxvwudwlyh h{dpsohv frqfhuqlqj wkh sduwlfxoduo| lqwhu0

hvwlqj uxohv �jryhuqphqw vshqglqj sursruwlrqdo wr fxuuhqw JQS� dqg �jryhuqphqw

vshqglqj sursruwlrqdo wr sdvw JQS�1 Vhfwlrq 9 vxppdul}hv frqfoxvlrqv1 Surriv ri

sursrvlwlrqv duh jlyhq lq Dsshqgl{ D1 Dsshqgl{ E frqwdlqv d whfkqlfdo uhvxow wkdw

lv ri lpsruwdqfh iru rxu sxusrvhv/ dqg pd| eh ri lqghshqghqw lqwhuhvw1

5 Wkh Hfrqrp| dqg wkh Srolf| Uxohv

Zh frqvlghu dq ryhuodsslqj jhqhudwlrqv prgho lq glvfuhwh wlph1 Lq hdfk shulrg wkh

frpprglwlhv duh oderu lqsxw/ surgxfhg rxwsxw/ dqg prqh|1 Wkh prqh| sulfhv ri

oderu dqg rxwsxw duh � : f dqg R : f uhvshfwlyho|/ dqg oderu dqg rxwsxw pdunhwv
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duh shuihfwo| frpshwlwlyh1 Vxevfulsw | lv xvhg iru h{solflw uhihuhqfh wr d shulrg1

Lq hdfk shulrg d uhsuhvhqwdwlyh �up surgxfhv rxwsxw + � f iurp oderu lqsxw

, � f xqghu frqvwdqw uhwxuqv wr vfdoh/ + ' ,1

Wkhuh lv lq hdfk shulrg rqh |rxqj dqg rqh rog frqvxphu/ dqg d frqvxphu lv

hqgrzhg zlwk rqh xqlw ri oderu wlph lq klv |rxwk1 Wkh yrq Qhxpdqq0Prujhqvwhuq

xwlolw| ixqfwlrq ri d frqvxphu lv �ES� n �Ee�/ zkhuh S � f lv rxwsxw frqvxpswlrq lq

wkh frqvxphu*v rog djh/ dqg e G' �� ? � f lv ohlvxuh frqvxpswlrq lq wkh |rxwk> ?

lv oderu vxsso| zkhq |rxqj1

Wkh dvvxpswlrq wkdw lq wkh �uvw shulrg ri d frqvxphu*v olih rqo| ohlvxuh hqwhuv

xwlolw|/ dqg lq wkh vhfrqg rqo| frqvxpswlrq/ lpsolhv dq htxlydohqfh wr d fdvk0lq0

dgydqfh frqvwudlqhg hfrqrp| zlwk dq lq�qlwho|0olyhg frqvxphu= Lq wkh odwwhu w|sh

ri prgho wkh frqvxphu pd{lpl}hv
S
"

�'|E�Ee�� n h�ES���*E� n w��3| lq hdfk shulrg |

vxemhfw wr d exgjhw frqvwudlqw1 Li/ lq dgglwlrq/ wkhuh duh elqglqj fdvk0lq0dgydqfh0

frqvwudlqwv/ kh ru vkh fdq gr qr ehwwhu wkdq wr pd{lpl}h �Ee|� n h�ES|n��*E� n w�

lqghshqghqwo| ryhu hdfk vxffhvvlrq ri wzr shulrgv xqghu wkh frqvwudlqw wkdw zkdw

fdq eh xvhg iru frqvxpswlrq lq |n� lv zkdw zdv hduqhg iurpzrun lq |/ vhh Zrrgirug

+4<;9,1 Iru wklv dowhuqdwlyh prgho lqwhusuhwdwlrq rxu �ES� lv h�ES�*E� n w�1

Zh lpsrvh vwdqgdug dvvxpswlrqv rq � dqg �= wkh| duh frqwlqxrxvo| gl�huhq0

wldeoh vhyhudo wlphv/ ��ES� dqg ��Ee� duh vwulfwo| srvlwlyh dqg jr wr lq�qlw| dv S dqg

e uhvshfwlyho| jr wr }hur/ dqg ���ES� dqg ���Ee� duh vwulfwo| qhjdwlyh1 Zh ghqrwh wkh

Duurz0Sudww phdvxuh ri uhodwlyh ulvn dyhuvlrq lq � e| -ES� G' ����ES�S*��ES� : f/

dqg dovr gh�qh �E?� G' ����E� � ?�?*��E� � ?� : f1 Zh dvvxph wkdw -Ef� G'

*�4S<f-ES�/ dqg �Ef� erwk h{lvw +duh 	4,/ dqg wkdw -Ef� 9' �1

Ilqdoo|/ wkhuh lv d jryhuqphqw wkdw lq hdfk shulrg ghflghv rq d uhdo oxps vxp

wudqvihu K jlyhq wr wkh shulrg*v rog frqvxphu/ dqg rq d sursruwlrqdo wd{ udwh �

e| zklfk wkh lqfrph ri wkh shulrg*v |rxqj frqvxphu lv wd{hg1 Erwk K dqg � duh

wdnhq dv sdudphwulf e| wkh frqvxphuv1 Iru wkh lqwhusuhwdwlrq ri rxu prgho zlwk

dq lq�qlwho|0olyhg djhqw/ wkh fdvk0lq0dgydqfh frqvwudlqw vkrxog eh dvvxphg wr zrun

vxfk wkdw lq wkh fxuuhqw shulrg wkh frqvxphu fdq vshqg odvw shulrg*v qhw ri wd{

lqfrph soxv wkh wudqvihu uhfhlyhg lq wkh fxuuhqw shulrg1

Wkh yduldeoh K fdq dowhuqdwlyho| eh lqwhusuhwhg dv jryhuqphqw ghpdqg iru rxwsxw

+ru oderu,1 Li lw lv dvvxphg wkdw sxeolf dqg sulydwh jrrgv duh shuihfw vxevwlwxwhv/ vr

wkh xwlolw| ixqfwlrq ri d frqvxphu lv �E��?�n�ESn K�/ wkhq wkh uhvxowlqj g|qdplf
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prgho zloo eh lghqwlfdo wr wkh rqh lq zklfk K lv d wudqvihu1 Wklv zloo eh ghprqvwudwhg

ehorz1

Srolf| lv frqgxfwhg dffruglqj wr fhuwdlq ihhgedfn uxohv olqnlqj lq d v|vwhpdwlf

zd| wkh ydoxh ri wkh uhdo wudqvihu/ ru jryhuqphqw ghpdqg/ wr suhvhqw dqg sdvw

ydoxhv ri wkh JQS +lq htxloleulxp + vxppdul}hv hyhu|wklqj ri hfrqrplf lpsruwdqfh

lq d shulrg,1 Wkh uxohv duh phdqw wr irupdol}h srvvleoh vwdelol}dwlrq sulqflsohv1

Jryhuqphqw vshqglqj lv �qdqfhg e| hlwkhu sursruwlrqdo wd{dwlrq ru vhljqlrudjh ru

d pl{ ri erwk1 Wkh h{dfw �qdqflqj grhv qrw pdwwhu vlqfh gluhfw sursruwlrqdo dqg

lq dwlrqdu| wd{dwlrq kdyh wkh vdph h�hfwv1

Wkh frqvlghuhg srolf| uxohv duh phdqw wr irupdol}h uhdolvwlf +ru iuhtxhqwo| vxj0

jhvwhg,/ vlpsoh/ dqg pdqdjhdeoh vwdelol}dwlrq sulqflsohv1 Wkhuhiruh zh frq�qh dw0

whqwlrq wr uxohv ri wkh irup/ K|n� ' KE+|n�c +|�/ dqg lpsrvh wkh ixuwkhu uhvwulfwlrqv=

+l, Wkh yduldeoh K vkrxog eh +zhdno|, srvlwlyh lq doo shulrgv1 Iru wkh lqwhusuhwd0

wlrq ri K dv jryhuqphqw ghpdqg wklv lv uhtxluhg1 Iru wkh lqwhusuhwdwlrq dv d wudqvihu

wkhuh lv lq sulqflsoh qrwklqj zurqj zlwk qhjdwlyh ydoxhv/ exw K 	 f phdqv oxps vxp

wd{dwlrq +ri wkh rog, wrjhwkhu zlwk vxevlglhv +wr wkh |rxqj, sursruwlrqdo wr lqfrph/

wkh vxevlglhv frplqj hlwkhu gluhfwo| ru wkurxjk qhjdwlyh lq dwlrq1 Oxps vxp wd{hv

duh vhogrp revhuyhg dqg yduldwlrqv lq oxps vxp wd{hv duh qhyhu vhhq dv sduw ri

vwdelol}dwlrq srolflhv1

+ll, Dw d frqvwdqw JQS/ wkh jryhuqphqw ehkdyhv dv li lw wd{hv JQS e| d fhuwdlq

udwh dqg edodqfhv wkh exgjhw lq hdfk shulrg1 Wkdw lv/ zh uhtxluh KE+c +� ' q+ iru

vrph q zlwk f � q 	 �1 Lqghhg/ wr eh d irupdol}dwlrq ri d vwdelol}dwlrq sulqflsoh

wkh uxoh vkrxog glfwdwh �qhxwudo jryhuqphqw ehkdylru� dw d vwhdg| JQS1 Zh wklqn

lw lv prvw uhdolvwlf wr ohw qhxwudo ehkdylru fruuhvsrqg wr �{hg sursruwlrqdo wd{dwlrq

dqg exgjhw edodqfh +udwkhu wkdq/ h1j1 d �{hg vshqglqj wkdw lv lqghshqghqw ri +,1

+lll, Dw d ydu|lqj JQS wkh vwdelol}dwlrq h�ruw vkrxog ghshqg rq wkh uhodwlyh

yduldwlrq lq JQS1 Li wzr sdluv E%c +� dqg E%�c +�� ri fxuuhqw dqg sdvw JQSv uhsuhvhqw

wkh vdph ghjuhh ri uhodwlyh xs ru grzq vzlqj lq hfrqrplf dfwlylw|/ %*+ ' %�*+�/

wkhq wkh jryhuqphqw vwdelol}dwlrq h�ruw vkrxog eh uhodwlyho| wkh vdph lq wkh wzr

vlwxdwlrqv/ l1h1 KE%c +�*% ' KE%�c +��*%�1

Wkhvh uhtxluhphqwv duh ixo�oohg li dqg rqo| li K lv ri wkh irup KE+|n�c +|� '

q�E+|n�c +|�/ zkhuh f � q 	 �/ dqg � lv srvlwlyh dqg krprjhqhrxv ri ghjuhh rqh/

zlwk �E�c �� ' �1 Zh frqvlghu vxfk ixqfwlrqv ehfdxvh wkh| duh d{lrpdwl}hg e|
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wkh deryh uhtxluhphqwv/ wkdw zh �qg uhdvrqdeoh/ exw dq lqghshqghqw uhdvrq lv

wkdw wkh| vx!fh iru uhyhdolqj wkh lqwhuwhpsrudo lqfhqwlyh h�hfwv ri lpsruwdqfh iru

vwdelol}dwlrq ri hqgrjhqrxv  xfwxdwlrqv1 Lw zloo jlyh vlpsoh vwdwhphqwv dqg surriv

ri rxu sursrvlwlrqv wr vshfldol}h wr/

KE+|n�c +|� ' q+�3k
|n� +

k
| c +4,

zkhuh wkhuh duh qr d sulrul uhvwulfwlrqv rq wkh sdudphwhu k1

Hdfk srolf| uxoh ri wkh irup +4, frqwdlqv d ohyho +ru uhvwlqj, frpsrqhqw jlyhq

e| q/ dqg d f|folfdo +ru uhdfwlyh, frpsrqhqw jlyhq e| k1 Wklv lv looxvwudwhg e|

wkh uhzulwlqj KE+|n�c +|�*+|n� ' qE+|n�*+|�
3k1 Wkh ohyho frpsrqhqw q lv wkh wudqv0

ihuv* vkduh lq fxuuhqw rxwsxw zkhq rxwsxw lv frqvwdqw/ dqg wkh f|folfdo frpsrqhqw

E+|n�*+|�
3k lv wkh uhvsrqvlyhqhvv ri wklv vkduh wr fkdqjhv lq rxwsxw/ �k ehlqj wkh

hodvwlflw| ri wkh wudqvihuv* vkduh zlwk uhvshfw wr wkh rxwsxw jurzwk idfwru1 Wkh

odujhu k lv/ wkh pruh qhjdwlyh zloo eh wkh uhdfwlrq lq wkh wudqvihuv* vkduh wr lq0

fuhdvhv lq rxwsxw/ wkdw lv/ wkh pruh frxqwhuf|folfdo zloo wkh uxoh eh1 Lq sduwlfxodu/

li rxwsxw hyroyhv dffruglqj wr d wzr0shulrg f|foh zlwk rxwsxw ohyhov � dqg ,/ zkhuh

� : ,/ dqg wkh wudqvihu sd|hg lq shulrgv zlwk rxwsxw � lv ghqrwhg e| K� hwf1/ wkhq

