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Inverse sequential stochastic dominance:
rank-dependent welfare, deprivation and
poverty measurement.

Claudio Zoli*
July 2000

Abstract

We provide characterizations of sequential stochastic dominance
conditions which are dual to those introduced in Atkinson and Bour-
guignon (1987). Instead of evaluating social welfare according to the
utilitarian approach, we apply the dual approach to the measurement
of welfare and inequality suggested in Weymark (1981) and Yaari
(1987, 1988). Different interpretations of the results, in terms of ei-
ther welfare comparisons of populations decomposed into needs-based
subgroups, or intertemporal income comparisons are suggested.

The dual SWF is shown to be consistent with a class of satisfaction
and deprivation indices. The sequential dominance criteria based on
this class of indices is introduced, they require comparisons involving
generalized satisfaction curves and deprivation curves of the reference
groups in the population. The connections with dominance criteria
associated to rank-dependent poverty indices and the sequential dom-
inance results introduced is investigated.

*I am indebted to Peter Lambert, Walter Bossert and Pietro Muliere for helpful com-
ments. Responsibility for any remaining errors is, of course, mine. This paper is a revised
version of a previous work circulated since September 1999 under the title: “Inverse sequen-
tial stochastic domiance, relative deprivation and poverty measurement” and presented in
July 2000 at the Fifth International Meeting of the Society for Social Choice and Wel-
fare held in Alicante. Mailing address: School of Economics, University of Nottingham,
University Park, Nottingham NG72RD, UK. E-MAIL: claudio.zoli@nottingham.ac.uk



1 Introduction

The well known criterion of sequential stochastic dominance introduced in
Atkinson and Bourguignon (1987) allows to compare, in terms of utilitarian
social welfare functions, income distributions of populations decomposed into
subgroups of individuals homogeneous in needs.! This evaluation is made
under the hypothesis that the needier is an individual the higher is his/her
marginal evaluation of income at any income level, and that this difference
decreases as income increases. Karcher, Moyes and Trannoy (1995) apply
similar tools in evaluating intertemporal income structures, basing welfare
judgements upon the discounted sum of expected utilities. Moreover, re-
lated results are available in the context of poverty measurement. Atkinson
(1992) considers dominance criteria which allow to compare distributions of
incomes belonging to individuals with different needs, when poverty is evalu-
ated according to the class of additively decomposable poverty indices. Even
in this case the poverty reduction effects of marginal changes in incomes is
supposed to be positively related to the needs. Jenkins and Lambert (1993)
and Chambaz and Maurin (1998) extend some of the previous results, con-
cerning respectively welfare and poverty rankings, to comparisons between
populations showing different marginal distributions of needs.

All these criteria are strongly related to the utilitarian representation of
social preferences, but no criterion is available for the dual social welfare
representation based on linear rank-dependent evaluation functions.

In this paper instead of applying the utilitarian approach we evaluate
need based social welfare functions or intertemporal distributions according
to the dual approach introduced in Donaldson and Weymark (1980), Wey-
mark (1981) and Yaari (1987, 1988)%. Preference orderings over income dis-
tributions are represented by a welfare function which is a weighted average
of ordered incomes, where each income is weighted according to its position
in the ranking.

As stated in Atkinson and Bourguignon (1989): “It is possible that a dual
approach might also be informative, although decomposition by population
subgroups appears less tractable in the dual (p.14)”. The reason is that,
since every income is weighted according to its position in the ranking, if we

'For a different approach to social welfare evaluations when needs differ see Ebert (1997)
and particularly Ebert (2000a) which considers rank-dependent evaluation functions.

2See also Ebert (1988), Chew and Epstein (1989), Quiggin (1993), Ben Porath and
Gilboa (1994), Weymark (1995) and Safra and Segal (1998).



confine our attention within subgroups, the ranking of every income changes
in absolute terms with respect to that of other individuals’ income evaluated
over the whole population. Then also the weight associated with this income
changes.

The family of rank-dependent evaluation functions fails therefore to sat-
isfy the most common separability assumptions. Usually we require the wel-
fare evaluation over an aggregate population to be independent from the
way in which the population is partitioned into subgroups. If this is the case,
the only relevant information to take into account in evaluating individuals’
contributions to overall welfare is the level of their characteristics (income,
needs, location, resources,..). Rank-dependent models, even in their linear
representation, require the use of extra information concerning the relative
position of individuals. This information should not in principle be affected
by the decomposition procedure if we still want to use similar models in eval-
uating populations partitioned into subgroups. This peculiarity makes these
representation models particularly suitable to be applied within the context
of relative deprivation measurement. In this context, in order to obtain a
Dual SWF consistent with the decomposition of population into homoge-
neous subgroups we need to suppose that every reference group within which
each individual confines his/her aspirations, and compares his/her position,
is needs based.

Social welfare could be seen as an aggregate of the welfare of each sub-
group weighted by the share of individuals belonging to it, or in general by
a function representing the policy maker opinion regarding the contribution
of each group to the overall final welfare evaluation. It follows that every
individual welfare contributes to the social welfare to extent to which it con-
tributes to his/her community (or group) welfare®.

Population is considered to be either continuous or discrete and denoted
with S. It is partitioned into non overlapping and exhaustive population
subgroups S¢, and Y*(s) > 0 is the income level of agent s € S, therefore
Y is called the income profile of group i, while the whole distribution in-
come profile is denoted with Y. If S* = {s1, s, ...81, ..5m, }, With each agent
s; showing equal weight 1/m;, we have the m!"-dimensional discrete case,
where Y(s;) = vi, | = 1,2,..m; and the income profile of group i is rep-
resented by the m!"-dimensional vector y'= (y3,y4, .y}, -y,,). The set of all
m'" dimensional vectors such that Y?(s) > 0, and at least for one individual

3See Ok and Lambert (1999) for a similar approach within the utilitarian framework.



Y?(s) > 0 is denoted Y™, while Y denotes all such vectors for all m > 1.

Denoting with Fj(y) the cumulative income distribution (continuous or
discrete) of subgroup ¢ of the population F' for i = 1,2, ..n. The share of
individuals belonging to group i is ¢!, it follows F(y) = >_"" | ¢f Fi(y) where
F(y) is the cumulative income distribution function of an income profile with
support (0, +00) and finite mean p(F) = [ ydF(y). Let F the set of all
such cumulative distributions.

Moreover, F, *(p) = inf{y : F;(y) > p} with p € [0,1] is the left contin-
uous inverse of Fj(y) showing the income y of an individual at the 100p‘"
percentile of the distribution of group .

The decomposable Dual SWF' can be represented as:

WE) = Yod [ o )

where v;(p) > 0 is the weight attached to the income of an individual ranked
at the 100p™ percentile in group 4, which we will consider being continuous
and twice differentiable!. At this preliminary stage we will take this welfare
formulation as the primitive concept, and we will discuss the partial ranking
criteria associated with subsequent restrictions on the set of groups income
weights. However, it is possible to provide justifications for the welfare rep-
resentation in (1), and also different interpretations of the partial orderings
obtained.

Notice that since W (F) is defined over distribution functions it is within
group anonymous and population replication invariant. That is, welfare eval-
uations within each subgroup depend only on the income distribution and are
invariant w.r.t. replications of the income profile. In the discrete case these
properties corresponds to the situation in which evaluation is invariant w.r.t.
permutations of the income profiles Y* = (yi, y5, .4}, -Y.,, ), and replication of
the whole profile Y, where to each individual is associated a finite number of

” 5

“clones”.

4Notice that for the empirical case W (F) reduces to

W) =Y =3 vl (VI/mi] = VI = 1)/my))

=130 my

where yZl) < yfz+1) and V* (t) = fot v(p)dp.
5See Dalton (1920), and Dasgupta, Sen and Starrett (1973).



The next section discusses some plausible restrictions on the set of income
weights, introduces the basic results, and provides some comments.

In Section 3 we will introduce a class of individual deprivation (and sat-
isfaction) indices, and the related aggregate indices of total deprivation (and
satisfaction) within the population. It will be shown that the class of ag-
gregate satisfaction indices obtained provides an interpretation for (1). The
indices suggested differ from the standard one because they aggregate the
average income gaps, measuring the extent of the feeling of deprivation of
each individual, weighting them with an “envy parameter” which depends
on the income ranking of the individual considered. Different assumptions
regarding the correlation between the envy coefficients and the needs of the
individuals will allow to specify sequential deprivation and satisfaction crite-
ria. Moreover, some considerations will be made regarding a generalization
of variable population evaluations within the context of additive welfare rep-
resentations. In particular in characterizing the aggregate deprivation (and
satisfaction) index it will be made use of a general version of population
replication property which will allow to obtain a parametric characterization
of the variable population evaluations.

The final section introduces a general version of the Sen (1976), and Kak-
wani (1980) rank-dependent poverty indices. It provides some partial ranking
criteria which are associated with the unanimous ranking of distributions in
terms of those indices, and highlights the similarities between the poverty
rankings and the results obtained for the Dual SWF. Moreover, some plau-
sible extensions to the set of rank-dependent poverty indices, comprising the
revision of the Sen index suggested by Shorrocks (1995), and of the needs
based poverty ranking criteria suggested in Atkinson (1992), Jenkins and
Lambert (1993) and Chambaz and Maurin (1998) are suggested. These are
consistent with the basic results discussed in next section, and provide a ra-
tionale for using transformations of the Jenkins and Lambert (1997) TIPs
curves or Shorrocks (1998) poverty gap profiles.

2 Properties and fundamental results

The welfare function in (1) could be interpreted as a needs based SWF. In
what follows we will consider restrictions on the set of weights based on
normative grounds. The approach is in spirit similar to the one suggested

6See also Spencer and Fisher (1992).



by Atkinson and Bourguignon (1987), Bourguignon (1989) and Jenkins and
Lambert (1993) although it is applied to the rank-dependent welfare rep-
resentation. We will also make use of arguments regarding inter and intra
groups comparisons of effectiveness of transfers occurring both between and
within groups, which allow for an immediate characterization of the obtained
sequential dominance criteria in terms of transfer principles. The character-
ization suggested could therefore be considered dual to the one obtained in
Ebert (2000) for Atkinson-Bourguignon sequential generalized Lorenz domi-
nance criteria.

As a starting point it seems plausible to impose that welfare in (1) is
a non-decreasing function for all individuals’ incomes. This welfare mono-
tonicity property corresponds to a specification of non negative weights v;(p).
Moreover, higher concern in the evaluation function is given to the income
of individuals belonging to needier groups. Given the linearity of the func-
tion in terms of incomes, this condition requires to give higher weight to the
income of needier individuals, at a given position in the ranking. In compar-
ing two individuals in the same position but with differing needs, the social
welfare function in (1) should exhibit concern for needs, that is attach higher
weight to the income of the needier individual. Therefore, if needs are ranked
in decreasing order, that is individuals in group ¢ are needier than those in
group i + 1, then v;(p) > vg(p) for any i < k and for any p. In other words,
both welfare monotonicity and concern for needs applied over (1) could be
formalized as follows:

vi(p) = ij(p), wi(p) >0 Vi=1,2,..m; Vpel0,1]. (Property A)
j=i

Where w;(p) is a non-negative, continuous and twice differentiable function
which measures the gap between the weights attached to the income at the p*
position in the income ranking in group ¢ and income at the same position
in group ¢ + 1. Notice that the use of a linear rank-dependent SWF, in
the absence of any other relevant information, forces to make interpersonal
comparisons only between individuals situated at the same ranking in the
different subgroup incomes distributions. Such comparisons are therefore
independent from the absolute income levels. This restriction comes from the
specific separability or independence properties underlying the dual welfare



representation”’. As a result the relative position of individuals within their
homogeneous group could play a normative role.

If the social decision maker is inequality averse in evaluating the welfare
of every subgroup then v}(p) < 0 Vi = 1,2...n, and p € [0,1], (see Mehran,
1976, and Yaari 1987, 1988).

Property A as well as inequality aversion could also be obtained as a result
of a combination of welfare monotonicity and the requirement of satisfaction
of a needs based version of the Principle of Transfers. The Needs based
(Positional) Principle of Transfers states that

Axiom 1 (Needs Based Positional PT) A small transfer of a given amount
of income § > 0 from a tiny fraction dp of the population at the 100(p+ p)™"
percentile of the distribution of group v to a fraction dp of individuals at the
100p™ percentile of the distribution of group j, where p > 0 and j < i does
not lead to a welfare decrease.

Such transfer is called progressive transfer, transfers of opposite sign are
called regressive®. The welfare effect of a progressive transfer, according to
(1), is formally

ovi(p) — 6vj(p+p) >0 Vp,p,i>j

If p tends to 0, given welfare monotonicity, we get Property A v;(p) > v;(p+
p) > 0. When j =1 we get the standard Principle of Transfers applied over
homogeneous populations which requires within our context v/(p) < 0.

Given property A, inequality aversion implies therefore Z;L:Z wi(p) <
0 Vi,p. The following assumption strengthen this condition:

wi(p) <0 Vj=1,2.n, VYpel0,1]. (Property A1)
This property is equivalent to the requirement that:

Axiom 2 (Between Group Positional Transfer Sensitivity (BGPTS))
The itmpact on the social welfare of a progressive transfer involving individuals
within the same group is greater, ceteris paribus, the needier is the group.

"See Weymark (1981), Yaari (1987, 1988), Ben Porath and Gilboa (1994).
8For a discussion of the role of progressive transfers in inequality and welfare measure-
ment see Mosler and Muliere (1998).



That is, consider a small progressive transfer 6 > 0 from a tiny fraction
dp of the population at the 100(p + p)*" percentile of the distribution to a
fraction dp of poorer individuals at the 100p*" percentile both belonging to
group 4. The impact of this transfer on W is:

AW (p, p, 6) = —6vi(p + p)dp + évi(p)dp > 0 (2)

Compare this effect to that of a similar transfer involving individuals at the
same percentiles but belonging to group k > i : AW (p, p,8) = —dvk(p +
p)dp + évg(p)dp > 0. Given Property A, Property Al is equivalent to impose
that the first transfer shows a greater impact on W for any p,p, 6,k > 1.
Formally, A;W (p, p,8) > AW (p, p,6) > 0 that is

vi(p+p) —vi(p) <wv(p+p) —ve(p) Vo, p k>

which is equivalent to v}(p) < vi(p) Vp € [0,1], i,k = 1,2...n,such that k > i,
which is the requirement of Property Al.

The welfare representation in (1) consistent with the suggested properties,
has different justifications and allows for various economic interpretations
of the results. Moreover it could be informative in other frameworks when
appropriate variables are substituted to the income. For instance in section 4
an application of the results associated to (1) in the poverty measurement will
be provided, in that context incomes are substituted by relative or absolute
income gaps.

The social evaluation in (1) can also be seen as an intertemporal evalua-
tion of income distributions, where F;(y) denotes the distribution of income
at time t+i—1, and ¢/ is the size of the population at that time. The present
value of the intertemporal social welfare is a weighted average of the welfare
in every period evaluated according to the dual approach. Time impatience
is incorporated into the function by considering lower weights v;(p) for fu-
ture periods, as stated in Property A. The social welfare evaluation shows
inequality aversion in every period. Moreover, Property Al could be inter-
preted as an effect of time impatience in implementation of redistributive
policies, that is, given the same redistributive effect of a policy, the welfare
impact is considered greater the sooner the policy is implemented.’

YA special case is the one in which every welfare function in any period is evaluted
applying the same set of weights, i.e. v;(p) = v;(p) = v(p) Vi, j, such that v(p) > 0, and
v'(p) <0, but the welfare of any period is discounted according to a rate sTlo<s<.
Then v;(p) = 6" 'v(p) satisfies Properties A and Al.

9



In their extension of the Atkinson-Bourguignon dominance criteria to
populations with different marginal distributions of needs, Jenkins and Lam-
bert (1993) suggested an additional condition, namely that there exists a top
level of income at which differences in needs do not play any role in the eval-
uation'”. In our context an analogous condition could be imposed. Suppose
that the weight associated to the income of the richest individual in every
subgroup is the same, that is whatever is the income or the needs of every
individual, being the richest in a subgroup is evaluated in the same way:

v;(1) = vg(1) Vi, k=1,2,..n. (Property A*)

Such a condition is more restrictive than the version suggested by Jenkins and
Lambert (1993): it requires that being at the top of the distribution within
a group is evaluated in the same way irrespective of incomes and needs. As
we will show, for all the dual sequential dominance results we obtain, for
populations showing different marginal distributions of needs, this condition
is in fact irrelevant.

Before introducing the first results, it should be worth specify the mean-
ing of inverse stochastic dominance. This dominance criterion has been sug-
gested by Muliere and Scarsini (1989). For ' € F , and K = 1,2,.. we
denote!!

p
Fy'(p)=F ' (p), Flp) = /0 Fly®dt,  0<p<1
and define the K-th degree inverse stochastic dominance =_j as follows:

Definition 1 Given two income distributions F' and G € F, F = x G if
and only if F[;é(p) > G[’Kl} (p) forallp,0<p<1.

As shown by Muliere and Scarsini (1989) direct and inverse stochastic
dominance are not equivalent for degrees higher than the second. In what

10Moyes criticizes this condition arguing that the dominance results associated to Jenk-
ins and Lambert’s (1993) procedure are not independent from the choice of the top level.
Therefore two pairs of distributions differing only in the top level could be ranked in dif-
ferent ways. Since the top income level is evaluated in the same way for all needs its choice
in general should not have a relevance for the final solution, at least within an utilitarian
context. According to Moyes’s remark it does.

'Notice that F; *(p) is the inverse income distribution of group i, while F[;(l] (p) is the

K™ degree inverse distribution function of population F. Therefore szé] (p) is the K**
degree inverse distribution function of F;(y).

10



follows we will discuss sequential dominance conditions which are dual to
the well know sequential stochastic dominance in Atkinson and Bourguignon
(1987), in that they are associated to the inverse approach.