EK� � K,�E� � ,� ' &E� � E�*,�2k3��/ zkhuh & : f/ vr EK� � K,�E� � ,� lv srvlwlyh li

k 	 �*2/ dqg qhjdwlyh li k : �*21 Wklv phdqv wkdw dorqj wzr0shulrg f|fohv srolf|

uxohv ri wkh frqvlghuhg irup jlyh surf|folfdo wudqvihuv +lq wkh xvxdo vhqvh, zkhq

k 	 �*2/ dqg frxqwhuf|folfdo zkhq k : �*21

Rqh uhdvrq wr eh lqwhuhvwhg lq wkh fodvv +4, ri srolf| uxohv lv wkdw lw frqwdlqv

vrph lpsruwdqw dqg iuhtxhqwo| frqvlghuhg uxohv dv vshfldo fdvhv=

Wudqvihuv sursruwlrqdo wr fxuuhqw JQS1 Wkh fdvh k ' f/ jlyhv KE+|n�c +|� ' q+|n�1

Dowkrxjk vlpsoh/ wklv lv d ihhgedfn uxoh1 Dv wkh hfrqrp|*v dfwlylw| ohyho ydulhv vr

zloo wkh uhdo ydoxh ri wkh wudqvihu lq shu fdslwd whupv +surf|folfdoo|,1 Wkh uxoh

lv htxlydohqw wr vhwwlqj wkh lqfrph wd{ udwh frqvwdqwo| wr q dqg ohw wudqvihuv eh

ghwhuplqhg e| exgjhw edodqfh lq hdfk shulrg/ dqg/ lq sduwlfxodu/ lw lv htxlydohqw wr

duudqjlqj wkh vhtxhqfh ri wudqvihuv vxfk wkdw zlwk qr lqfrph wd{dwlrq d frqvwdqw

prqh| jurzwk udwh uhvxowv +dv vkrzq ehorz,1 Frqvwdqw prqh| jurzwk uxohv duh riwhq

dgyrfdwhg dqg zhuh vwxglhg e| Judqgprqw +4<;9, lq frqqhfwlrq zlwk vwdelol}dwlrq

ri hqgrjhqrxv  xfwxdwlrqv1 Judqgprqw +4<;9, irxqg wkdw d odujh hqrxjk q zloo

vwdelol}h wkh hfrqrp| dw vwhdg| vwdwh1

:



Wudqvihuv sursruwlrqdo wr sdvw JQS1 Wkh fdvh k ' �/ jlyhv KE+|n�c +|� ' q+|1

Qrwh wkdw li wd{hv frph zlwk d ghod| wkhq wklv uxoh pd| eh htxlydohqw wr vhwwlqj

wkh lqfrph wd{ udwh frqvwdqwo| dw q dqg ohwwlqj exgjhw edodqfh ghwhuplqh K/ dq

lpsohphqwdwlrq prvw uhohydqw iru wkh prgho lqwhusuhwdwlrq zlwk d fdvk0lq0dgydqfh

frqvwudlqw dqg dq lq�qlwho|0olyhg frqvxphu1 Iru wkh olwhudo ryhuodsslqj jhqhudwlrqv

lqwhusuhwdwlrq/ qrwh wkdw wklv uxoh uhzdugv rog frqvxphuv dffruglqj wr krz pxfk

wkh| zrunhg dqg frqwulexwhg zkhq |rxqj1 Ilqdoo|/ wklv uxoh lv forvhu wr vwdqgdug

Nh|qhvldq vwdelol}dwlrq uhfrpphqgdwlrqv vlqfh jryhuqphqw vshqglqj uhdfwv frxq0

whuf|folfdoo|1

Zkhq k jrhv ehorz }hur ru deryh rqh/ wkh ghshqghqfh ri wudqvihuv rq JQSv

ehfrphv pruh frpsolfdwhg1 Dv orqj dv f � k � �/ wkh uxohv kdyh wkh srvvleoh

vlpsoh lpsohphqwdwlrq wkdw dq dyhudjh +wkrxjk jhrphwulfdo, ri wkh odvw wzr JQSv

lv wd{hg dqg wkh uhyhqxh xvhg iru wudqvihuv1

Lq zkdw iroorzv lw lv dvvxphg wkdw wkh srolf| uxoh KE+|n�c +|� xvhg e| wkh jryhuq0

phqw lv nqrzq e| wkh krxvhkrogv zkr dovr kdyh udwlrqdo h{shfwdwlrqv zlwk uhvshfw

wr qh{w shulrg*v rxwsxw sulfh1 Ixuwkhupruh/ wkh krxvhkrogv duh dvvxphg wr eholhyh

lq wkh uhohydqw srolf| uxoh1

6 G|qdplf Htxloleulxp

Lq htxloleulxp rqh pxvw kdyh � ' R lq doo shulrgv/ dqg wkdw dq| ohyho ri surgxfwlrq

dqg hpsor|phqw lv rswlpdo iru wkh �up1

Frqvlghu d |rxqj frqvxphu zkrvh h{shfwdwlrq frqfhuqlqj wkh qh{w shulrg lv

wkdw zlwk suredelolw| ^� wkh rxwsxw sulfh zloo eh R� dqg wkh wudqvihu uhfhlyhg zloo

eh K�/ zkhuh � ' �c ���c o1 D srlqw h{shfwdwlrq fruuhvsrqgv wr o ' �1 Wkh frqvxphu

fkrrvhv oderu vxsso| ?/ prqh| kroglqj 6/ dqg frqvxpswlrq S� lq hdfk ri wkh o

ixwxuh �vwdwhv�/ wr pd{lpl}h h{shfwhg xwlolw| �E�� ?� n
S

� ^��ES��/ vxemhfw wr wkh

exgjhw frqvwudlqwv 6 ' E� � ���?/ dqg S� ' 6*R� n K� iru � ' �c ���c o/ zkhuh �

dqg � duh wkh qrplqdo zdjh udwh dqg wkh wd{ udwh lq wkh frqvxphu*v |rxqj djh

uhvshfwlyho|1 Wkh rswlpdo fkrlfhv iru ? dqg S� duh xqltxho| jlyhq e| wkh �uvw rughu

frqglwlrq/
��E�� ?�

E�� ���
'

o[
�'�

^�
��ES��

R�
c +5,

;



dqg wkh exgjhw frqvwudlqwv/

S� ' E�� ��
�

R�
?n K� iru � ' �c ���c o� +6,

Lq wkh fdvh ri d srlqw h{shfwdwlrq +zkhuh R dqg K duh h{shfwhg,/ wkh rswlpdolw|

frqglwlrqv dprxqw wr ��E�� ?� ' /��ES�/ dqg S ' /? n K/ zkhuh / G' E�� ���*R1

Vroylqj iru ? dqg S jlyhv wkh oderu vxsso| fxuyh ? ' ?E/c K�/ dqg ixwxuh ghpdqg

iru surgxfhg jrrgv S ' SE/c K�1 Lw lv d frqvhtxhqfh ri rxu dvvxpswlrqv wkdw ohlvxuh

dqg frqvxpswlrq duh erwk vwulfw qrupdo jrrgv/ ?�K 	 f dqg S�K : f15

614 Whpsrudu| Htxloleulxp

Iurp +6,/ E� � ���*R� ' ES� � K��*?1 Lqvhuwlqj wklv lqwr +5, jlyhv/ ?��E� � ?� '
S

� ^�ES� � K���
�ES��� Lqvhuwlqj wkh htxloleulxp frqglwlrqv ? ' + dqg +� ' S�/ wkhq

jlyhv +��E�� +� '
S

� ^�E+� � K���
�E+��1 Lqvhuwlqj �qdoo| wkh srolf| uxoh K� ' KE+�c +�

|lhogv/

+��E�� +� '
o[

�'�

^� d+� � KE+�c +�o�
�E+��� +7,

Wklv lv wkh whpsrudu| htxloleulxp htxdwlrq iru wkh frqvlghuhg hfrqrp| lq whupv ri

surgxfwlrq ohyhov1 Li wkh |rxqj frqvxphu h{shfwv rxwsxw lq wkh qh{w shulrg wr eh

+� zlwk suredelolw| ^�/ � ' �c ���c o/ dqg nqrzv dqg eholhyhv lq wkh srolf| uxoh KE�c ��/

wkhq d + +ehwzhhq }hur dqg rqh, pxvw ixo�oo +7, lq rughu wr eh dq htxloleulxp rxwsxw

ri wkh fxuuhqw shulrg1

Doo udwlrqdo h{shfwdwlrqv g|qdplf htxloleuld vwxglhg ehorz duh gh�qhg iurp wkh

whpsrudu| htxloleulxp htxdwlrq +7,1 Wkh wd{ udwhv gr qrw hqwhu lqwr wklv1 Khqfh/ iru

d jlyhq srolf| uxoh iru vshqglqj/ wkh udwlrqdo h{shfwdwlrqv htxloleulxp g|qdplfv ri

wkh frqvlghuhg hfrqrp| lv lqghshqghqw ri krz pxfk lqfrph wd{dwlrq yv1 vhljqlru0

djh lv xvhg lq �qdqflqj jryhuqphqw vshqglqj1 Sursruwlrqdo lqfrph wd{dwlrq dqg

lq dwlrqdu| wd{dwlrq zrun dqg glvwruw lq h{dfwo| wkh vdph zd|1

5Oderu vxsso| lv jlyhq e| y
3+4� q, @ $x3+$q. e,1 D odujhu e lpsolhv d orzhu uljkw kdqg vlgh/

dqg wr uhfuhdwh htxdolw| q pxvw idoo vlqfh wklv erwk ghfuhdvhv wkh ohiw kdqg/ dqg lqfuhdvhv wkh uljkw

kdqg/ vlgh/ vr q3

e
? 31 D vlplodu h{huflvh rq y3+4 � +f � e,@$, @ $x3+f, vkrzv f3

e
A 31 Iru odwhu

xvh/ zh ghulyh wkh hodvwlflw| ri oderu vxsso| zuw1 $ e| orj0gl�huhqwldwlrq/

%$ =@
q3

z$

q
@

4�U+$q. e, $q

$q.e

Q+q, .U+$q. e, $q

$q.e

A �4=

<



Frqvlghu wkh dowhuqdwlyh lqwhusuhwdwlrq ri K dv jryhuqphqw ghpdqg1 Lq wklv

fdvh/ wkh frqvxphu zrxog pd{lpl}h �E��?�n
S

� ^��ES�n K�� vxemhfw wr wkh exgjhw

frqvwudlqwv S� ' E�� �� �
R�
?/ � ' �c ���c o1 Wkh �uvw rughu frqglwlrq zrxog eh/

��E�� ?�

E�� ���
'

o[

�'�

^�
��ES� n K��

R�
�

E| xvh ri wkh exgjhw frqvwudlqwv/ E� � ���*R� ' S�*?/ rqh jhwv ?��E� � ?� '
S

� ^�S��
�ES� n K��� Lq htxloleulxp/ ? ' + dqg +� ' S� n K�/ dqg khqfh +��E� � +� '

S
� ^�E+� � K���

�E+��1 Lqvhuwlqj d srolf| uxoh iru jryhuqphqw ghpdqg/ K� ' KE+�c +�/

zrxog jlyh h{dfwo| +7,1 Wkh wzr lqwhusuhwdwlrqv ri K ohdg wr wkh vdph htxloleulxp

frqglwlrq zklfk yhul�hv wkh htxlydohqfh srvwxodwhg lq Vhfwlrq 51

615 Shuihfw Iruhvljkw G|qdplfv dqg Vwhdg| Vwdwh

Wkh hfrqrp|*v shuihfw iruhvljkw g|qdplfv lv rewdlqhg iurp +7, dvvxplqj wkdw wkh

qh{w shulrg*v rxwsxw lv fruuhfwo| iruhvhhq iurp wkh fxuuhqw shulrg lq d ghwhuplqlvwlf

vhqvh1 Lqvhuwlqj +� ' +|n� iru doo �/ dqg uhzulwlqj fxuuhqw rxwsxw dv + ' +|/ rqh

duulyhv dw d �uvw rughu/ rqh0glphqvlrqdo gl�huhqfh htxdwlrq lq +| dqg +|n�/

+|�
�E�� +|� ' d+|n� � KE+|n�c +|�o�

�E+|n���� +8,

D g|qdplf shuihfw iruhvljkw htxloleulxp lv d vhtxhqfh E+|� ri surgxfwlrq ohyhov

f � +| 	 �/ vxfk wkdw +8, lv ixo�oohg iru doo |1 D vwhdg| vwdwh lv d sduwlfxodu fdvh

zkhuh +| ' + lq doo shulrgv1 Iru doo wkh srolf| uxohv zh frqvlghu/ KE+c +� ' q+/ dqg lw

iroorzv iurp +8, wkdw d vwulfwo| srvlwlyh/ ru prqhwdu|/ vwhdg| vwdwh surgxfwlrq ohyho

+ lv jlyhq e|/
��E�� +�

��E+�
' �� q� +9,

Vlqfh wkh PUV rq wkh ohiw kdqg vlgh jrhv iurp }hur wr lq�qlw| dv + jrhv iurp }hur

wr rqh/ wkhuh lv iru dq| q d xqltxh prqhwdu| vwhdg| vwdwh +Eq�/ dqg +Eq� 	 �1 Lw

iroorzv gluhfwo| wkdw +Eq� lv vwulfwo| ghfuhdvlqj lq q/ dqg wkdw +Eq� jrhv wr }hur dv

q jrhv wr rqh1

Li zh gh�qh zhoiduh dw wkh vwhdg| vwdwh dv wkh frpprq xwlolw| ri doo jhqhudwlrqv/

` Eq� G' �E+Eq�� n �E� � +Eq��/ wkhq ` � ' E�� � ���+�

q/ dqg iurp +�

q 	 f dqg +9,/

` � 	 f iru doo q : f/ dqg ` � ' f iru q ' f1 Wklv suryhv/

43



Sursrvlwlrq D1 Iru doo q/ wkhuh lv d xqltxh prqhwdu| vwhdg| vwdwh lqyroylqj

surgxfwlrq +Eq�/ zlwk f 	 +Eq� 	 �/ dqg +Eq� lv vwulfwo| ghfuhdvlqj lq q dqg

+Eq�$ f dv q $ �1 Zhoiduh dw vwhdg| vwdwh ` Eq� lv xqdpeljxrxvo| ghfuhdvlqj lq

q/ dqg rswlpdo srolf| iru vwhdg| vwdwh lv q ' f1

Sursrvlwlrq D lv d vlpsoh yhuvlrq ri d idploldu qhrfodvvlfdo sursrvlwlrq= Lq wkh

devhqfh ri glvwulexwlrqdo uhdvrqv iru wudqvihuv/ rqh lv ohiw/ dw vwhdg| vwdwh/ zlwk wkh

sxuh glvwruwlrqdo h�hfw ri wkh wd{dwlrq/ gluhfw ru lq dwlrqdu|/ lpsolhg e| jlylqj wkh

wudqvihuv1 Sursrvlwlrq D lpsolhv wkdw jryhuqphqw dfwlylw| kdv wr eh prwlydwhg e|

wkh vwhdg| vwdwh qrw ehlqj wkh dssursuldwh ghvfulswlyh htxloleulxp1 Ixuwkhupruh/

vkrxog hqgrjhqrxv  xfwxdwlrqv suhydlo +xqghu odlvvh} idluh, dqg vkrxog rqh/ e| xvh

ri d srolf| uxoh ehorqjlqj wr wkh frqvlghuhg fodvv/ pdqdjh wr vwdelol}h wkh hfrqrp|

dw vwhdg| vwdwh/ wkhq lw lv xqdpeljxrxvo| wr eh suhihuuhg wkdw wklv lv grqh iru dv orz

d ydoxh ri q dv srvvleoh/ vlqfh q phdvxuhv wkh ghjuhh ri glvwruwlrq dw vwhdg| vwdwh16

Wkh ohiw kdqg vlgh ri +8, lqfuhdvhv iurp }hur wr lq�qlw| dv +| jrhv iurp }hur

wr rqh1 Li k � f/ ru q ' f/ wkhq K lv +zhdno|, lqfuhdvlqj lq +|/ vr wkh uljkw kdqg

vlgh zloo/ iru dq| jlyhq +|n� : f/ ghfuhdvh zhdno| iurp d vwulfwo| srvlwlyh ydoxh dv

+| lqfuhdvhv iurp }hur1 Wklv phdqv wkdw iru hyhu| srvlwlyh +|n�/ wkhuh lv d xqltxh

+| ehwzhhq }hur dqg rqh wkdw vroyhv +8,/ zklfk wkxv hyhu|zkhuh lpsolflwo| gh�qhv

+| dv d ixqfwlrq s ri +|n�1 Iurp wkh Lpsolflw Ixqfwlrq Wkhruhp/ s lv frqwlqxrxvo|

gl�huhqwldeoh1 Vr/ iru k � f/ ru q ' f/ wkh edfnzdug shuihfw iruhvljkw g|qdplf

+| ' sE+|n�� lv zhoo0gh�qhg joredoo|1 Iru k 	 f dqg q : f lw lv qrw1 Lq wkdw fdvh

wkhuh duh iru +|n� vpdoo hqrxjk vhyhudo vroxwlrqv lq +| wr +8,/ dqg iru +|n� odujh

hqrxjk wkhuh duh qrqh1 Dv mxvw vkrzq wkhuh lv/ krzhyhu/ d xqltxh prqhwdu| vwhdg|

vwdwh +Eq�/ dqg orfdoo| durxqg +Eq� wkh edfnzdug shuihfw iruhvljkw g|qdplf s lv

djdlq zhoo0gh�qhg dqg frqwlqxrxvo| gl�huhqwldeoh17

6Lw frxog eh dujxhg wkdw wkh uljkw zhoiduh phdvxuh dw vwhdg| vwdwh lv udwkhu Y +�, @ x+|+�,,@+4.
�, . y+4� |+�,,/ zkhuh � A 3 lv d wlph suhihuhqfh udwh1 Lq d iuhh rswlpl}dwlrq rqh zloo wkhq �qg
wkdw rswlpdo srolf| iru vwhdg| vwdwh lv vrph � ? 3/ zklfk/ lq wkh devhqfh ri gluhfw wd{dwlrq/ lv
htxlydohqw wr d frqvwdqw qhjdwlyh prqh| jurzwk udwh/ d vr0fdoohg Iulhgpdq uxoh1 Li rqh rqo| doorzv
� � 3/ wkhq dovr lq wklv fdvh � @ 3 lv rswlpdo iru vwhdg| vwdwh1

7Iurp wkh Lpsolflw Ixqfwlrq Wkhruhp/ i lv orfdoo| zhoo0gh�qhg e| +8, durxqg vwhdg| vwdwh li
wkh ghulydwlyh ri |wy

3+4 � |w, � ^|w.4 � e+|w.4> |w,`x
3+|w.4,, zuw1 |w phdvxuhg dw vwhdg| vwdwh lv

qrw }hur1 Wklv ghulydwlyh lv y3+4� |+�,,+4.Q+|+�,,.��x3+|+�,,/ zklfk/ iru dq| jlyhq �/ lv }hur
rqo| iru rqh sduwlfxodu +qrq0jhqhulf, qhjdwlyh ydoxh ri �1
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616 Udwlrqdo H{shfwdwlrqv Ioxfwxdwlrqv

D ghwhuplqlvwlf o0f|foh lv d froohfwlrq ri o gl�huhqw surgxfwlrq ohyhov f � +�c ���c +o 	

� lq wkh udqjh zkhuh s lv zhoo0gh�qhg vxfk wkdw +� ' sE+2�c ���c +o ' sE+��1 Dq o0

vwdwh vwdwlrqdu| +Pdunry, vxqvsrw htxloleulxp/ VVH/ frqvlvwv ri o surgxfwlrq ohyhov

f � +� � ��� � +o 	 �/ zkhuh +� 	 +o/ dqg o
2 wudqvlwlrq suredelolwlhv ^��/

So
�'� ^�� ' �

iru � ' �c ���c o/ zkhuh wkh pdwul{ E^��� lv luuhgxfleoh/ vxfk wkdw/ zkhqhyhu wkh |rxqj

frqvxphu h{shfwv wkdw wkh rxwsxw ohyho +� zloo rffxu zlwk suredelolw| ^�� qh{w shulrg/

� ' �c ���c o/ wkhq wkh fxuuhqw whpsrudu| htxloleulxp rxwsxw ohyho dffruglqj wr +7, lv

h{dfwo| +�/ wkdw lv/

+��
�E�� +�� '

o[

�'�

^�� d+� � KE+�c +��o�
�E+�� iru � ' �c ���c o� +:,

Wkh zhoo0nqrzq lghd lv wkdw rqh fdq lpdjlqh wkdw dq luuhgxfleoh Pdunry fkdlq +d

vxqvsrw, rq vwdwhv �c ���c o/ vhqglqj vwdwh � lqwr vwdwh � zlwk wudqvlwlrq suredelolw|

^��/ wkrxjk h{rjhqrxv wr wkh hfrqrplf v|vwhp/ pd| jryhuq lwv shuirupdqfh1 Li

wkh djhqwv nqrz wkh wudqvlwlrq suredelolwlhv dqg eholhyh wkdw lq dq| shulrg rxwsxw

pxvw eh +� li wkh vwdwh lv �/ wkhq rxwsxw zloo lqghhg eh jryhuqhg e| wkh vxqvsrw

dqg  xfwxdwh dffruglqjo|/ dqg wkh djhqwv zloo kdyh qr uhdvrq wr uhylvh wkhlu eholhiv

vlqfh wkhlu h{shfwdwlrqv duh suredelolvwlfdoo| fruuhfw/ l1h1 udwlrqdo1 Dq o0f|foh lv d

sduwlfxodu/ qrq0vwrfkdvwlf o0vwdwh VVH1

Ghwhuplqlvwlf f|fohv dqg VVH duh rxu fdqglgdwhv iru udwlrqdo h{shfwdwlrqv g|0

qdplf htxloleuld h{klelwlqj hqgrjhqrxv  xfwxdwlrqv1

Rxu uhvxowv frqfhuqlqj vwdelol}dwlrq ri hqgrjhqrxv exvlqhvv f|fohv zloo uho| rq

vrph uhodwlrqvklsv ehwzhhq wkh shuihfw iruhvljkw g|qdplf s dqg wkh h{lvwhqfh ri

f|fohv dqg vxqvsrw htxloleuld1 Lw lv zhoo0nqrzq wkdw li s lv vxfk wkdw dq o0f|foh h{lvwv

wkhq wkhuh lv dovr d wuxo| vwrfkdvwlf o0vwdwh VVH forvh wr wkh f|foh/ vhh Jxhvqhulh

dqg Zrrgirug +4<<5,1 Lw lv qrw jhqhudoo| wuxh wkdw wkh h{lvwhqfh ri d VVH lpsolhv

wkh h{lvwhqfh ri ghwhuplqlvwlf f|fohv/ ru/ htxlydohqwo|/ wkdw qrq0h{lvwhqfh ri f|fohv

lpsolhv qrq0h{lvwhqfh ri VVH1 Iru rxu sxusrvhv lw lv/ krzhyhu/ lpsruwdqw wr hvwdeolvk

vxfk d frqqhfwlrq1 Lq Dsshqgl{ E zh suryh d sursrvlwlrq vwdwlqj vrph jhqhudo

frqglwlrqv xqghu zklfk wkh h{lvwhqfh ri d VVH lpsolhv wkh h{lvwhqfh ri d 50shulrg

f|foh1 Wkh frqglwlrqv duh vxfk wkdw zh zloo eh deoh wr frqfoxgh wkdw wkh srolf|

uxohv zklfk holplqdwh doo f|fohv wkurxjk hvwdeolvklqj joredo vwdelolw| dffruglqj wr s
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ri wkh prqhwdu| vwhdg| vwdwh/ dovr holplqdwh doo VVH18 E| yluwxh ri wkhvh dqg vrph

rwkhu zhoo0nqrzq uhvxowv lw zloo vx!fh lq zkdw iroorzv wr vwxg| wkh shuihfw iruhvljkw

g|qdplf s 1 Wr eh suhflvh zh zloo pdnh xvh ri wkh iroorzlqj vwdqgdug �g|qdplf

surshuwlhv�=

Lqghwhuplqdf|1 Li s lv orfdoo| zhoo0gh�qhg durxqg vwhdg| vwdwh dqg wkh vorsh ri s

dw wkh vwhdg| vwdwh lv ehorz plqxv rqh ru deryh rqh/ wkhq wkh vwhdg| vwdwh lv orfdoo|

vwdeoh lq wkh iruzdug gluhfwlrq xqghu shuihfw iruhvljkw/ dqg wkh vwhdg| vwdwh lv vdlg wr

eh lqghwhuplqdwh1 Lw lv zhoo nqrzq wkdw lqghwhuplqdf| lpsolhv wkh h{lvwhqfh ri VVH

duelwudulo| forvh wr wkh vwhdg| vwdwh/ vhh Jxhvqhulh dqg Zrrgirug +4<<5,/ dqg iru

wkh g|qdplfv zh frqvlghu/ li s �E+Eq�� 	 ��/ wkhuh duh dovr ghwhuplqlvwlf f|fohv1 Lw lv

dq �rshqlqj dvvxpswlrq� ri wklv sdshu wkdw lqghwhuplqdf| lv d vx!flhqw frqglwlrq

iru d f|foh ru d vxqvsrw htxloleulxp wr eh wkh uhohydqw g|qdplf htxloleulxp +li lw

zhuh wkh vwhdg| vwdwh wkhuh zrxog qrw eh d vwdelol}dwlrq sureohp,1 Lq idyru ri wklv

dvvxpswlrq lv wkh idfw wkdw iru sodxvleoh edfnzdug orrnlqj ohduqlqj uxohv/ d vwhdg|

vwdwh +ru f|foh, lv orfdoo| xqvwdeoh dffruglqj wr ohduqlqj g|qdplfv h{dfwo| zkhq lw lv

vwdeoh dffruglqj wr iruzdug shuihfw iruhvljkw g|qdplfv/ vhh h1j1/ Judqgprqw +4<;8,/