2.1 Some results

Denote by ) the set of social welfare functions W (.) in (1) satisfying Property
A, and by Y, the set of social welfare functions W(.) in ' satisfying also
Property Al.

In what follows we will provide a set of dominance criteria which are
both necessary and sufficient for welfare dominance for all Dual SWFs in )
and ) respectively. After a discussion of these preliminary results, a weaker
dominance criterion is suggested which is consistent with welfare dominance
for a subset of ).

A complete proof is provided in the main text only for the first propo-
sition. For all other results in this section only the sufficiency parts of the
proofs follow the propositions. The necessity parts, which are more tedious
and less interesting, are to be found in the appendix.!?

Proposition 1 Given two distributions F, G € F, W(F) > W(G) for all
SWEFs in Y if and only if Zle ¢;(p) > 0 for any k = 1,2,...n and every
p € [0,1], where ¢;(p) = ¢f F(p) — 4 G7 ' (p).

Proof:
Sufficiency: Denoting AW = W(F) — W(G), we obtain:

aw =3 [ulet B0) - 6 = [wwawan. @

i=1 0 i=1 0

n

j—i Wi (p), we have:

Since v;(p) satisfies Property A, substituting for v;(p) = >_

AW = /; {[g wj(p)]@(p)} dp.

12The proofs of Propositions 1 and 2 follow the same arguments introduced in Atkinson
and Bourguignon (1987).

11



Rearranging, this becomes:

n

AW = /Zl: (wz’(p) Z%(p)) dp. (4)

0 j=1

Then, since w;(p) > 0 Vi, p, the condition Zj.:l ¢;(p) > Oforanyi=1,2,..n
is sufficient for AW being non-negative.

Necessity: We need to use the following lemmas'?:
Lemma 1 Let I = [0,1] be an interval, V' the set of all continuous functions
over I, and V' the set of all continuous non-negative functions over I. If
{w1(p), .. w;(p), ..w,(p)} is a set of continuous functions over I, w;(p) € V Vi
and w;(p) € V1 Vi, then Y wi(p)wi(p) € VT if and only if wi(p) € VT Vi.

Lemma 2 Following the same notation as in Lemma 1, let 1(p) be a contin-
uous function over the interval I in [0,1]. Then fol Y(p)z(p)dp > 0, Yz(p) €
V*if and only if ¥(p) € V.

Let Ar(p) = 3% | ¢;(p). Suppose there exists a k such that Ay(p) <
0 for some p € [0,1]. Then, following Lemma 1, there exists an interval
J C [0,1] and a set of values 1w (p), wa(p), ...1w;(p), ..., (p) € VT; such that
Sor  wi(p)Ai(p) < 0 for each p € J. Following Lemma 2 we obtain:

1

/ z(p) <Z 'UA)i(p)Ai(p)> dp < 0 (5)

0

for some z(p) € V. Define: v;(p) = > 7_,; w;(p)z(p) where z(p) € V. Since
13;(p) € V*, v,(p) satisfies Property A, indeed v;(p) — vy (p) = 4(p)2(p) =
w;(p) > 0. Substituting into (4) we obtain:

AW = / > (@lp))Aip) dp 2 0 (6)

13Lemma 1 has been introduced in Chambaz and Maurin (1998), it is a continuous
function version of Lemma 2 in Atkinson and Bourguignon (1987). It provides necessary
conditions for the standard sequential stochastic dominance when the shares of populations
qf" and ¢¥ do not coincide. Lemma 2 in the text, which is a straightforward extension of
the previous, appears as Lemma 1 in Atkinson and Bourguignon (1987).

12



The assumption of welfare dominance for all SWFs in ) implies the relation
in (6) which is inconsistent with (5). Then Ag(p) must be non-negative for
any k and p. W

That is, the necessary and sufficient condition for first order welfare domi-
nance evaluated according to any SWF belonging to ) is a sequential inverse
stochastic dominance criterion of first order, or in other words a sequen-
tial rank-dominance condition'® in which each inverse subgroup distribution
is weighted according to the share (or size, if we apply the intertemporal
valuation procedure) of its population ¢;. This criterion is dual to that sug-
gested by Atkinson and Bourguignon (1987), who required first order direct
sequential dominance (that is a criterion where the weighted averages of dis-
tributions functions, aggregated at every level of income, are compared). In
our case, the aggregation and the comparisons take place at every percentile
as a result of the application of the rank-dependent model where appropriate
restrictions are imposed on the weights.

We denote the dominance conditions introduced as

k
fLGe Z¢z(p) >0 Vpe[0,1],
i=1

which is first order sequential inverse stochastic dominance at stage k, while
F =%, G denotes first order sequential inverse stochastic dominance of F' on
G, that is

F5, G F= G foral k=1,2,.n.

We now turn to dominance conditions for all W € Y.

Proposition 2 Given two distributions F, G € F, W(F) > W(G) for all
SWFs in Yy if and only if Zf 1w (p) > 0 for any k = 1,2,...n and every
p € [0, 1], where ¥,;(p fo (

Proof:
Sufficiency: Integrating by parts in (4) we obtain:

p 1

—é/l le /¢ t)dt dp+z Zw] / (t)dt

(7)

4 The rank-dominance condition simply requires that at every relative position in the
income parade the dominating distribution shows higher incomes, see Saposnik (1981).

13



Simplifying and substituting:

S

Rearranging we obtain:

/Z Zw (p)dp + Z <wi(1)2¢j(1)> (9)

=1 j=i

mwzozwmwﬂ. ®

] =1

AW

_ /Zw @52Qhéym0

Since w;(1) > 0 and wi(p) < 0Vi=1,2,..n, p € [0, 1], then 23:1 Y;(p) >0
for any i, and p € [0,1], becomes a sufficient condition for AW being non
negative.

Necessity: See appendix W

Notice that, rewriting 1,;(p) explicitly in terms of the inverse distribution
function, and denoting

p

Gmwz/ﬂww

0
which is the generalized Lorenz curve of distribution F;, we obtain:

p p p p

wm>=/fﬁ%W—/f@%W=f/ﬁ%W—f/@%w
0 0 0 0
= ¢/'GLr,(p) — ¢¢'GLg,(p). (10)

Thus, Zle Y;(p) > 0 for any k = 1,2, ...n and every p € [0, 1] means:

quGLFl ) > quGLG( ) Vk=1,2,..n; Ypel01].

i=1

That is, in order to check welfare dominance for all SWFs in ), we have
to compare at every percentile p, and every stage k, a weighted average of

14



generalized Lorenz curves of all groups with index of needs not higher than
k belonging to the two distributions, where the weights are given by the
shares of the population within each subgroup. The link with the tradi-
tional sequential dominance criterion is clear: while Atkinson-Bourguignon
require sequential weighted averages of curves associated to the second degree
stochastic dominance condition for every group, the criterion we introduce
requires convex combination of the curves associated to the second degree in-
verse stochastic dominance condition, that is the generalized Lorenz curves.

While direct and inverse stochastic dominance are equivalent if we con-
sider the first and the second degree of comparison, this is not the case when
we consider sequential dominance conditions. In both cases, only the first
stage of the sequential procedure is equivalent between the direct and inverse
approach, namely dominance for the neediest group. Notice that the final
stage in the direct procedure corresponds to respectively first degree or gen-
eralized Lorenz dominance for all the population according to the degree of
refinement of the ordering. The final stage in the inverse procedure corre-
sponds to an average over all subgroups of the inverse distribution functions,
in the first proposition, or an average of the generalized Lorenz curves, in
the second proposition. These conditions in principle are different from those
associated to the direct procedure. The reason is that individuals’ incomes
are aggregated at each percentile, therefore the final conditions correspond
to a first or second degree stochastic dominance criterion applied over distri-
butions obtained averaging the incomes of the individuals belonging to the
same percentile within each subgroup. Moreover, notice that in the extreme
case in which individuals are all distinct, that is each individual constitutes
a class of needs, the results in the previous propositions require in both cases
generalized Lorenz dominance evaluated over income distributions ranked
according to needs instead of incomes.

The dominance conditions introduced are denoted

k
F%ZG@Z%(]))ZO Vp € [0,1],

i=1

which means second order inverse sequential stochastic dominance at stage k,
while F' %=, G denotes second order sequential inverse stochastic dominance
of F w.r.t. GG, while

F%‘iQG(:)F%’iQG for all k=1,2,.n.

15



An interesting class of dominance conditions is obtained if we restrict atten-
tion to a subclass of ) considering the set of evaluation functions exhibiting
linear weights. As it could be expected, since for this class of SWFs every
subgroup welfare function becomes a linear transformation of the average
income and Gini coefficient of the distribution, the dominance conditions
involve sequential comparisons of the Gini-based welfare functions of the
subgroups, and sequential means comparisons. Denote u(F;) the average
income of distribution Fj, and let

Er(F) = p(F)[1 - T(F)]

the Gini based welfare index, interpreted as the equally distributed equivalent
income (see Blackorby and Donaldson, 1978), where inequality is evaluated
according to the Gini coefficient I'(.).