Pdufhw dqg Vdujhqw +4<;<,/ Hydqv dqg Krqndsrmkd +4<<8,19

Ghwhuplqdf|1 Dvvxph wkdw e| dssursuldwh xvh ri rqh ri wkh srolf| uxohv frqvlg0

huhg lw fdq eh rewdlqhg wkdw wkh vwhdg| vwdwh +Eq� ehfrphv joredoo| vwdeoh dffruglqj

wr s / lpso|lqj wkdw s lv joredoo| zhoo0gh�qhg1 Wkhq dq| shuihfw iruhvljkw htxlole0

ulxp vhtxhqfh E+|�/ zklfk lv qrw +| ' +Eq� lq doo shulrgv/ h{sorghv dqg hqgv xs

lqyroylqj surgxfwlrq ohyhov forvh wr }hur ru deryh rqh1 Wkhuh fdq eh qr ghwhuplq0

lvwlf f|fohv +ru fkdrwlf wudmhfwrulhv, dqg/ iurp Wkhruhp E vkrzq lq Dsshqgl{ E/

iru wkh srolf| uxohv wkdw zh �qg lqghhg fdq pdnh +Eq� joredoo| vwdeoh dffruglqj

wr s / qr VVH hlwkhu1 Wkh vwhdg| vwdwh lv wkhq wkh rqo| uhdvrqdeoh erxqghg dqg

frqwlqxrxvo| zhoo0gh�qhg udwlrqdo h{shfwdwlrqv htxloleulxp/ dqg rqh vd|v wkdw wkh

vwhdg| vwdwh lv +joredoo|, ghwhuplqdwh1 Ghwhuplqdf| zloo eh frqvlghuhg d vx!flhqw

frqglwlrq iru vwdelol}dwlrq dw vwhdg| vwdwh1

8Wkh phwkrg xvhg lq Dsshqgl{ E wr hvwdeolvk wkdw h{lvwhqfh ri d VVH lpsolhv h{lvwhqfh ri d
50shulrg f|foh lv vlplodu wr wkh rqh xvhg e| Judqgprqw +4<;9,1 Krzhyhu/ wkh g|qdplfv dulvlqj
iurp rxu srolf| uxohv duh qrw fryhuhg e| wkh jhqhudolw| ri Judqgprqw*v uhvxow1 Wkhuhiruh wkh
wkhruhp lq Dsshqgl{ E jhqhudol}hv Judqgprqw*v uhvxow dqg lw pd| wkhuhiruh eh ri lqghshqghqw
lqwhuhvw1

9Wklv �uhyhuvlrq ri vwdelolw| surshuwlhv� uhvxow kdv ehhq glvsxwhg e| Judqgprqw +4<<;,/ dqg
zh eholhyh wkdw lwv urexvwqhvv lv |hw wr eh hvwdeolvkhg1
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7 Vwdelol}dwlrq

Lqvhuwlqj wkh frqvlghuhg vshfl�f ixqfwlrqdo irup ri srolf| uxohv lqwr +8,/ jlyhv/

+|�
�E�� +|� ' E+|n� � q+�3k|n� +

k
| ��

�E+|n��c +;,

zklfk gh�qhv +| ' sE+|n�� dw ohdvw orfdoo| durxqg vwhdg| vwdwh +Eq�1 Iru dq| % : f/

dw zklfk sE%� lv zhoo0gh�qhg/ wkh vorsh ri s lv rewdlqhg e| lpsolflw gl�huhqwldwlrq

ri +;, zulwwhq dv sE%���E�� sE%�� ' d%� q%�3ksE%�ko��E%�1 Wklv jlyhv/

s �E%� '
sE%�

%

�� qE�� k�EsE%�
%
�k �

�
�� qEsE%�

%
�k
�
-E%�

�� qE�� k�EsE%�
%
�k n

�
�� qEsE%�

%
�k
�
�EsE%��

� +<,

Phdvxulqj s � dw vwhdg| vwdwh zkhuh % ' sE%� ' +Eq� jlyhv/

s �E+Eq�� '
�� qE�� k�� E�� q�-E+Eq��

�� qE�� k� n E�� q��E+Eq��
� +43,

Dvvxph q : f1 Li dovr k : f/ wkhq s lv joredoo| zhoo0gh�qhg/ dqg iru dq|

+|n� : f/ wkh +| wkdw vroyhv +;, lv ehorz +|n�*q
�*k1 Khqfh/ dv +|n� jrhv wr }hur/ vr

pxvw wklv +|/ lpso|lqj sEf� G' *�4%<f sE%� ' f1 Li k ' f/ wkhq s lv vwloo joredoo|

zhoo0gh�qhg/ dqg +;, uhdgv +|�
�E�� +|� ' E�� q�+|n��

�E+|n��1 Dv +|n� jrhv wr }hur/

vr zloo wkh uljkw kdqg vlgh li dqg rqo| li -Ef� 	 �1: Khqfh/ li -Ef� 	 �/ rqh vwloo

kdv sEf� ' f/ zkhuhdv li -Ef� : �c rqh kdv sEf� ' �1

Wdnhq wrjhwkhu/ li kc q : f ru li k ' f dqg -Ef� 	 �/ wkh joredoo| zhoo0gh�qhg

edfnzdug g|qdplf s vwduwv dw }hur/ sEf� ' f/ dqg vwd|v hyhu|zkhuh ehorz rqh/

sE%� 	 �1 Li s hqgv dw }hur/ sE4� ' f/ lw pxvw kdyh d qxpehu ri fulwlfdo srlqwv

E%Sc sE%S�� dw zklfk s �E%S� ' f1 Li lw hqgv hovhzkhuh lw pd| ru pd| qrw kdyh fulwlfdo

srlqwv1 Lq dq| fdvh/ s kdv d vkdsh vxfk wkdw li doo fulwlfdo srlqwv duh ehorz wkh

78�0olqh/ l1h1 ixo�oo sE%S�*%S 	 �/ wkhq +Eq� lv joredoo| vwdeoh dffruglqj wr s 1 Wklv

h{foxghv ghwhuplqlvwlf f|fohv/ dqg vlqfh wkh jhqhudo frqglwlrqv ri Sursrvlwlrq E lq

Dsshqgl{ E duh vdwlv�hg zkhq k � f/ wkhuh lv qr VVH hlwkhu/ dqg wkh vwhdg| vwdwh

lv ghwhuplqdwh1 Wklv dujxphqw lv xvhg wr hvwdeolvk Sursrvlwlrq 41;

:Qrwh wkdw U+3, lv wkh hodvwlflw| phdvxuh ri krz idvw x3+|w.4, jrhv wr lq�qlw| dv |w.4 jrhv wr

}hur1 Khqfh/ li U+3, ? 4/ wkh surgxfw |w.4x
3+|w.4, jrhv wr }hur dv |w.4 jrhv wr }hur hwf1

;Vlqfh Sursrvlwlrq 4 lv rq vwdelol}dwlrq/ rqh frxog qdwxudoo| h{shfw dq xqghuo|lqj dvvxpswlrq

ri lqghwhuplqdf| ri vwhdg| vwdwh xqghu odlvvh} idluh/ i 3+|+3,, ? �4 +A 4 lv qrw srvvleoh,1 Krzhyhu/
i 3+|+3,, ? �4 lv qrw vwulfwo| qhfhvvdu| iru wkh h{lvwhqfh ri udwlrqdo h{shfwdwlrqv hqgrjhqrxv
 xfwxdwlrqv/ dqg Sursrvlwlrq 4 grhv qrw dvvxph lw1

47



Sursrvlwlrq 41 +Vwdelol}dwlrq= vx!flhqw frqglwlrqv iru srolf| uxohv wr hvwdeolvk

ghwhuplqdf|,1

+l, Iru dq| k : f/ wkhuh lv d qWEk� 	 �/ vxfk wkdw li wkh srolf| uxoh lqyroyhv k

dqg q zlwk q : qWEk�/ wkhq wkh vwhdg| vwdwh +Eq� lv ghwhuplqdwh dqg wkhuh duh qr

f|fohv ru vwdwlrqdu| vxqvsrw htxloleuld1

+ll, Li k ' f dqg -Ef� 	 �/ wkhuh dovr h{lvwv d qW 	 �/ vxfk wkdw q : qW lpsolhv

ghwhuplqdf| ri wkh vwhdg| vwdwh dqg qrq0h{lvwhqfh ri f|fohv dqg vwdwlrqdu| vxqvsrw

htxloleuld11

+ll, Iru dq| q : f/ wkhuh lv dq kWEq� : f/ vxfk wkdw li wkh srolf| uxoh lqyroyhv k

dqg q zlwk k : kWEq�/ wkhq wkh vwhdg| vwdwh +Eq� lv ghwhuplqdwh dqg wkhuh duh qr

f|fohv ru vwdwlrqdu| vxqvsrw htxloleuld1

Sursrvlwlrq 4 lv rxu pdlq uhvxow1 Iru dq| vwulfwo| srvlwlyh fkrlfh ri wkh f|folfdo

frpsrqhqw k ri wkh srolf| uxoh/ d vx!flhqwo| odujh ohyho frpsrqhqw q zloo vwdelol}h

wkh hfrqrp| dw vwhdg| vwdwh/ dqg iru vrph dvvxpswlrqv rq ixqgdphqwdov wkh vdph

lv wuxh iru k ' f1 Lw dovr vd|v wkdw iru dq| vwulfwo| srvlwlyh fkrlfh ri wkh ohyho

frpsrqhqw q/ lq sduwlfxodu iru +duelwudulo|, vpdoo ydoxhv/ d odujh hqrxjk f|folfdo

frpsrqhqw k zloo vwdelol}h wkh hfrqrp| dw vwhdg| vwdwh1

Wkhvh duh vx!flhqw frqglwlrqv iru vwdelol}dwlrq1 Lw lv ri sduwlfxodu lqwhuhvw wr

nqrz li d orz ydoxh ri q qhfhvvlwdwhv d kljk ydoxh ri k iru vwdelol}dwlrq1 Lw pd|

qrw/ ri frxuvh/ li wkh hfrqrp| grhv qrw kdyh dq| exvlqhvv f|foh sureohp dw doo1 Wkh

lvvxh vkrxog wkhuhiruh eh dgguhvvhg xqghu dq h{solflw dvvxpswlrq ri wkh suhvhqfh ri

d vwdelol}dwlrq sureohp1 Wkhuhiruh Sursrvlwlrq 5 dvvxphv s �E+Ef�� 	 ��1 Lq wklv

fdvh odujh ydoxhv ri k duh lqghhg qhfhvvdu| iru vwdelol}dwlrq/ jlyhq vpdoo ydoxhv ri q1

Sursrvlwlrq 51 +Vwdelol}dwlrq= d qhfhvvdu| frqglwlrq iru srolf| uxohv wr hv0

wdeolvk ghwhuplqdf|,1 Dvvxph s �E+Ef�� 	 ��1 Iru doo vpdoo hqrxjk q : f/ lw lv

qhfhvvdu| dqg vx!flhqw iru d srolf| uxoh wr lpso| �� � s �E+Eq�� � �/ dqg wkhuhiruh

qhfhvvdu| iru ghwhuplqdf| ri wkh vwhdg| vwdwh +Eq�/ wkdw k lv juhdwhu wkdq ru htxdo

wr d fhuwdlq kWWEq ��/ zkhuh kWWEq �� jrhv wr lq�qlw| dv q jrhv wr }hur1

Wkh wzr sursrvlwlrqv deryh gr qrw h{foxgh wkdw odujh hqrxjk ydoxhv ri q frxog

dovr vwdelol}h wkh hfrqrp| iru qhjdwlyh ydoxhv ri k/ ru jhqhudoo| iru k ' f1 Qhlwkhu

gr wkh| h{foxgh wkdw iru vrph ydoxhv ri q/ qhjdwlyh dqg vpdoo hqrxjk ydoxhv ri k

frxog vwdelol}h wkh hfrqrp|1 Sursrvlwlrq 6/ krzhyhu/ uxohv rxw wkhvh srvvlelolwlhv1
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Sursrvlwlrq 61 +Ghvwdelol}dwlrq= vx!flhqw frqglwlrqv iru srolf| uxohv wr lpso|

lqghwhuplqdf|,1

+l, Li k 	 f/ wkhq s �E+Eq�� : � iru doo vx!flhqwo| odujh q> khqfh wkh vwhdg| vwdwh