Remark 1 W(F) > W(Q) for all SWFs in Y, which are linear in v;(p) if
and only if Wi(F) — Wi(G) > 0 and j1,(F) — j1,(G) > 0 Vi = 1,2,..,n where
WZ(F) = 23:1 QJFEP(Fj)’ ﬂz(F) = 23:1 CI]FM(FJ)

Proof:
Notice that all SWF in ) for which v;(p) is linear could be characterized
by using only two parameters for each subgroup, namely v}(p) = —v;, v; > 0

Vi, p, where w;(p) = —w; < 0 (therefore v; = 377 w;), and v;(1) = J; > 0

where ¥; = >°7 . (;, (; = w;(1) > 0. Substituting into (9) we obtain:
1

AW = Zwi/\lfi(p)dp—l— Z (¢, (1)) (11)

where U;(p) = 23:1 V; (p).
Notice that Uy(p) = S2F | ¢F G Lk, (p)—3F , ¢°GLg,(p), and that W, (1) =
S L@ u(F) = o8 ¢%u(G). Moreover, recall that
/ 1
/GLFi (p)dp = su(E)[1 = T(£)] =
0
where I'(F;) is the Gini coefficient of distribution F;. Thus, substituting, we
have:

AW = Z [% Wi(F) = Wi(G)] + ¢, [i(F) — ji,(G)]| -
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Since w; and (; are independent, W;(F) > W;(G) and j,(F') > j1,(G) are not
only sufficient but also necessary conditions for AW being not-negative. B
The functions W;(F') and fi,(F') could be considered as sequential Gini
based welfare indices and sequential averages of the total distribution. There-
fore, to every distribution partitioned into subgroups we could associate two
sets of n indicators: the set of inequality averse welfare indices W;(F'), and
those of the inequality neutral j,(F). In comparing subgroups where indi-
vidual incomes are equally distributed, W;(F') boils down to fi,(F'); when
incomes are unequally distributed, weighted averages of the Gini coefficients
of the distributions play a role. Adopting an extension of the equally dis-
tributed equivalent income approach to welfare measurement (adapted to the
situation involving the functions in ;) we may interpret W;(F') as

Wi(F) = [(F) (1 = Gi(F))

where G;(F) could be considered the sequential Gini coefficient of the dis-
tribution F evaluated at the i'" stage. Rearranging W;(F) and fi;(F) it is
immediate to derive

> gf ()T (F)
Gi(F) =1 . (12)
; q; u(F})

Therefore G;(F') is the Gini coefficient which, if common to all subgroups
with need index lower than 7, leads to the same level of sequential absolute
inequality. Notice that, because of the aggregation properties satisfied by
(1), in the inequality evaluation of the distribution of the first ¢ subgroups,
what is relevant is the existing inequality within each group and not the levels
of income: the between-group comparisons component of the overall inequal-
ity evaluation is eliminated. This is the reason why the relative deprivation
interpretation of the function in (1) seems to be the most promising: indi-
viduals compare themselves only within their reference group, therefore the
overall perception of inequality is confined to the within-group components.
Another interpretation of this behavior is provided in Peragine (1998) where
the Dual SWF specified over income distributions is applied for the pur-
pose of evaluating inequalities in terms of opportunities, following Roemer
(1998) approach, over populations partitioned into groups where individuals
are homogeneous in opportunities but not in incomes.
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2.2 Extensions

When two distributions cannot be ranked unanimously according to the pre-
vious criteria it is possible to refine these partial orderings adding further
restrictions on the set of weights. These restrictions could be associated to
extra normative properties of the original welfare criterion applied. If we
restrict our attention to within-group comparisons, the most natural addi-
tional requirement is the satisfaction of the property of transfer sensitivity.
Given the structure of the welfare ordering, the appropriate criterion to ap-
ply is the Principle of Positional Transfer Sensitivity (PPTS), discussed in
Mehran (1976), Kakwani (1980) and Zoli (1999). This requires that a small
transfer from a richer to a poorer individual, with a given proportion of the
population in between them, is valued more if it occurs at lower income lev-
els. In other words any Elementary Favorable Composite Positional Transfer
(EFCPT)" should not lead to a welfare loss.

Definition 2 (EFCPT) An Elementary Favorable Composite Posi-
tional Transfer (EFCPT) is a regressive and a progressive transfer both
of the amount 6 > 0, from a fraction dp of individuals at 100p™® percentile to
individuals at the 100(p + p)™*, and from individuals at 100g™ percentile to
individuals at the 100(q — p)th , where p >0, and p > q.

It is straightforward to check that in the present context PPTS is equiv-
alent to v/(p) > 0 Vi,p (see Mehran, 1976, see also Zoli, 1999). Given
property A, we can rewrite this condition as Z;L:l wj(p) >0 Vi, p,

When we extend our comparisons in order to add needs based inter-group
evaluations of the effects of the transfers, it seems plausible to require that:

Axiom 3 (Between Group Effectiveness of PPTS ) The welfare effect
of EFCPTs of the same kind (same 6, p, q, p) applied to different groups could
not be lower the higher is the needs level of the group.

More precisely, consider the impact on the social welfare of a EFCPT of
amount 6 > 0 involving individuals within the same group ¢, composed of
a regressive transfer from a tiny fraction dp of the population at the 100p™"
percentile to a fraction dp of individuals at the 100(p + p)™* percentile, and

15See Zoli (1997, 1999).
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a progressive transfer of the same amount involving fractions of poorer indi-
viduals, situated respectively at the 100(q+ p)™ and 100¢"" percentile, where
p=q+e, e >0. The impact of this transfer on W is:

Ai(g,p,p,6) = AW(q, p,6) — AiW(p, p,6) =
= —ovi(q+ p)dp + évi(q)dp + dvi(p + p)dp — dv;(p)dp =
= 6[(vilp+ p) —vi(p)) — (vilg + p) —vi(q))]dp > 0. (13)

Comparing this effect to that of a similar EFCPT involving individuals at
the same percentiles but belonging to group k > 4, and requiring a not higher
effectiveness of this second transfer, we get A;(q,p,p,0) — Ax(q,p,p,6) > 0
Yq,p, p, 0,1, k > i. Making explicit this condition and simplifying for ¢ and
dp it could be equivalently rewritten as

(vi(p+ p) = vi(p))—(vilg +p) —vi(q)) = (vr(p+ p) — v(p))—(vrlq + p)(;l?))k(Q)) :
which for small p becomes:

/

vi(p) — vilp — €) = vi(p) — vip — €). (15)
That is for small e, v/ (p) > v{(p) Vp, i, k > i, which together with the within
group PPTS property leads to the following condition
vi(p) > vl(p) >0 Vp,i k> i. (Property A2)
Adding property A, it becomes:
wi(p) >0 Vj=1,2.n ¥pel01]. (16)

We will consider the class of SWFs satisfying Properties A, A1, A2, and
denote this class ),. The following result suggests a normative justification
for a refinement of the sequential dominance conditions previously intro-
duced. As will be shown, G;(.) the Gini coefficients of every ordered subset
of the subgroups play an important role.

Proposition 3 Given two distributions F, G € F, W(F) > W(G) for
all SWFs in Y if and only if Zle ¥, (1) > 0 for any k = 1,2,..n and
Zle 7:(p) > 0 for any k = 1,2,..n and every p € [0,1], where 7;(p) =
IAGL2

19



Proof:
Sufficiency: Integrating by parts (8) we obtain

AW=:Z(§MNWﬂO+Z/ Q}wmfwmt@

p 1

=30 [ [ o )

0 0

Simplifying and substituting:

= Y (L) + [ SuterS om0
—Z@m( nm>

Jj=

Recalling that W;(1) = 327_,9;(1) = Y5, [ n(F) — afu(G;)] , and de-
noting T;(p) = > _;_, 7;(p), rearranging we obtain:

1

AW =3 ) T + [t Gip| 9

0

Since w;(p) > 0,wi(p) < 0,w!(p) > 0 Vi, p then ¥;(1) > 0 Vi and Y;(p) > 0
Vi, p are sufficient conditions for AW being non negative.

Necessity: see appendix B

These criteria are third degree inverse sequential stochastic dominance
conditions'®. They require a comparison of a sequence of weighted averages
of the curves associated to the third degree inverse stochastic dominance
condition of every subgroup, and a sequence of weighted averages of mean
incomes of every subgroup, that is fi,(F) > [1,(G) Vi (as defined in remark
1). Once we restrict the analysis to a single group the usual third degree
inverse stochastic dominance criterion and dominance in terms of means are

ISLambert and Ramos (2000) suggest a dual result related to the utilitarian framework.
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required. This result is consistent with that presented in Zoli (1999)'" con-
cerning comparisons of homogeneous populations.

The similarities with the results in Zoli (1999) simplify the analysis con-
cerning the normative significance of the family of indices G;(F') in (12) when
the second degree inverse sequential dominance conditions are not satisfied.

We will discuss only a specific case. All extensions follows from this case in
the similarly as done for the comparisons involving homogeneous populations
in Zoli (1999). Let

k
Ft,Ge ) milp) >0 VYpe[o,1],

i=1

represent third degree inverse sequential stochastic dominance of F' w.r.t. G
at stage k, while F' =%, G denotes overall third degree inverse sequential
stochastic dominance of F’ w.r.t. G i.e.