+Eq� lv lqghwhuplqdwh dqg vwdwlrqdu| vxqvsrw htxloleuld h{lvw1

+ll, Li k ' f dqg -Ef� : 2 n�Ef�/ wkhq s �E+Eq�� 	 �� iru doo vx!flhqwo| odujh

q> khqfh/ wkh vwhdg| vwdwh +Eq� lv lqghwhuplqdwh dqg erwk ghwhuplqlvwlf f|fohv dqg

vwdwlrqdu| vxqvsrw htxloleuld h{lvw1

+lll, Iru dq| q : f/ wkhq s �E+Eq�� : � iru doo qhjdwlyh dqg vx!flhqwo| vpdoo

k> khqfh/ wkh vwhdg| vwdwh +Eq� lv lqghwhuplqdwh dqg vwdwlrqdu| vxqvsrw htxloleuld

h{lvw1

Zh surfhhg e| udlvlqj d qxpehu ri lpsruwdqw uhpdunv=

Hodvwlflw| dqg lqghwhuplqdf|1 Lw lv zhoo0nqrzq wkdw iru wkh vx!flhqw frqglwlrq

iru lqghwhuplqdf| xqghu odlvvh} idluh/ s �E+Ef�� 	 ��/ wr eh ixo�oohg lw lv uhtxluhg

wkdw wkh hodvwlflw| ri oderu vxsso| zlwk uhvshfw wr wkh uhdo zdjh dw vwhdg| vwdwh lv

ohvv wkdq plqxv rqh kdoi= Lqvhuwlqj lqwr wkh 0/ ri irrwqrwh 7/ wkdw dw vwhdg| vwdwh

/?n K ' +/ /? ' E�� q�+/ dqg K ' q+/ rqh jhwv iru wkh hodvwlflw| dw vwhdg| vwdwh/

0/Eq� '
�� E�� q�-E+Eq��

�E+Eq�� n E�� q�-E+Eq��
�

Iurp +43,/ s �E+Ef�� 	 �� +, -Ef� : 2 n �Ef�/ dqg lw lv hdv| wr vhh wkdw wklv

lpsolhv 0/Ef� 	 ��*21 Dowkrxjk qrw qhfhvvdu|/ s
�E+Ef�� 	 �� lv nlqg ri d �vlqh txd

qrq� frqglwlrq iru hqgrjhqrxv  xfwxdwlrqv xqghu odlvvh} idluh/ dqg lw kdv riwhq ehhq

khog djdlqvw wkh wkhru| ri vxfk  xfwxdwlrqv wkdw s �E+Ef�� 	 �� fdq rqo| eh ixo�oohg

iru xquhdolvwlf ydoxhv ri wkh hodvwlflw| ri oderu vxsso|1 Sursrvlwlrq 6 vd|v wkdw li

k 	 f/ ru li k ' f dqg -Ef� : 2 n �Ef�/ d vx!flhqw frqglwlrq iru lqghwhuplqdf|/

sE+Eq�� 	 �� ru sE+Eq�� : �/ lv ixo�oohg iru doo vx!flhqwo| odujh q1 Dv q jrhv wr rqh/

0/Eq� jrhv wr �*�Ef� : f/ vr iru doo odujh hqrxjk q/ rqh kdv erwk lqghwhuplqdf|/

dqg 0/Eq� : f1 Doo wkdw lw lv qhhghg wr ryhufrph wkh xquhdolvwlf uhtxluhphqw rq wkh

hodvwlflw| ri oderu vxsso| lv dq lqdssursuldwh jryhuqphqw srolf|/ dqg wklv grhv qrw

kdyh wr eh pruh shfxoldu wkdq d frqvwdqw prqh| jurzwk udwh uxoh1<

Zhoiduh1 Wkh deryh sursrvlwlrqv duh derxw rxwsxw vwdelol}dwlrq zklfk vkrxog

<Wklv zd| ri ryhufrplqj wkh uhtxluhphqw ri d +yhu|, qhjdwlyho| vorshg oderu ghpdqg fxuyh lv
forvho| uhodwhg wr wkh �lpshuihfw frpshwlwlrq dqg srvlwlyh sur�wv� zd| irxqg lq Mdfrevhq +5333,1
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rqo| eh dq dlp iru hfrqrplf srolf| li rxwsxw vwdelol}dwlrq kdv jrrg zhoiduh lpsol0

fdwlrqv1 Iru wkh olwhudo ryhuodsslqj jhqhudwlrqv lqwhusuhwdwlrq ri rxu prgho/ rxwsxw

vwdelol}dwlrq fdq qhyhu eh jhqhudoo| Sduhwr lpsurylqj1 Dorqj d wzr0shulrg f|foh wkh

jhqhudwlrqv zkr duh |rxqj zkhq rxwsxw lv orz duh iruwxqdwh/ vlqfh wkh| zrun olwwoh

zkloh |rxqj dqg frqvxph pxfk zkhq rog1 Vwdelol}dwlrq fdq rqo| jlyh wkhvh jhq0

hudwlrqv orzhu xwlolw|1 Krzhyhu/ iru wkdw prgho lqwhusuhwdwlrq lw vhhpv uhdvrqdeoh

wr ohw dovr d frqfhuq ri htxlw| dfurvv jhqhudwlrqv hqwhu lqwr zhoiduh frqvlghudwlrqv1

Iru wkh prgho lqwhusuhwdwlrq zlwk dq lq�qlwho|0olyhg frqvxphu dqg fdvk0lq0dgydqfh

frqvwudlqwv/ rxwsxw vwdelol}dwlrq lv jrrg ehfdxvh ri wkh frqfdylw| ri xwlolw| ixqf0

wlrqv/ exw dw wkh vdph wlph lw lv edg ehfdxvh ri wkh glvwruwlrq ri wkh vwhdg| vwdwh lw

lpsolhv1 Iru erwk prgho lqwhusuhwdwlrqv dq hfrqrplf srolf| wkdw vwdelol}hv rxwsxw dw

vwhdg| vwdwh fdq eh frqvlghuhg wr kdyh jrrg zhoiduh lpsolfdwlrqv li wkh vwhdg| vwdwh

lv qrw wrr glvwruwhg e| wkh srolf|1 Wkhuhiruh wkh deryh sursrvlwlrqv/ lq frpelqdwlrq

zlwk Sursrvlwlrq D/ kdyh vwurqj zhoiduh lpsolfdwlrqv1 Iru dq| jlyhq k : f/ wkh

hfrqrp| fdq eh vwdelol}hg dw wkh vwhdg| vwdwh +Eq�/ li q lv odujh hqrxjk1 Wklv pd|

uhtxluh d kljk ydoxh ri q/ dqg wkhuhiruh lpso| d odujh glvwruwlrq ri wkh vwhdg| vwdwh1

Krzhyhu/ iru dq| vwulfwo| srvlwlyh ydoxh ri q/ qr pdwwhu krz vpdoo/ wkh hfrqrp|

zloo eh vwdelol}hg dw wkh vwhdg| vwdwh +Eq�/ li k lv vhw vx!flhqwo| kljk1 Wkdw lv/ rqh

fdq vwdelol}h wkh hfrqrp| dw vwhdg| vwdwh iru dq duelwudulo| vpdoo glvwruwlrq q/ e|

fkrrvlqj d odujh hqrxjk k1 Rxu sursrvlwlrqv srlqw wr rxwsxw vwdelol}dwlrq e| srolf|

uxohv zlwk orz ydoxhv ri q dqg fruuhvsrqglqjo| kljk ydoxhv ri k= pruh hohphqwv ri

frxqwhuf|folfdoolw| khos wr jlyh vwdelol}dwlrq zlwk orzhu ohyhov ri glvwruwlrq1

Frxqwhuf|fdoolw|1 Wkh uxohv srlqwhg wr duh frxqwhuf|folfdo lq wkh vhqvh ghvfulehg

hduolhu1 Wkh| zloo uhtxluh k : �*2 dqg/ hdvlo|/ ydoxhv ri k deryh rqh/ iru orz hqrxjk

ydoxhv ri q +Sursrvlwlrq 5,1 Wkh srolf| uxohv zklfk duh ehvw lq whupv ri zhoiduh

duh vxfk wkdw jryhuqphqw dfwlylw| lv uhodwlyho| orz lq shulrgv xs wr zklfk rxwsxw

kdv lqfuhdvhg e| d uhodwlyho| odujh dprxqw1 Dowkrxjk wklv lv qrw h{dfwo| frxqwhu0

f|folfdoolw| lq wkh xvxdo vhqvh +uhodwlyho| orz jryhuqphqw dfwlylw| zkhq rxwsxw lv

uhodwlyho| kljk,/ vxfk uxohv zloo riwhq dsshdu frxqwhuf|folfdo dqg wkh| fhuwdlqo| gr

kdyh d Nh|qhvldq  dyru 0 exw qrw iru Nh|qhvldq uhdvrqv1

Lqwxlwlrq1 Qr qrplqdo ru uhdo uljlglwlhv kdyh ehhq dvvxphg1 Vr/ zk| lv lw wkdw

wkh srolf| uxohv zh kdyh fdoohg frxqwhuf|folfdo duh wkh prvw vwdelol}lqjB Li d srolf|

fdq holplqdwh fkdqjhv lq JQS/ lw zloo kdyh vwdelol}hg wkh hfrqrp|1 Dvvxph wkdw
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wkh hfrqrp| hyroyhv dffruglqj wr vrph f|foh/ dqg wkdw rxwsxw lqfuhdvhv iurp wkh

fxuuhqw wr wkh qh{w shulrg1 Wkh pruh frxqwhuf|folfdo wkh srolf| uxoh lv/ wkh orzhu d

uhdo wudqvihu lw zloo sd| wkh qh{w shulrg/ ehfdxvh wkh kljkhu k lv/ wkh pruh qhjdwlyh

ghshqghqfh rq JQS lqfuhdvhv wkh uxoh frqwdlqv1 Ehfdxvh jrrgv duh qrupdo/ d orzhu

ydoxh ri wkh uhdo wudqvihu lq wkh qh{w shulrg lv h{dfwo| zkdw lw wdnhv wr pdnh wkh

frqvxphu zrun pruh lq wkh fxuuhqw rqh/ wkxv lqfuhdvlqj rxwsxw khuh dqg glplqlvklqj

wkh fkdqjh lq JQS iurp wkh fxuuhqw wr wkh qh{w shulrg1

Uhodwhg olwhudwxuh1 Judqgprqw +4<;9, kdv dvvxpswlrqv zlwk wkh vdph h�hfw dv

-Ef� 	 � khuh dqg frqvlghuv frqvwdqw prqh| jurzwk udwh uxohv1 Rqh ri klv uhvxowv

lv vlplodu wr Sursrvlwlrq 4+ll,1 Lq ylhz ri Sursrvlwlrq 5/ srolf| uxohv zlwk k ' f

duh mxvw dw wkh erxqgdu| ri wkh vhw ri uxohv wkdw fdq eh vwdelol}lqj iru odujh hqrxjk

ydoxhv ri q/ dqg hyhq zkhq wkh| duh lq wklv vhw/ wkh| pd| zhoo eh wkh rqhv jlylqj

rxwsxw vwdelol}dwlrq lq wkh zruvw srvvleoh zd| zhoiduhzlvh/ uhtxlulqj wkh odujhvw q1

Vlpsolflw| dqg Fuhglelolw|1 Srolf| uxohv zlwk ydoxhv ri k zd| deryh rqh dqg zlwk

yhu| orz ydoxhv ri q vwdelol}h lq wkh ehvw zd|1 Dv douhdg| dujxhg vxfk uxohv duh qrw

yhu| vlpsoh1 Ixuwkhupruh/ wkh| pd| lqyroyh d fuhglelolw| sureohp1 Dw wkh vwhdg|

vwdwh +Eq�/ dw zklfk wkh hfrqrp| lv vwdelol}hg/ rqh zloo qrw vhh pxfk jryhuqphqw

dfwlylw|/ rqo| wkh frqvwdqw dqg orz q+Eq�1 Wkh jryhuqphqw pd| kdyh sureohpv

frqylqflqj wkh sxeolf wkdw wklv lv rqo| ehfdxvh  xfwxdwlrqv gr qrw suhvhqwo| rffxu/

dqg wkdw vkrxog  xfwxdwlrqv rffxu wkh jryhuqphqw zrxog uhdfw vwurqjo| lq dffru0

gdqfh zlwk lwv kljk k1 Vlpsolflw| dqg fuhglelolw| frqvlghudwlrqv srlqw wr uxohv zlwk

qrq0h{wuhph ydoxhv ri k/ vd| f � k � �1 Zh zloo wkhuhiruh/ iru d vshfl�fdwlrq ri �

dqg �/ frqvlghu wkh wzr sduwlfxodu fdvhv k ' f dqg k ' �1 Wkh wzr uhvxowlqj uxohv

duh vlwxdwhg v|pphwulfdoo| durxqg wkh �df|folfdoolw| srlqw� k ' �*2/ zlwk rqh hqg

+k ' f, ehlqj wkh riwhq vxjjhvwhg frqvwdqw prqh| jurzwk udwh uxoh/ dqg erwk duh

ri htxdo vwuxfwxudo vlpsolflw|1 Wkh h{dpsohv zloo qlfho| looxvwudwh wkh lpsruwdqfh ri

wkh f|folfdoolw| ri srolf| uxohv1

8 Wudqvihuv Sursruwlrqdo wr Fxuuhqw ru Sdvw JQS

Frqvlghu wkh vshfl�fdwlrqv/

�ES� ' B
ESn Sf�

�3-

�� -
/ �Ee� '

e�3-

�� -
zkhuh Sf � f/ B : f/ - : f/ +44,
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iru zklfk -ES� ' -S*ES n Sf�/ dqg �E?� ' -?*E� � ?�1 Wkxv/ li Sf : f/ rqh kdv