F>;§3G<:>F%133G for all k=1,2,.n.

We consider a situation in which there exists a stage k of the sequen-
tial comparison at which the curves 3% ¢*GLpr,(p) and Y25, ¢°GLc, (p)
intersect once, while for all remaining stages distribution F' dominates se-
quentially G, i.e. F >{2 G for all 7 # k, 7 = 1,2,..n . In this case it is
impossible to obtain unambiguous ranking if we consider all SWF's in ). If
we restrict the class of evaluation functions to SWFs in )», under some extra
conditions it is possible to reach an unanimous ranking.

The following definition introduces the ordering =% . It extends in an
appropriate way within the context of evaluation discussed in this paper the
definition of the leximin criterion g, considering leximin dominance of the
curves S2F | ¢;GL, at the stage k. Let AGLE(p) = S5, ¢FGLy (p), that
is the average generalized Lorenz curve of distribution F' for the stage k,
evaluated at the percentile p.

Definition 3 F - G if and only if there exists an interval (0, px) on which
AGLY(p) # AGLE(p) and AGL%(p) > AGLE(p).

This condition requires that the weighted averages of the incomes of the
poorest individuals in the first k& groups of F' is higher than that of the

17See Proposition 2 in Zoli (1999), see also Wang and Young (1998).
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poorest individuals in G. Of course if leximin is satisfied in every group then
=% holds. But =% is weaker than leximin for every group. It considers the
opportunity to compensate the negative differences in the incomes of the
poorest individuals in less needy groups with the advantages deriving from
the positive differences experienced in needier groups.

Proposition 4 If F =7 , G for all j # k, j = 1,2, .n, and if AGLY.(p) and
AGLE(p) cross once, i, (F) = ji,(G), and F =% G, then W (F) > W(G) for
all SWFs in Vs if and only if Gp(F) < Ge(G).

Proof: _ '
Notice that F' =7, G for all j # k, 7 = 1,2,..n, implies F' =’ ; G and
fu;(F) > j1;(G) for all j #k, j =1,2,..n. In order to have dominance for all

SWFs in Vs, according to Proposition 3, since fi,(F) = j1,(G), we need only
to check that [ AGLE(t)dt > [P AGLE(t)dt for all p, that is F' 3=* 5 G. No-

tice that fol AGLE®)dt =S¢ gF fol GLr,(p) = tjir, (1 — G(F)) . Therefore
Gr(F) < Gk(G) is a necessary condition for third degree sequential inverse
stochastic dominance at stage k. But it is also sufficient when F' =%, G.

If F % G at least the dominance is ensured for low values of p. Since the
curves AGLE (p) and AGLE,(p) intersect, Ti(p) = [§ [AGLE(t) — AGLE(t)] dt
reaches a maximum level, then decreases, reaching its minimum for p = 1.
But, given i, (F) = [1,(GQ), if Ge(F) < Gr(G) then T, (1) > 0 which ensures
the third degree sequential inverse stochastic dominance. W

The result could be easily extended to the case in which at each stage
AGL%(p) and AGLE(p) intersect once, the following remark states the condi-
tions for welfare dominance (the proof is omitted, it follows straightforwardly
from that of the previous proposition)!®

Remark 2 If AGLY(p) and AGLE(p) cross once, ji,(F) = ji,(G), and
F =% G, for all k = 1,2,.n then W(F) > W(G) for all SWFs in Y, if
and only if Gp(F) < Gp(G) for allk =1,2,..n .

Extension to multiple intersections of AGL*(p) curves could be derived
analogously at what done for the homogeneous population comparisons in
Zoli (1999). In which case the welfare dominance condition will require com-
parisons of Gi(.) indices of the subsets of population in each group.

18See Dardanoni and Lambert (1988) for a dual result related to the utilitarian approach
applied within homogeneous populations.
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3 Relative deprivation indices

As introduced in the previous section, the relative deprivation evaluation
framework seems an interesting context in which to provide interpretations
for the welfare representation in (1).

A generalization of the framework introduced in Hey and Lambert (1980)
for applying the relative deprivation approach to the measurement of welfare
and inequality is discussed. The perception of deprivation felt by each indi-
vidual is represented through an “envy factor” which decreases proportion-
ately the utility of each individual according to the gap (or some increasing
transformation of it) between the income of wealthier subjects and his/her
income. The envy parameter is not restricted to be constant as in Hey and
Lambert (1980), in order to capture the concept of relativities of deprivation
it is suggested to be a function of the ranking of the individual within the
income scale in his/her reference group, depending on how many individuals
within the reference group are richer, poorer or have his/her level of income.

3.1 Introduction

In his seminal paper Yitzhaki (1979) provides a quantification of the con-
cept of relative deprivation introduced by Runciman (1966). Runciman’s
definition of relative deprivation states:

“We can roughly say that (a person) is relatively deprived of X when (i)
he does not have X, (ii) he sees some other person or persons, which may
include himself at some previous or expected time, as having X (whether or
not that is or will be in fact the case), (iii) he wants X, and (iv) he sees it as
feasible that he should have it.” (1966, p.10).

From (ii) and (iv) the relativity part of the concept is evident, that is
individuals compare themselves with other persons perceived similar to them
according to some criteria, and they evaluate their position relatively to
the economic conditions of these reference individuals. Points (i), and (iii)
provide an idea of the concept of deprivation. An individual perceives to
be deprived if someone else has access to resources which he/she considers
useful while he/she does not have access to them.

The relevant aspects therefore become, the identification of the reference
group, that is the subset of individuals within which the subject confines his
comparisons, and the identification of what is considered the object of the
deprivation, that is what is considered to be within X.
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In other terms, following the terminology applied in the context of the
theories of distributive justice, we have to specify which are the ethically
relevant individual characteristics, and what are the relevant objects to con-
sider.!?

In the original contribution of Yitzhaki (1979) and in the comment of
Hey and Lambert (1980), homogeneous individuals make their comparisons
in terms of income. The deprivation felt by an individual is quantified as the
average of all the positive income gaps evaluated with respect to his/her in-
come comparing the incomes of richer individuals within the reference group.
Additive aggregation of all individual deprivation indices leads to the abso-
lute Gini coefficient.

This simple but appealing approach leaves open some questions. At first
stage it is not clear why should an income gap of the same extent contribute
in the same way to the deprivation perception of individuals with different
incomes: different intensity of deprivation is not allowed between individu-
als with different incomes. Moreover, the simple additive aggregation rule is
deprivation inequality neutral, that is any individual level of deprivation is
treated in the same way irrespective of its extent. Notice that even if the
total deprivation is insensitive with respect to the differences in the indi-
vidual deprivation indices, it is inequality averse if we consider the income
distribution, indeed the aggregate index obtained by Yitzhaki is an inequal-
ity index.?’ Furthermore, the question of how to evaluate deprivation over
distributions comprising different reference groups is still open.

The scope of this section is to introduce a class of indices of aggregate
deprivation and satisfaction, which could be interpreted as obtained through
additive aggregation of individual deprivation indices, as in Hey and Lambert
(1980), which depend on the ranking of the individuals within the reference
group as well as on the average income gaps. These indices exhibit, for a
given average income gap, sensitivity to changes in the income ranking due
to changes in income of the individual considered. The framework of analy-
sis is made also sufficiently general to allow for evaluations over distributions
containing multiple reference groups. As a result we will show that the SWF
in (1) could be interpreted as a special case of the indices of aggregate depri-
vation (or satisfaction depending on the assumption on the weight functions)

90n the connections between deprivation and welfare analysis see Yitzhaki (1982).

20These aspects has been considered in Yitzhaki (1982), Chakravarty and Chakraborty
(1984), Paul (1991), Chakravarty and Chattopadhyay (1994) and Ebert and Moyes (1998).
See also Chakravarty (1990) for a survey of ethically based deprivation indices.
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discussed in this section. Moreover, basic assumptions on the relation ex-
isting between envy parameters of individuals belonging to different groups
will allow to obtain sequential satisfaction (and deprivation) criteria involv-
ing the use of Generalized Satisfaction Curves introduced by Chakravarty
(1997) or respectively Relative Deprivation Curves of Kakwani (1984).

3.2 Notation, axioms and results

We will consider a set of individuals S = {1,2,..m} . The m"" dimensional in-
come profile is given by y € Y™, where the income of individual % is denoted
yx- The population is partitioned into n non overlapping and exhaustive refer-
ence groups S°, 1 € N = {1,2,..n} (N denotes the set of all types of reference
groups) that is U;S" = S,8'NS* = () Vi,i € N;if n =1 then S* = S. All
reference subgroups are supposed to be closed, that is all deprivation cross
comparisons are made within the reference group, or, in other terms, there
is no pair a, b of individuals such that a is in the reference group of b but b is
not in that of a. The index associated to the reference group may denote a
set of common characteristics of the individuals, it could depend for instance
on the ranking of needs within the population, on geographical locations, or
income classes. In general it may depend on a partition based on variables
considered ethically relevant for the measurement problem. We suppose that
the set of reference group is exogenously determined, that is, there exist
predefined rules specifying the groups, these rules are independent from the
population to which they are applied, it could therefore happen that for some
populations some reference groups are empty.