-Ef� ' f 	 �/ dqg zkhq Sf ' f/ rqh kdv -ES� ' -/ dqg lq sduwlfxodu -Ef� :

2 n�Ef�/ zkhqhyhu - : 2143

Iru wklv h{dpsoh zh frqvlghu wkh srolf| uxohv �wudqvihuv sursruwlrqdo wr fxuuhqw

JQS�/ KE+|n�c +|� ' q+|n�/
44 dqg �wudqvihuv sursruwlrqdo wr sdvw JQS�/ KE+|n�c +|� '

q+|/ fruuhvsrqglqj wr k ' f dqg k ' � uhvshfwlyho|1

Iluvw zh ohw - ' e/ Sf ' f�fS/ dqg B ' f�ffS1 Wklv lv d fdvh zkhuh/ hyhq iru

k ' f/ d odujh hqrxjk q zloo eh vwdelol}lqj1 Lw lv/ lq dgglwlrq/ d fdvh wkdw jlyhv d

wudglwlrqdo �kxps0vkdshg�/ ru xql0prgdo/ g|qdplf s zlwk rqh fulwlfdo srlqw1 Iru

hdfk fdvh ri k ' f dqg k ' �/ zh lwhudwh dffruglqj wr wkh uhohydqw s vwduwlqj dw wkh

fulwlfdo srlqw1 Rqh lv wkhq ohg wr wkh +ghwhuplqlvwlf, g|qdplf htxloleulxp zklfk lv

vwdeoh dffruglqj wr s +dw prvw rqh lv,/ dqg khqfh sodxvleo| ohduqlqj vwdeoh1 Wklv

lv d wzr0shulrg f|foh xqghu odlvvh} idluh/ q ' f/ dqg iru erwk k ' f dqg k ' �/ lw

uhpdlqv dv vxfk iru q xs wr wkh ohyho wkdw vwdelol}hv wkh hfrqrp|1

Lq Iljxuh 4/ zkhuh +l, lv iru k ' f/ dqg +ll, lv iru k ' �/ wkh vrolgo| gudzq

fxuyhv vkrz wkh frpprq xwlolw| ri doo jhqhudwlrqv dw vwhdg| vwdwh dv d ixqfwlrq

ri q> wklv fxuyh lv wkh vdph iru k ' f dqg k ' �1 Lq wkh prgho lqwhusuhwdwlrq

zlwk dq lq�qlwho| olyhg djhqw wkh fxuyh vkrzv wkh vwhdg| vwdwh xwlolw| ri wklv djhqw1

Wkh �0grwwhg fxuyhv vkrz/ iru k ' f lq Iljxuh 4+l, dqg iru k ' � lq Iljxuh 4+ll,/

wkh xwlolwlhv ri wkh iruwxqdwh dqg wkh xqiruwxqdwh jhqhudwlrqv uhvshfwlyho|/ dw wkh

vwdeoh wzr0shulrg f|foh dv d ixqfwlrq ri q1 Wkh iruwxqdwh jhqhudwlrqv duh wkrvh zkr

duh |rxqj zkhq rxwsxw lv orz dqg wkhuhiruh zrun olwwoh/ dqg rog zkhq rxwsxw lv

kljk dqg wkhuhiruh frqvxph pxfk1 Lq wkh dowhuqdwlyh lqwhusuhwdwlrq wkh xwlolw| ri

wkh uhsuhvhqwdwlyh frqvxphu dorqj wkh wzr0shulrg f|fohv zrxog eh pruh ru ohvv wkh

43Wklv h{dpsoh grhv qrw ixo�oo doo deryh uhtxluhphqwv vlqfh x3 grhv qrw jr wr lq�qlw| dv f
jrhv wr }hur zkhq f3 A 31 Krzhyhu/ zkhq zh frqvlghu wkh h{dpsoh zh vlpso| �qg htxloleuld

e| frpsxwdwlrq dqg zh gr qrw qhhg qlfh �erxqgdu| ehkdylru�1 Wkh odfn ri dq lq�qlwh pdujlqdo

xwlolw| dw }hur lv qr sureohp iru wkh frpsxwdwlrqv dv orqj dv � lv ehorz dq dssursuldwh xsshu olplw/

zklfk lv vdwlv�hg lq doo qxphulfdo vlpxodwlrqv ehorz1
44Lw zdv vdlg hduolhu lq wkh sdshu wkdw wklv lv htxlydohqw wr d frqvwdqw prqh| jurzwk udwh uxoh1 Wr

vhh wklv qrwh wkdw zlwkrxw lqfrph wd{dwlrq wkh prqh| vwrfn pxvw hyroyh dv Pw.4�Pw @ sw.4ew.41
Wkh jurzwk udwh gw.4 ri wkh prqh| vwrfn iurp hqg ri shulrg w wr hqg ri shulrg w.4 lv wkxv gw.4 @
sw.4ew.4@Pw +, Pw @ sw.4ew.4@gw.41 Wkh vhfrqg shulrg exgjhw frqvwudlqw iru wkh frqvxphu

uhdgvPw @ sw.4+fw.4�ew.4,/ zkhuh lw lv xvhg wkdw lq htxloleulxp wkh dprxqw ri prqh| khog e| wkh

frqvxphu dw wkh hqg ri w pxvw eh wkh hfrqrp|*v hqwluh prqh| vwrfn dw wkh hqg ri w1 E| htxdol}lqj

wkh wzr h{suhvvlrqv iru Pw zh jhw ew.4@gw.4 @ fw.4� ew.4/ ru ew.4 @ +gw.4@+4.gw.4,,|w.4/ zkhuh
lw zdv xvhg wkdw lq htxloleulxp fw.4 @ |w.41 Khqfh d uxoh ri qr lqfrph wd{dwlrq dqg frqvwdqw

prqh| jurzwk udwh g lv htxlydohqw wr rxu uxoh zlwk � @ g@+4 . g,1
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dyhudjh ri wkh wzr grwwhg fxuyhv1

Lw iroorzv iurp Iljxuh 4 wkdw iru wklv h{dpsoh/ zklfk kdv ehhq ghylfhg vxfk wkdw

wkh srolf| uxoh zlwk k ' f lv lqghhg fdsdeoh ri vwdelol}lqj wkh hfrqrp|/ wkh vwd0

elol}dwlrq rewdlqhg e| lqfuhdvlqj q iurp }hur kdv pxfk ehwwhu zhoiduh lpsolfdwlrqv

iru k ' �/ wkdq iru k ' f1

	 Iljxuh 4 khuh :

Iljxuh 5 uhsruwv rq wkh h{dpsoh +44,/ zlwk - ' e dqg Sf ' f1 Qrz -Ef� :

2 n �Ef�/ lpso|lqj wkdw iru k ' f/ lqfuhdvlqj q zloo qrw eh vwdelol}lqj1 Khqfh/

iru k ' f/ zh dvvxph B ' f��/ zklfk lpsolhv wkdw s �E+Ef�� : ��/ dqg wkh vwhdg|

vwdwh lv vwdeoh dffruglqj wr s xqghu odlvvh} idluh1 Iru k ' �/ zh frqvlghu B ' f�fD/

zklfk lpsolhv s �E+Ef�� 	 ��/ dqg xqghu odlvvh} idluh lw lv d wzr0shulrg f|foh wkdw lv

vwdeoh dffruglqj wr s 1 Rwkhuzlvh Iljxuh 5 lv olnh Iljxuh 4/ dqg vkrzv/ iru ydulrxv

ydoxhv ri q/ wkh g|qdplf htxloleulxp wkdw lv vwdeoh dffruglqj wr s / iru k ' f lq +l,/

dqg iru k ' � lq +ll,1 Iru k ' f/ lqfuhdvlqj q �uvw fkdqjhv wkh vwdeoh htxloleulxp

iurp wkh vwhdg| vwdwh wr d f|foh/ dqg iurp wkhq rq lw lpsolhv lqfuhdvlqj yrodwlolw| ri

xwlolw|1 Iru k ' �/ rqh rewdlqv vwdelol}dwlrq e| lqfuhdvlqj q/ dqg wkh lpsolfdwlrqv

iru zhoiduh duh jrrg1

Wkhvh h{dpsohv looxvwudwh krz frqvwdqw prqh| jurzwk udwh uxohv/ ru uxohv zkhuh

jryhuqphqw dfwlylw| lv olqnhg wr fxuuhqw JQS +k ' f,/ duh rxwshuiruphg zlwk uh0

vshfw wr vwdelol}dwlrq/ dqg wkh uhodwhg zhoiduh lpsolfdwlrqv/ e| d fodvv ri uxohv zklfk

duh vwuxfwxudoo| dv vlpsoh> qdpho| uxohv zkhuh jryhuqphqw dfwlylw| lv olqnhg wr JQS

zlwk d fhuwdlq ghod| +k ' �,1 Wkh odwwhu frqwdlqv dq hohphqw ri frxqwhuf|folfdoolw|

zklfk lv lpsruwdqw iru vwdelol}lqj hqgrjhqrxv frpshwlwlyh  xfwxdwlrqv1

	 Iljxuh 5 khuh :

9 Frqfoxvlrqv

Zh kdyh vwxglhg d vlpsoh prqhwdu| frpshwlwlyh prgho zlwk lqwhuwhpsrudoo| rswl0

pl}lqj djhqwv1 Wkh prgho fdq eh lqwhusuhwhg hlwkhu dv dq ryhuodsslqj jhqhudwlrqv
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prgho ru dv d prgho zlwk lq�qlwho| olyhg djhqwv dqg fdvk0lq0dgydqfh frqvwudlqwv1

Lq dq| fdvh wkhuh lv d xqltxh prqhwdu| vwhdg| vwdwh dffruglqj wr wkh prgho1

Li wklv vwhdg| vwdwh frxog dozd|v eh dvvxphg wr eh wkh uhohydqw udwlrqdo h{shfwd0

wlrqv g|qdplf htxloleulxp/ jryhuqphqw dfwlylw| zrxog eh/ lq wkh frqvlghuhg prgho/

xqdpeljxrxvo| edg rq zhoiduh jurxqgv1 Krzhyhu/ xqghu vrph flufxpvwdqfhv wkhuh

dovr h{lvw xqghu odlvvh} idluh rwkhu erxqghg dqg frqwlqxrxvo| zhoo0gh�qhg udwlrqdo

h{shfwdwlrqv htxloleulxp wudmhfwrulhv/ l1h1 ghwhuplqlvwlf f|fohv ru vxqvsrw htxloleuld1

Li d f|foh ru vxqvsrw htxloleulxp lv wkh uhohydqw udwlrqdo h{shfwdwlrqv g|qdplf

htxloleulxp xqghu odlvvh} idluh zh duh ohg/ zlwklq wkh frqvlghuhg prgho/ wr wzr

+lqwhughshqghqw, pdlq frqfoxvlrqv zlwk uhvshfw wr jryhuqphqw vwdelol}dwlrq srolf|1

Wkh �uvw frqfoxvlrq lv wkdw jryhuqphqw lqwhuyhqwlrq pd| eh zhoo prwlydwhg

vlqfh lw pd| vwdelol}h hfrqrplf dfwlylw| lq d zd| wkdw kdv srvlwlyh frqvhtxhqfhv

iru zhoiduh1 Lw lv wkh ghsduwxuh iurp wkh vwhdg| vwdwh wr vrph nlqg ri hqgrjhqrxv

 xfwxdwlrq dv wkh uhohydqw htxloleulxp wkdw ohdgv wr wklv frqfoxvlrq1 Hyhq lq wkh

suhvhqfh ri h{rjhqrxv vkrfnv/ li lw frxog eh vdiho| dvvxphg wkdw wkh hfrqrp| zdv

dozd|v dw 0 ru forvh wr dqg dssurdfklqj 0 d frpshwlwlyh vwhdg| vwdwh +dv lq UEF

prghov,/ wkhq lw zrxog eh kdug wr mxvwli| jryhuqphqw lqwhuyhqwlrq iru vwdelol}dwlrq

uhdvrqv1

Wkh vhfrqg frqfoxvlrq ghulyhg iurp wkh prgho lv wkdw wkh ehvw vwdelol}dwlrq

sulqflsohv 0 l1h1 wkh srolf| uxohv wkdw vwdelol}h hfrqrplf dfwlylw| lq d zd| wkdw lv

ehvw iru zhoiduh 0 hqwdlo d fhuwdlq nlqg ri frxqwhuf|folfdoolw| lq jryhuqphqw dfwlylw|>

jryhuqphqw vkrxog surylgh uhodwlyho| vpdoo wudqvihuv dqg2ru vpdoo dprxqwv ri sxeolf

jrrgv lq shulrgv xs wr zklfk JQS kdv lqfuhdvhg e| d uhodwlyho| odujh dprxqw1

Zh wdnh d prghvw ylhz frqfhuqlqj wkh vljql�fdqfh iru dfwxdo vwdelol}dwlrq srol0

flhv ri wkhvh prgho uhvxowv1 Lqvridu dv  xfwxdwlrqv ru f|folfdo pryhphqwv lq hfrqrplf

dfwlylw| fdq eh ylhzhg dv +dw ohdvw sduwo|, fuhdwhg hqgrjhqrxvo| e| yrodwloh dqg vhoi0

ixo�oolqj h{shfwdwlrqv/ vrph lqwhuwhpsrudo h�hfwv ri vwdelol}dwlrq srolflhv/ zklfk gr

qrw xvxdoo| jdlq vr pxfk dwwhqwlrq/ ehfrph lpsruwdqw1 Lw lv d orjlfdo srvvlelolw|

wkdw wkhvh lqwhuwhpsrudo h�hfwv zrun lq vxfk d zd| wkdw jrrg vwdelol}dwlrq sulqfl0

sohv lqyroyh d nlqg ri frxqwhuf|folfdoolw| lq jryhuqphqw dfwlylw| wkdw lv uhplqlvfhqw

ri zkdw lv dgyrfdwhg e| Nh|qhvldqv1
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D Surriv