The index of individual deprivation is di(y) > 0 which represents the
individual deprivation of person k, belonging to set i, evaluated over y. We
will follows the suggestion of Hey and Lambert (1980) and consider individ-
ual deprivation as the aggregation of the feeling of deprivation felt by one
individual with respect to all the other individuals belonging to the reference
group. In this case d(y) = d.(y") that is individual deprivation is not af-
fected by changes in the incomes distribution outside the reference group?'.

2In order to evaluate the individual deprivation the only relevant information is em-
bodied into the income distribution of the reference group, any change in the distribution
of incomes of other groups is not relevant. Even the identity of the individuals belonging
to the reference group is not relevant, as long as they share the same relevant character-
istics, in other terms, individuals are considered in an anonymous way except from what
concerns their income and the ethically relevant characteristics. Moreover, the perception
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We denote _ , ; , _

i ooy — ) Vi Tk U Yi > Yi

L) ={ gouzy (20)
the deprivation felt by individual & w.r.t. individual j within the same ref-
erence group 4.

Total deprivation felt by an individual is evaluated as the average of cross
individual deprivation comparisons®, d(y) = 7= > cq di;(y). Following
Yitzhaki (1979) and Hey and Lambert (1980) we define the absolute level
of individual relative satisfaction s(y) as the complement with respect to
maximal deprivation of d;(y), that is si(y) = u(y’) — di(y), where u(y*)
is the average income within the group ¢, but also measures the maximal
possible deprivation felt within the group, that is the feeling of deprivation
experienced by the poorest individual with no income.

According to the procedure suggested in Hey and Lambert (1980) we ag-
gregate linearly the individual deprivation indices in order to derive a refer-
ence group index of deprivation (or satisfaction). Instead of simply averaging
di (y) we apply a rank-dependent aggregating function, where weights depend
on the ranking within the individual deprivation distribution or equivalently
within the income distribution?®. For convenience suppose that individuals
are ranked in ascending order within a reference group 1, 0 < yzk) < yzk +1) S
yémi). At each position j is associated a weight a'(j, m;) > 0 which depends
on the size of the group, and is independent from the income distribution,
moreover a‘(7,m;) could, in general, be different between groups. In order
to represent the weights directly as a function of the number of individuals
poorer and with the same income as j, following Donaldson and Weymark
(1980) we define A*(j,m;) = > _7_,a'(k,m;), where a’(0,m;) is set by defini-
tion equal 0. It follows a’(k, m;) = A*(k,m;) — A*(k — 1, m;). From which we

of individual deprivation is independent from changes in incomes of individuals not richer
than the one considered.

22Ebert and Moyes (1998) provide an axiomatic characterization of this index of individ-
ual deprivation. Chakravarty and Chattopadhyay (1994) suggest an alternative individual
deprivation index. For a general discussion of deprivation indices see Chakravarty (1990).

2 Duclos (2000) and Duclos and Grégoire (1999) consider a similar approach using S-Gini
aggregating functions. Chakravarty and Chakraborty (1984), Berrebi and Silber (1985)
and Paul (1991) consider different aggregation function. Chakravarty and Mukherjee
(1999) derives relative and absolute measures of deprivation making use of general social
satisfaction functions depending on individual indices of satisfaction.
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represent total deprivation within group ¢ as

Diy) =Y [Ailkm) — Ak~ Lm)] dy(y),  (21)
where dz('k) (y) is the deprivation felt by the individual ranked k within the
illfare ranked permutation of the deprivation indices (or equivalently of the
incomes). Total satisfaction S*(y*) is obtained substituting s{; (y) to d{;,(y),
where sz('k) (y) is ranked according to illfare ranked income permutation.

The weighting function a’(j,m;) could also be considered, if we concen-
trate on deprivation evaluations, as an “envy coefficient” of the individual
with position j within the reference group i of size m;. That is a coeffi-
cient which measures the extent to which for a given average income gap a
change in the income ranking could affect the deprivation felt by an individ-
ual?*. The procedure is consistent whenever all incomes are different, or if
a'(j,m;) = b'(m;) that is, the weight is independent from the income position
of the individual. Otherwise, individuals with the same income but ranked
differently within the income scale face different weights. In order to satisfy
the anonymity condition requiring that individuals belonging to the same
reference group and with identical income feel the same level of deprivation,
we could attach them the average weight of all individuals with identical in-
comes. That is, suppose that ¢ individuals have the same income level, then
yék) = yék_l) = .. = yék_e .1y, therefore according to the suggested specifica-
tion of the weights a'(k,m;) = .. =a'(k —{ + 1,m;) = %Z§=k76+1 a'(j,m;),
where if ¢ = 1, that is yz,’c—l) < Y < Yikr1) We have a'(k,m;) = a'(k,m;).
It follows a'(k,m;) = V*'(k,m;) — V*(k — 1,m;), if £ = 1, and in general

The individual feeling of deprivation could therefore depend on the sum
of cross income comparisons and on a weight 3 [Vi(k,m;) — Vi(k — €, m;)]
depending on the size of the reference group population. That is we can
redefine cross individuals deprivation as

i (y) = e'(mi, Ly, BL) [y5) — v if  j>k
WY o0 if  j<k

24For instance, consider two income profiles where the same individual faces two identical
distributions of incomes higher than his/her own, but two different distributions of poorer
incomes within his/her reference group. When he/she compares him/herself with all richer
individuals he/she may feel deprived, but the fact of being placed in a different position
in the income ranking may play an effect in his/her evaluation.
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where £'(.) = a'(k,m;) is the function determining the envy coefficient and
L; and Ej, are respectively the number of individuals within the reference
group whose income is lower or equal than that of the individual consid-
ered. Personal total deprivation d.(y) will be therefore the sum of the cross
deprivation comparisons

d(y) = dij(y) = > &(mi, Li, B) ly; — il

jesi Yi>Yk

that is d(y) = Eik (VYL + Ep,m;) — V(L m;)] D ysu (Y5 — Y), after we
have rewritten e*(m;, L%, E}) as Eii (Vi(Li + E,m;) — V*(Li, m;)] . The main
result in this section will be obtained imposing conditions linking the £%(.)s
of individuals within different groups.

We consider now the aggregation procedure leading to an overall societal
deprivation index D(y) > 0 evaluated over a generic population exhaustively
partitioned into a set of non-overlapping and closed subgroups.

We restrict our attention to individualistic, monotonic deprivation (satis-
faction) function that is, D(y) is an increasing function of all individual de-
privation indices d.(y), and therefore of all group deprivation indices D*(y*).
We make the simplifying assumption that

e the deprivation (satisfaction) evaluated over a set of closed reference
subgroups is represented as a additive function of the deprivation levels
of the individuals belonging to each group aggregated according to D'(y")
(or S'(y")) ; each function C'(.) > 0, evaluating the group deprivation
(satisfaction) contribution to overall deprivation (satisfaction), could
depend on the group considered and possibly on the sizes of all reference
groups.

The additivity condition imposed is more general than the usual ones
because it allows for group evaluations conditional on the size of all reference
groups. The reason for this simplifying choice is that a more general approach
will go outside of the scope of this paragraph, moreover it is likely that
opportune independence properties applied in a more general context will
play a similar role in restricting the class of aggregation rules?”. Moreover,

25Nevertheless even in this simplified framework the degree of generality we can reach in
representing overall deprivation is to some extent higher than what is obtainable following
the usual approaches to measurement of total deprivation.
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the imposition of few properties on D*(y) will make clear the link between the
aggregate deprivation and satisfaction indices and the welfare representations
in (1). Notice that we require the aggregating function C(.) being the same
for deprivation and satisfaction indices.

According to the initial definition of aggregate deprivation we can write
it as:

D(Y) = Z CZ(DZ(Y)a mi,ma, "mn)a (22)

where C*(D'(y); m1, msa,..m,,) > 0 is the function transforming the group de-
privation D(y) within the aggregate evaluation, with C* = 0 if m; = 0. The
function C' is supposed to depend on the group i in order to allow for differ-
ent social considerations of the deprivation felt within each group, and also
to depend on the distribution of sizes of all reference groups, being therefore
sensitive to composition of the society in terms of groups. The deprivation
felt by individuals belonging to needier groups could, for instance, receive a
higher weight in the aggregation procedure. Moreover, for political reasons
the policy maker could be interested in reducing the deprivation felt within
groups containing larger shares of the population, therefore implying higher
concern for these groups’ deprivation level in the aggregation procedure.

We will impose on (22) only two axioms specified in terms of changes
in the distribution y, without considering directly the distribution of the
individual deprivation indices.

We suppose that deprivation (satisfaction) is evaluated in terms of real
incomes, or, in general that there exists agreement on the unit of measure.
If this is the case, scaling the income distribution is assumed to correspond
to a proportional scaling of the individual deprivation d;(y), and, given the
specification of D*(y) also of group deprivation, what we require is also total
deprivation (and satisfaction) being scaled proportionally.

Axiom 4 (LH: Linear Homogeneity) D(\y) = AD(y) & S(\y) = \S(y),
Vy €Y, and A > 0.