Surri ri Sursrvlwlrq 41 Iluvw qrwh wkdw iru doo wkh vwdwhg frqglwlrqv lq Wkhruhp

4 xqghu zklfk wkh vwhdg| vwdwh lv ghwhuplqdwh zh kdyh k � f1 Lw wkhq iroorzv iurp

Sursrvlwlrq E ri Dsshqgl{ E/ wkdw joredo vwdelolw| ri +Eq� dffruglqj wr s +joredo

ghwhuplqdf|,/ zklfk reylrxvo| pxvw holplqdwh doo f|fohv/ dovr holplqdwhv doo VVH1

Zh duh jrlqj wr vkrz wkdw iru wkh qWEk� ri +l,/ rqh fdq xvh 4@ %Mdfc�o
-E%�3�

-E%�3�nk
	

� li wklv lv qrq0qhjdwlyh dqg }hur rwkhuzlvh1 Iru wkh kWEq� ri +lll,/ rqh fdq xvh
�3q

q
4@ %Mdfc�oE-E%�� ��� li wklv lv vwulfwo| srvlwlyh dqg dq duelwudulo| vpdoo vwulfwo|

srvlwlyh ydoxh iru lw rwkhuzlvh1

Iurp +<,/ d fulwlfdo srlqw lv jlyhq e| ��qE��k�EsE%�
%
�k�

�
�� qEsE%�

%
�k
�
-E%� ' f1

Wklv lpsolhv wkdw dw d fulwlfdo srlqw rqh pxvw kdyh -E%� : �/ zkhqhyhu k : f/ dqg/

E
sE%�

%
�k '

�

q

-E%�� �

-E%�� � n k
�

D fulwlfdo srlqw E%Sc sE%S�� lv ehorz wkh 78�0ghjuhh olqh li sE%S�*%S 	 �/ zklfk kdv

wr eh ixo�oohg li %S � �/ vlqfh sE%� 	 � iru doo %1 Wkh ghqrplqdwru deryh lv vwulfwo|

srvlwlyh dw d fulwlfdo srlqw zkhq k : f/ vr iru k : f/ sE%S�*%S 	 � lv htxlydohqw wr/

q :
-E%S�� �

-E%S�� � n k
c +45,

dqg wr/

k :
�� q

q
E-E%S�� ��� +46,

Qrz/ li q : qWEk�/ wkhq lq sduwlfxodu +45, lv ixo�oohg iru dq| fulwlfdo srlqw %S 	 �/

lpso|lqj wkdw sE%S�*%S 	 �1 Wklv suryhv +l,1 Li k : kWEq�/ wkhq lq sduwlfxodu +46,

lv ixo�oohg iru dq| fulwlfdo srlqw %S 	 �/ lpso|lqj wkdw sE%S�*%S 	 �1 Wklv suryhv

+lll,1

Iru +ll, qrwh wkdw wkh shuihfw iruhvljkw g|qdplf +;, iru k ' f ehfrphv +|�
�E��

+|� ' E�� q�+|n��
�E+|n��/ vr iru q jrlqj wr rqh wkh +| wkdw vroyhv lw pxvw jr wr }hur

iru dq| ydoxh ri +|n�1 Wklv phdqv wkdw sE%� lv sxoohg grzq duelwudulo| forvh wr wkh

%0d{lv1 Ixuwkhu/ iurp +<, d fulwlfdo srlqw lv jlyhq e| -E%� ' � lqghshqghqwo| ri q1

Vr/ dv q lv lqfuhdvhg doo fulwlfdo srlqwv E%Sc sE%S�� pryh grzqzdugv dorqj wkh vdph

ydoxh ri %S zlwk sE%S� jhwwlqj duelwudulo| forvh wr wkh %0d{lv/ vr hyhqwxdoo| wkh| doo

jr ehorz wkh 78�0olqh1
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Surri ri Sursrvlwlrq 51 Iurp +43, rqh vhhv wkdw li wkh ghqrplqdwru ri s �E+Eq��

lv qhjdwlyh +zklfk lw fdq eh iru k 	 f,/ wkhq s �E+Eq�� : �1 Vr/ wr h{foxgh s �E+Eq�� :

�/ rqh pxvw vhw k vxfk wkdw wkh ghqrplqdwru lv srvlwlyh/ iru zklfk k � f vx!fhv1 Rq

wkh rwkhu kdqg/ iru vxfk dq k/ wkh qhfhvvdu| frqglwlrq iru dyrlglqj lqghwhuplqdf|/

s �E+Eq�� � ��/ lv htxlydohqw wr/

k � kWWEq� G'
�

2

�� q

q
E-E+Eq����E+Eq��� 2��

Iurp +43,/ s �E+Ef�� 	 �� lpsolhv -Ef� � �Ef� � 2 : f/ zklfk phdqv wkdw iru d

vpdoo hqrxjk q/ wkh sduhqwkhvlv rq wkh uljkw kdqg vlgh lv srvlwlyh/ vr dq k ixo�oolqj

wkh lqhtxdolw| dovr ixo�ov k � f1 Ilqdoo|/ dv q jrhv wr }hur/ wkh uhtxluhg kWWEq� jrhv

wr lq�qlw| ehfdxvh wkh sduhqwkhvlv jrhv wr -Ef���Ef�� 2 : f/ dqg E��q�*q jrhv

wr lq�qlw|1

Surri ri Sursrvlwlrq 61 +l,Zkhq k 	 f/ rqh vhhv iurp +43,/ wkdw dv q jrhv wr

rqh/ s �E+Eq�� jrhv wr k*k ' �/ vr erwk qxphudwru dqg ghqrplqdwru ehfrph qhjdwlyh

iru d odujh hqrxjk q/ exw wkh qxphudwru lv qxphulfdoo| wkh odujhvw/ vr s �E+Eq�� jrhv

wr rqh iurp deryh1 Khqfh/ iru doo vx!flhqwo| odujh q/ rqh kdv s �E+Eq�� : �/ phdqlqj

wkdw wkh vwhdg| vwdwh lv lqghwhuplqdwh dqg dq VVH h{lvwv1

+ll, Djdlq iurp +43,/ li k ' f/ wkh vorsh ri s dw vwhdg| vwdwh lv s �E+Eq�� '
�3-E+Eq��
�n�E+Eq��

1 Dv q jrhv wr rqh/ +Eq� jrhv wr }hur +Sursrvlwlrq D,/ dqg khqfh s �E+Eq��

jrhv wr �3-Ef�
�n�Ef�

/ zklfk lv ohvv wkdq 04 h{dfwo| ehfdxvh-Ef� : 2n�Ef�1 Li *�4q<� s
�E+Eq�� 	

��/ wkhq iurp frqwlqxlw| dovr s �E+Eq�� 	 �� iru doo odujh hqrxjk q1 Khqfh +Eq�

lv lqghwhuplqdwh/ zklfk vx!fhv iru wkh h{lvwhqfh ri VVH forvh wr lw1 Zkhq s lv

joredoo| zhoo0gh�qhg dqg nqrzq wr vwd| ehorz d �fhlolqj�/ sE%� 	 � iru doo %/ wkhq

s �E+Eq�� 	 �� dovr vx!fhv iru wkh h{lvwhqfh ri ghwhuplqlvwlf f|fohv1

+lll, Iru q : f/ zkhq k ehfrphv qhjdwlyh dqg vx!flhqwo| odujh qxphulfdoo|/ erwk

wkh qxphudwru dqg wkh ghqrplqdwru lq +43, ehfrph qhjdwlyh zlwk wkh qxphudwru

qxphulfdoo| wkh odujhvw/ vr s �E+Eq�� : �1
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E Frqglwlrqv iru wkh H{lvwhqfh ri VVH wr Lpso|

wkh H{lvwhqfh ri Ghwhuplqlvwlf F|fohv

Lqvhuwlqj wkh vshfl�f irup +4, ri srolf| uxohv lqwr wkh htxdwlrqv +:, wkdw d VVH pxvw

ixo�oo jlyhv wkh htxdwlrqv/

+��
�E�� +�� '

o[
�'�

^��
k
+� � q+�3k

� +k� �
l
��E+�� iru � ' �c ���c o�

Wkh ohiw kdqg vlgh fdq eh fdoohg ��E+��/ dqg li rqh rq wkh uljkw kdqg vlgh xvhv

�2E+�c +�� G'
k
+� � q+�3k

� +k� �
l
��E+��/ wkh htxdwlrqv ehfrph/

��E+�� '
o[

�'�

^���2E+�c +�� iru � ' �c ���c o� +47,

Wkh edfnzdug shuihfw iruhvljkw g|qdplf sE%� lv wkhq jlyhq lpsolflwo| +dv wkh vroxwlrq

lq 5, e| ��E5� ' �2E5c %�1 Xqghu wkh dvvxpswlrqv pdgh lq wklv sdshu/ ��E+�� lv vwulfwo|

lqfuhdvlqj/ dqg zkhq k � f/ �2E+�c +�� lv hlwkhu lqghshqghqw ri +� +iru k ' f,/ ru

vwulfwo| ghfuhdvlqj lq +� +iru k : f,1 Ixuwkhupruh/ vwloo iru k � f/ wkh shuihfw

iruhvljkw g|qdplf s lv joredoo| zhoo0gh�qhg dqg frqwlqxrxv +dqg gl�huhqwldeoh,/

vwd|v ehorz rqh/ dqg zlwk h{dfwo| rqh prqhwdu| vwhdg| vwdwh1 Wklv prwlydwhv/

Dvvxpswlrq 41 ��E+�� lv vwulfwo| lqfuhdvlqj lq +�/ dqg �2E+�c +�� lv +zhdno|,

ghfuhdvlqj lq +�1

Dvvxpswlrq 51 Iru hyhu| % : f/ wkhuh lv d xqltxh vroxwlrq lq 5 wr ��E5� '

�2E5c %�/ dqg wkh edfnzdug shuihfw iruhvljkw g|qdplf sE%� ' 5 wkxv gh�qhg lv

frqwlqxrxv/ sE%� 	 � iru doo %/ dqg wkhuh lv h{dfwo| rqh + : f/ wkdw vroyhv sE+� ' +1

Vr/ iru doo srolf| uxohv zlwk k � f/ wkhvh wzr dvvxpswlrqv duh ixo�oohg iru wkh

prgho frqvlghuhg lq wkh pdlq wh{w ri wklv sdshu1 Wkh| duh dovr wkh dvvxpswlrqv

xqghuo|lqj Sursrvlwlrq E ehorz1 Wklv lv zk| zh kdyh ehhq deoh wr frqfoxgh wkdw

iru srolf| uxohv zlwk k � f/ li wkhuh duh qr ghwhuplqlvwlf f|fohv +dv wkhuh fdqqrw eh

li wkh vwhdg| vwdwh + : f lv joredoo| vwdeoh dffruglqj wr s,/ wkhq wkhuh duh qr VVH

hlwkhu1

Wkhruhp E1 Ohw �� dqg �2 eh vxfk wkdw Dvvxpswlrqv 4 dqg 5 duh ixo�oohg1

Li wkhuh duh +� � � � � � +o/ zlwk +� 	 +o/ dqg dq luuhgxfleoh pdwul{ E^��� ri
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wudqvlwlrq suredelolwlhv/ vxfk wkdw +47, lv ixo�oohg/ wkhq wkhuh duh dovr +�c +�� zlwk

f 	 +� 	 +�� 	 �/ vxfk wkdw +� ' sE+��� dqg +�� ' sE+��1 Wkdw lv/ li wkhuh lv d

vwdwlrqdu| Pdunry vxqvsrw htxloleulxp VVH/ wkhq wkhuh lv dovr d wzr0shulrg f|foh/

ru/ li wkhuh lv qr wzr0shulrg f|foh/ wkhq wkhuh lv qr VVH hlwkhu1

Surri145 Rqh fdq vdiho| dvvxph wkdw doo wudqvlwlrq suredelolwlhv ixo�oo ^�� : f146

Iru hdfk � ' �c ���c o gh�qh/

+4�?
� G' @h} 4�?