LH imposes that total deprivation should act in the same way as individ-

ual deprivation to the scaling of incomes?.

26 H is a restrictive condition, not all indices suggested in the literature are linearly
homogeneous, Yitzhaki (1979) and Hey and Lambert (1980) indices satisfy LH as well
as indices in Chakravarty and Chakraborty (1984), Berrebi and Silber (1985) and in
Chakravarty and Mukherjee (1999).
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While LH provides a normative judgement of how deprivation should be
evaluated when incomes are scaled, the next axiom provides a judgement on
how deprivation (satisfaction) perception should change if we replicate the
initial distribution. We consider a situation in which the whole population
is replicated r times. Fach person therefore compares him/herself with a
larger set of reference individuals: an r times replication of individuals dif-
ferent from him/her and r — 1 individuals similar to him/her in all respects.
While total deprivation (satisfaction) is aggregated across the new replicated
population. The change in the deprivation (satisfaction) felt is supposed to
depend to some extent on the replication parameter r according to a function
o(r). |

Let y, be the r times replication of distribution y, and S; the r times
replication of S* where r € I, (I, is the set of positive integers: 1,2,3,...).
Notice: y; = y. The replicated individuals are supposed to be identical in
all respects to the original ones. Moreover, the function ¢(.) is defined weakly
monotonic if it is either non decreasing or non increasing, that is iff either
" >r— o) > ¢(r), or v’ >r — ¢(r') < ¢(r) for all ', r belonging to the
domain of ¢(.).

Axiom 5 (PR: Population Replication) There exists a weakly monotonic
function ¢ : 1y =10, o0, such that D(y,) = ¢(r)D(y) (& S(y») = ¢(r)S(y)),
VyeY and Vr € 1.

The replication axiom is weaker than the usual one applied in variable
population comparisons, in that the function ¢(r) is not specified. The only
requirement is an unconstrained positive multiplicative size effect of the repli-
cation parameter, and weak monotonicity of the function. The intuition be-
hind this latter restriction is that there is no reason for changes in trends of
the evaluation as the number of replications increase. Notice that the usual
replication invariance property requires ¢(r) = 1.

Although the indices d.(y) and si(y) are replication invariant the ag-
gregating procedure does not ensure that group and population deprivation
indices are.

If we require deprivation and satisfaction social indices being invariant
with respect to replication of the population, then A*(k,m;) should be ex-
pressed as a function of the relative position of the individuals in the income
scale, i.e. A'(k,m;) = V'(k/m,).

The following proposition introduces the class of aggregate indices in (22)
consistent with LH and PR. Let I, the set of positive integers, Z, the set of
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positive rationals considering also zero, Z is the n-th fold Cartesian product
of Z,,and Z, = {zx € Z; : 0 < x < 1}. Moreover, let M" = {m € I'} /0},
denote 2" = {q € 7" /0}, while Z' = {q € Z" : ), ¢ = 1} the set of all
vectors in Z™ whose elements sum to 1.

Proposition 5 D(y) and S(y) in (22) satisfy LH and PR if and only if
there exist not-decreasing functions H' : Z}* — Ry, V' : Z; — R, and
constant o € R such that

Dly) = S Hilapms Y [VV/mi) = Vil = 1)/my)] digy(y).
and similarly
S(y) =D Hi@me 3o [VVlk/m) = V(= 1)/m)] sipy(y).

Proof: See appendix.

An interesting insight from this result is given by Lemma 5 in the ap-
pendix, where it is shown that the general Population Replication condition
specifies ¢(r) = r*, a € R, from where the final aggregate evaluation depends
on mg*. This result could provide a new starting point of discussion for ana-
lyzing social evaluations made over variable population size distributions®’.

We now highlight the similarities between the suggested deprivation (sat-
isfaction) indices and those introduced in (1). If we consider F;(y) the cu-
mulative distribution of group i, and F(y) the whole population distribution
(both with support 0, 00), then the individual deprivation dz('k) (y) in (20) as-
sociated to the individual with income y belonging to the reference group ¢

27Blackorby and Donaldson (1984) show that under weak conditions the index of total
welfare of a distribution is separable between the welfare of a representative individual
(which is population size independent) and the size of the distribution. The population
replication tnvariance conditions, usually applied within the context of inequality, welfare
and poverty measurement rule out any role for the size of the distribution. From Lemma
5 we know that the generalization of this property is parameterized by «. An equivalent
of Blackorby and Donaldson’s (1984) result satisfying the generalized version of the repli-
cation principle could provide a multiplicative specification of the separable function they
suggested. The aggregate welfare could be represented as the product of the representative
individual welfare times m®, a € R, where m is the size of the distribution. For a = 0, the
usual result connected to the Population Replication Invariance condition holds, while for
a = 1 we get evaluations based on the total amount of welfare distributed.
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S = [ @) sy
y
or alternatively

&@szf@—ﬁwmﬁ

where p = Fj(y) = k/m;, and F; '(p) is the usual left continuous inverse
distribution function of F}, while 6% (p) is the deprivation felt by the portion
of population at the 100p™ percentile of group 7 income distribution.

Letting V*(k/m;) = fok/ " vi(p)dp, and considering &% (p), then aggregate
deprivation is given by

D(F) = S am | o) w)dp, (23)

which could be rearranged such that:

Proposition 6 The social deprivation index in (23) is

D(F) = Y- @ [ @) gy 29

where w;(p) = [ vi(t)dt — vi(p)(1 — p).

See appendix for the proof.

Notice that fol w;(p)dp = 0 for all i = 1,2, ..n. This result is consistent
with our expectations, if incomes approach the equal distribution then depri-
vation disappears: in this case fol w;(p)F,* (p)dp tends to fol @, (p)p(Ey)dp =
w(F;) fol w;(p)dp = 0. D(F') could therefore be considered as a linear transfor-
mation of the linear inequality measures investigated in Mehran (1976) where
the deprivation within each subgroup is aggregated through a weighted av-
erage where weights depend on the shares of population in each subgroup
transformed according to the functions H’(.), and the total population in
each group whose contribution depends on the population replication coeffi-
cient a.

The function D(F') in (24) could be interpreted as the needs based de-
privation function associated to W (F') in (1). The original function in (1)
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is generalized in order to include an extra weighting factor H* (q) m¢. All
results concerning sequential inverse stochastic dominance could be appro-
priately rearranged in order to obtain the set of deprivation partial orderings
associated to D(F) once we consider 6" = H’ (q) m¢ instead of the popula-
tion shares of each group, and define properties equivalent to A, Al, and A2
taking into account that fol w;(p)dp = 0.%®

Furthermore if we consider the satisfaction index

S() =08 [ (R — e pldp

associated to D(F') the similarity with W(F') is even more evident. The
satisfaction orderings could be obtained substituting to &%(p) the individual
average satisfaction index, or alternatively as the complement to the aver-
age income of a reference group of the overall group deprivation?”. When
deprivation is maximal D;(F’) reaches the average income level (once it is
evaluated considering only the income distances between individuals), aver-
age income is the highest equally distributed equivalent level of satisfaction
in the absence of deprivation. But, what is the appropriate maximum level of
satisfaction if we weight all incomes using w;(p)? Is it reasonable to consider
the same indicator of total satisfaction for all reference groups if we extend
the analysis to populations partitioned into various closed groups?

Consider the average deprivation indicator D;(F) = fol wi(p)F, *(p)dp
associated to group i, integrating it by parts we get

DF) = () fm) ~ [ i) tprin

where L;(p) is the Lorenz curve of group i. When there is complete inequality
the deprivation reaches its maximum level. Notice that if this is the case,
L;(p) tends to zero for all p € [0,1), therefore the weighted integral of L;(p)
also tends to zero. It follows that max D;(F') = pu(F;)w;(1). Therefore if we
require average satisfaction to go to 0 in this extreme case we obtain the

28The function simplifies to (1) once we consider o = 0, that is, we suppose that de-
privation satisfies the Population Replication Invariance Condition. Moreover, we need to
let H'(q) = ¢;. That is eliminate any distributive concern from H* which is independent
from any movement of population shares between groups other than i, and evaluates each
group contribution in an anonymous way, without discriminating between groups.

29Gee Yitzhaki (1979, 1982). See also Chakravarty and Mukherjee (1999).
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upper bound for satisfaction. It follows that S;(F'), the average satisfaction
for group i, could be quantified as

S/(F) = u(F)w,(1) - D,(F)

If income is equally distributed, there is no deprivation and S;(F) = p(F;)w;(1).

Notice that for the Yitzhaki (1979) index w;(p) = (2p — 1), therefore
w;(1) =1 and consistently S;(F) = u(F;) — D;(F).

Following the Yitzhaki (1979) and Hey and Lambert (1980) procedure
for deriving aggregate satisfaction from additive aggregation of individual
levels, it could be checked that the S;(F') formula mtroduced could be de-
rived aggregatlng the 1nd1v1dual satlsfactlons that is S;(F fo vi(p p)dp
where o’ (p) = u(F;) — = [V E N t)dt+ (1 p)F[ ( ). This formula is
obtained subtracting from 1 (F )

)

obtained in (62),where the term within brackets is the Kakwani Relative
Deprivation Curve (see Kakwani, 1984 and Chakravarty, Chattopadhyay
and Majumdar, 1995), defined for deprivation orderings which are invariant
w.r.t. income scaling.