�Mt�c���co�
�2E+�c +��c

+4@ 
� G' @h} 4@ 

�Mt�c���co�
�2E+�c +���

Vlqfh iurp +47,/ hdfk ��E+�� lv dq dyhudjh ri wkh o ydoxhv ri �2E+�c +��/ � ' �c ���c o/

rqh pxvw kdyh �2E+�c +
4�?
� � � ��E+�� � �2E+�c +

4@ 
� � iru � ' �c ���c o1 Lq sduwlfxodu iru

� ' � dqg o/

�2E+�c +
4�?
� � � ��E+�� � �2E+�c +

4@ 
� �c

�2E+oc +
4�?
o � � ��E+o� � �2E+oc +

4@ 
o ��

Vlqfh �2 lv ghfuhdvlqj lq lwv �uvw dujxphqw zh kdyh= �2E+oc +
4@ 
o � � �2E+�c +

4@ 
o � �

�2E+�c +
4@ 
� �/ dqg �2E+�c +

4�?
� � � �2E+oc +

4�?
� � � �2E+oc +

4�?
o �1 Vr/ qrz xvlqj wkdw ��E+��

lv vwulfwo| lqfuhdvlqj lq +�/ zh jhw/

�2E+oc +
4�?
o � � �2E+�c +

4�?
� � � ��E+�� 	 ��E+o� � �2E+oc +

4@ 
o � � �2E+�c +

4@ 
� ��

Sduw ri wklv lv �2E+�c +
4�?
� � 	 �2E+�c +

4@ 
� �/ dqg vlqfh doo wudqvlwlrq suredelolwlhv ^��

duh vwulfwo| srvlwlyh/ rqh jhwv ��E+�� : �2E+�c +
4�?
� �1 Vlploduo|/ ��E+o� 	 �2E+oc +

4@ 
o �1

Zh kdyh wkxv hvwdeolvkhg/

�2E+�c +
4�?
� � 	 ��E+�� � ��E+2� � � � � � ��E+o� 	 �2E+oc +

4@ 
o �� +48,

Iru rqh �/ rqh kdv +� ' +4�?
� / dqg khqfh ��E+

4�?
� � : �2E+�c +

4�?
� � � �2E+

4�?
� c +4�?

� �/

zkhuh wkh odwwhu iroorzv vlqfh �2 lv ghfuhdvlqj lq lwv �uvw dujxphqw1 Khqfh/ ��E+
4�?
� � :

45Wklv surri h{whqgv wkh uhvxow ri Judqgprqw +4<;9, iurp wkh fdvh zkhuh y5 lv lqghshqghqw ri
|l/ wr wkh fdvh zkhuh y5 lv zhdno| ghfuhdvlqj lq |l1

46Zh dsshdo khuh wr vwdqgdug uhvxowv1 Iru g|qdplf v|vwhpv dv frqvlghuhg khuh/ li wkhuh lv d
ghwhuplqlvwlf f|foh/ wkdw lv/ d frpsohwho| qrq0vwrfkdvwlf VVH zkhuh iru hdfk l/ rqo| rqh tlm lv
juhdwhu wkdq }hur +htxdo wr rqh,/ wkhq wkhuh lv dovr d ixoo| vwrfkdvwlf VVH zkhuh doo tlm duh vwulfwo|
srvlwlyh1 E| wkh vdph uhdvrqlqj/ li wkhuh lv dq VVH zkhuh iru hdfk l/ vrph/ exw qrw doo/ tlm duh
vwulfwo| srvlwlyh/ wkhq wkhuh lv dovr d ixoo| vwrfkdvwlf VVH/ fi1 Jxhvqhulh dqg Zrrgirug +4<<5,1
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�2E+
4�?

�
c +4�?

�
�/ exw wklv lpsolhv wkdw sE+4�?

�
� 	 +4�?

�
1 +Uhphpehu wkdw sE+4�?

�
� lv wkh

vroxwlrq lq 5 wr ��E5� ' �2E5c +
4�?

�
�1 Iru 5 ' +4�?

�
/ rqh jhwv �vwulfwo| odujhu wkdq�1

Wkh vroxwlrq lv wkhq wr eh irxqg vwulfwo| ehorz +4�?

�
/ vlqfh �� lv vwulfwo| lqfuhdvlqj/

dqg �2 lv ghfuhdvlqj/ lq 5,1 Vlploduo|/ iru rqh �/ rqh pxvw kdyh +� ' +4@ 

o
/ vr

��E+
4@ 

o
� 	 �2E+oc +

4@ 

o
� � �2E+

4@ 

o
c +4@ 

o
�/ lpso|lqj sE+4@ 

o
� : +4@ 

o
1 Vr/ zh kdyh

erwk sE+4�?

�
� 	 +4�?

�
dqg sE+4@ 

o
� : +4@ 

o
� Wklv lpsolhv/ ri frxuvh/ wkdw +4�?

�
9' +4@ 

o
/

exw dovr wkdw/

+4@ 

o
	 +4�?

�
�

Rwkhuzlvh rqh zrxog kdyh sE+4�?

�
� 	 +4�?

�
	 +4@ 

o
	 sE+4@ 

o
�/ zklfk iurp wkh frq0

wlqxlw| dqg s 	 � sduwv ri Dvvxpswlrq 5 zrxog lpso| wkh h{lvwhqfh ri d prqhwdu|

vwhdg| vwdwh vwulfwo| ehwzhhq +4�?

�
dqg +4@ 

o
/ dqg rqh vwulfwo| deryh +4@ 

o
/ frqwud0

glfwlqj wkh xqltxhqhvv ri prqhwdu| vwhdg| vwdwh sduw ri Dvvxpswlrq 51

Dovr iurp +48,/ rqh kdv gluhfwo| wkdw ��E+�� : �2E+�c +
4�?

�
�/ zklfk lpsolhv sE+4�?

�
� 	

+� +e| wkh vdph uhdvrqlqj dv deryh,/ dqg vlploduo| ��E+o� 	 �2E+oc +
4@ 

o
�/ lpso|lqj

sE+4@ 

o
� : +o1 Vlqfh dovr +� � +4@ 

o
/ dqg +4�?

�
� +o/ rqh kdv/

sE+4�?

�
� 	 +4@ 

o
dqg +4�?

�
	 sE+4@ 

o
��

Frpelqlqj wkh wzr odvw glvsod|hg lqhtxdolwlhv jlyhv/

sE+4�?

�
� 	 +4@ 

o
	 +4�?

�
	 sE+4@ 

o
��

Jlyhq wkdw s lv frqwlqxrxv dqg vwd|v ehorz wkh �fhlolqj� rqh/ wklv vx!fhv iru wkh

h{lvwhqfh ri d wzr shulrg f|foh= Qrwh wkdw wkh rewdlqhg lqhtxdolw| vwdwhv wkdw s

kdv d qhjdwlyh vorsh ehorz plqxv rqh ryhu dq lqwhuydo durxqg wkh vwhdg| vwdwh/ qrw

qhfhvvdulo| lq�qlwhvlpdoo| forvh wr lw1 Krzhyhu/ wkh nlqg ri qrq0orfdo qhjdwlyh vorsh

ehorz plqxv rqh rewdlqhg vx!fhv iurp d vwdqgdug dujxphqw1 Li rqh frqvwuxfwv wkh

pluuru lpdjh ri s durxqg wkh 78�0olqh wkhq wklv kdv/ xqghu wkh rewdlqhg frqglwlrq

dqg Dvvxpswlrq 5/ wr lqwhuvhfw s lwvhoi dw wzr srlqwv +� dqg +�� gl�huhqw iurp wkh

vwhdg| vwdwh1 Wkhvh +� dqg +�� gh�qh d wzr0shulrg f|foh1
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Uhihuhqfhv

Ehqdvv|/ M10S1 +4<<;,= �Rq wkh Rswlpdolw| ri Dfwlylvw Srolflhv zlwk d Ohvv Lq0

iruphg Jryhuqphqw�/ plphr1

Fkulvwldqr/ O1 dqg V1 J1 Kduulvrq +4<<9,= �Fkdrv/ Vxqvsrwv/ dqg Dxwrpdwlf

Vwdelol}huv�/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Zrunlqj Sdshu 8:361

Hydqv/ J1 Z1 dqg V1 Krqndsrmkd +4<<8,= �Dgdswlyh Ohduqlqj dqg H{shfwdwlrqdo

Vwdelolw|= dq Lqwurgxfwlrq�/ lq D1 Nlupdq dqg P1 Vdoprq +hgv1,/ Ohduqlqj dqg

Udwlrqdolw| lq Hfrqrplfv/ Eodfnzhoo Sxeolvkhuv1

Iduphu/ U1H1D1 dqg P1 Zrrgirug +4<<:,= �Vhoi0ixo�oolqj Surskhflhv dqg wkh

Exvlqhvv F|foh�/ Pdfurhfrqrplf G|qdplfv 4/ ss1 :730:9<1

Jrhqnd/ D1 +4<<7,= �Ilvfdo Uxohv dqg H{wulqvlf Xqfhuwdlqw|�/ Hfrqrplf Wkhru|

7/ ss1 73407491

Judqgprqw/ M10P1 +4<;8,= �Hqgrjhqrxv Frpshwlwlyh Exvlqhvv F|fohv�/ Hfrqr0

phwulfd 86/ ss1 <<8043781

Judqgprqw/ M10P1 +4<;9,= �Vwdelol}lqj Frpshwlwlyh Exvlqhvv F|fohv�/ Mrxuqdo

ri Hfrqrplf Wkhru| 73/ ss1 8:0:91

Judqgprqw/ M10P1 +4<<;,= �H{shfwdwlrqv Irupdwlrq dqg Vwdelolw| ri Odujh Vr0

flrhfrqrplf V|vwhpv�/ Hfrqrphwulfd 99/ ss1 :740:;61

Judqgprqw/ M10P1/ S1 Slqwxv/ dqg U1 gh Yloghu +4<<;,= �Fdslwdo0Oderu Vxevwlwx0

wlrq dqg Frpshwlwlyh Qrqolqhdu Hqgrjhqrxv Exvlqhvv F|fohv�/ Mrxuqdo ri Hfrqrplf

Wkhru| ;3/ ss1 708<1

Jxhvqhulh/ U1 dqg P1 Zrrgirug +4<<5,= �Hqgrjhqrxv Ioxfwxdwlrqv�/ lq M10

M1 Od�rqw +hg1,/ Dgydqfhv lq Hfrqrplf Wkhru|= Surfhhglqjv ri wkh Vl{wk Zruog

Frqjuhvv/ yro1 LL/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Jxr/ M10W1 dqg N1 M1 Odqvlqj +4<<:,= �Ilvfdo Srolf|/ Lqfuhdvlqj Uhwxuqv/ dqg

Hqgrjhqrxv Ioxfwxdwlrqv�/ plphr1

Jxr/ M10W1 dqg N1 M1 Odqvlqj +4<<;,= �Lqghwhuplqdf| dqg Vwdelol}dwlrq Srolf|�/

Mrxuqdo ri Hfrqrplf Wkhru| ;5/ ss1 7;407<31

Mdfrevhq/ K1M1 +5333,= �Hqgrjhqrxv/ Lpshuihfwo| Frpshwlwlyh Exvlqhvv F|fohv�/

Hxurshdq Hfrqrplf Uhylhz 77+5,/ ss1 63806691

Pdufhw/ D1 dqg W1 Vdujhqw +4<;<,= �Ohdvw Vtxduhv Ohduqlqj dqg wkh G|qdp0

lfv ri K|shulq dwlrq�/ lq Z1 Eduqhww/ M1 Jhzhnh/ dqg N1 Vkhoo +hgv1,/ Hfrqrplf

Frpsoh{lw|= Fkdrv/ Vxqvsrwv/ Exeeohv/ dqg Qrqolqhdulw|/ Fdpeulgjh Xqlyhuvlw|

5:



Suhvv1

Vfkplww0Jurkh/ V1 dqg P1 Xuleh +4<<:,= �Edodqfhg0Exgjhw Uxohv/ Glvwruwlrqdu|

Wd{hv/ dqg Djjuhjdwh Vwdelolw|�/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438/ ss1 <:9043331

Vlpv/ F1 D1 +4<<7,= �D Vlpsoh Prgho iru Vwxg| ri wkh Ghwhuplqdwlrq ri wkh

Sulfh Ohyho dqg wkh Lqwhudfwlrq ri Prqhwdu| dqg Ilvfdo Srolf|�/ Hfrqrplf Wkhru|

7/ ss1 6;406<<1

Zrrgirug/ P1 +4<;9,= �Vwdwlrqdu| Vxqvsrw Htxloleuld lq d Ilqdqfh Frqvwudlqhg

Hfrqrp|�/ Mrxuqdo ri Hfrqrplf Wkhru| 73/ ss1 45;046:1

Zrrgirug/ P1 +4<<7,= �Prqhwdu| Srolf| dqg Sulfh Ohyho Ghwhuplqdf| lq d

Fdvk0lq0Dgydqfh Hfrqrp|�/ Hfrqrplf Wkhru| 7/ ss1 67806;31

5;



Iljxuh 4= Xwlolw| dorqj wkh wzr0shulrg f|foh +-Ef� 	 �,

5<



Iljxuh 5= Xwlolw| dorqj wkh wzr0shulrg f|foh +-Ef� : �,

63