Summarizing, within our context

&@ZM@DO—&®—O—M

Awmzécmm—m@wf@@

) — ( )), in terms of the original weighting param-
f t)dt + v;(p)(1 — p), and the total satisfaction is

ZZfA%@EWW (25)

where ;(1) = 0 Vi (that is Property A* is satisfied). For all other properties
A, A1, A2 it is possible to provide restrictions on v;(p). Notice that if v;(p) =
v, Vi then

Letting ¢;(p) = ( i(1
eters we get p,(p) =

given by

= D07 [u(F) (1= T(F))]
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which represents the class of rank-dependent evaluation functions with linear
weights (with the additional requirement ¢,(1) = 0 Vi) discussed in remark
1.

Finally we highlight that the dominance conditions obtained in the first
paragraph are built on the characterization of (1) in terms of transfers sat-
isfying the Principle of Transfers and its Positional sensitivity extension. It
is not surprising therefore that all criteria obtained are specified in terms of
curves associated to the inverse stochastic dominance conditions of different
degrees. The analogies between the representation in (1) and relative satis-
faction orderings make more plausible the specification of criteria based on
comparisons involving the Generalized Satisfaction Curves (see Chakravarty,
1997)

GSC(F;,p) = GLi(p) + (1 —p)F; *(p)

obtained considering the satisfaction counterpart of the Kakwani Relative
Deprivation Curve. The partial ordering associated to such curves is less
fine than that associated to generalized Lorenz curves, which is therefore
implied by the first. Chakravarty, Chattopadhyay and Majumdar (1995)
show that the ranking associated to relative deprivation curves is consistent
with a sequence of progressive transfers satisfying an additional restriction,
namely that the transfer made by an individual (with negative sign if the
individual is the recipient) should be lower than the average transfers of the
richer individuals.

Coming back to the interpretation of individual deprivation weighted ac-
cording to the “envy parameter”, notice that for the individual whose income
is ranked %k within subgroup 4, the envy coefficient a’(k, m;) previously dis-
cussed is given by % f(ifg Jmy Vi (p)dp > 0. In what follows we simply suppose
that the envy coefficient 1s positively related to the level of needs of the in-
dividual independently from his/her position in the income ranking and the
size of the population in the group.

Axiom 6 (Needs based Positional Envy) v;(p) > v 1(p) for all p,i.

That is v;(p) satisfies Property A. At a given percentile of the income
distribution, the envy factor is higher the higher is le level of needs of the
associated portion of the population.

Denote with S the set of satisfaction indices S(F’) satisfying the above
property, and suppose, with analogy to the results in the previous section,
that we restrict 87 = ¢!, it follows:
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Proposition 7 Given two distributions F, G € F, S(F) > S(G) for all
Satisfaction indices in S if and only if

k
> [dF GSC(F, p) — ¢°GSC(Gi,p)] > 0

i=1
for any k =1,2,...n and every p € [0, 1].

Proof:

Consider AS = S(F) — S(G) according to the satisfaction index in (25)

the change in satisfaction could be written as it could be written as ¢;(p)
fpl v;(t)dt + v;(p)(1 — p), and the total satisfaction is given by

as =3 { [ ([ wto+ w0 =) 0 =6 )

denoting, as in Proposition 1, ¢;(p) = ¢ F, ' (p) — ¢9G; " (p) we can rewrite

K3 2

AS = Z {/ (/ )dt) ¢¢(P)dp+/01 vi(p)(1 —p)qﬁi(p)dp}-

Integrating by parts, fol (fp i(t )dt> o;(p)dp = fo vi(p) [y ¢:(t)dtdp, it fol-

lows
A5 = Z {/ ¥;(p) + (1 — p)¢;(p)] dp} : (26)

Notice that ¥,(p) + (1 — p)é;(p) = ¢ GSC(F;, p) — ¢ GSC(Gi,p), Which we
will denote as satisfaction gap AS;(p), then AS = >7" | fo vi(p
Since v;(p) satisfies Property A, substituting for v;(p) = >
rearranging we have, as in proof of Proposition 1:

AS = / é (wi(p) iASj(p)) dp

i=1

w] (p), and

] =1

Then, since w;(p) > 0Vi,p, the condition Z;Zl AS;(p) > 0 for any i =
1,2, ..n is sufficient for AW being non-negative.
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The necessity part follows from the proof of Proposition 1 once we sub-
stitute AS;(p) for ¢,(p). A

We have therefore obtained a sequential dominance result in terms of
combinations of Generalized Satisfaction Curves.

The dominance condition in terms of satisfaction indices is a combination
of the sequential inverse dominance conditions. Let Xx(p) = Zle AS;(p),

Ui(p) = Z;ﬂzl ¥;(p) and @4 (p) = Z?Zl ¢;(p), then the sequential satisfaction
condition is X (p ) >0 < Ui(p) + (1 — p)Pr(p) > 0, from which, given the
definitions of W (p fo O, (t)dt, follows ®x(p) > 0 = Xi(p) > 0 = Vi(p) >
0 which provide the degree of fineness of the sequential ordering associated.

Suppose now that the envy coefficient v;(p) is decreasing with respect to
the position of the individual within the income ranking, that is for a given
level of interpersonal income gap comparisons the perception of deprivation is
decreasing with the position in the income ranking. Furthermore we suppose
that the way in which deprivation changes between groups is such that a
movement within the income scale for a given level of interpersonal income
gaps has a bigger effect the needier is the group. This property leads to a
characterization of the envy weight equivalent to that in Property Al, that
is wi(p) < 0. We can apply the result in Proposition 2 in order to get the
satisfaction ordering obeying the above condition.

It follows that S(F) > S(G) for all Satisfaction indices in S satisfying
wi(p) < 0 Vp,i if and only if

k p
> / FGSC(F;,t) — ¢f GSC(G,t)] dt > 0
i=1

0

for any k = 1,2,...n and every p € [0,1].

According to our definition [} AS;(t)dt = fo +(1— t)qﬁ (t)dt, Which
applying integration by parts leads to JTAS (t)dt = 2 [ (t)dt + (
p);(p), from which

Z/;th)dH(

which is an averaged condition between second and third degree sequential
inverse dominance introduced in Propositions 2 and 3. Notice that, when we
consider comparisons of satisfaction orderings over a single reference group

=2 [n<p>+ 2| 2 0

i=1
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the condition boils down to combinations of standard second and third degree
inverse stochastic dominance, once we consider the set of all positive and non-
increasing envy parameters.

All the previous results could easily be extended to deprivation com-
parisons simply recalling that D;(F) = p(F;)w;(1) — S;(F) and therefore
realizing that AD = D(G) —D(F) = Y"1, [¢€1(G:) — ¢F n(Fy)] @w4(1) + AS,

or in other terms

AD = 2 (— /0 1 vz-(t)dt) /0 6.(0)dp + AS.

After substituting from (26) and rearranging we get

an- [ S um ) - ) - (- P ) d

It follows that for all deprivation indices satisfying Property A AD > 0 iff
Zf:l [13(1) = ;(p) — (1 — p);(p)] < 0 for all p and k. But ¢;(1) — ;(p) —
(1=p)¢;(p) = ¢ 11 (F;) RDC(F;, p) — ¢ 11 (Gs) RDC(G}, p) where RSC(F;, p)
is the Kakwani Relative Deprivation Curve evaluated at percentile p of group
. That is the dominance condition requires sequential comparisons of the
averaged absolute versions of the RDCs

k

> " [af 1 (Fy) RDC(F;, p) — ¢ 1 (G5) RDC(Gy, p)] < 0.

i=1

Notice that RDC(F;,p) < RDC(G;,p) for all p is the dominance condition

of distribution F} over G; in terms of relative deprivation 3°.

4 Rank-dependent poverty measurement

Within the context of poverty measurement two classes of indices play a
major role. The first is the additively decomposable class of indices which
aggregate additively individual indicators of poverty, that is functions de-
fined over individual incomes and poverty lines. The other class comprises
the rank-dependent indices associate to the poverty line z, where either the

30See Chakravarty, Chattopadhyay and Majumdar (1995).
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incomes of poor individuals (Sen, 1976) or censored incomes z;* = min (z;, 2)
(Chakravarty, 1983) or poverty gaps both absolute §; = z — 7, and relative
9: = §i/z (Shorrocks, 1995, 1998), are aggregated as weighted averages where
the weights depend on their ranking either within the population of the poor
individuals or the whole population.®!

Some partial ranking criteria, which are consistent with unanimous eval-
uation for a large set of indices, are available in the poverty measurement
context. The most relevant are those associated to the curves aggregating
the poverty gaps at each percentile of the population starting from the poor-
est individuals, (Spencer and Fisher, 1992, Shorrocks, 1998 and Jenkins and
Lambert, 1997). Unfortunately the class of indices in Sen (1976) is not in-
cluded within the set of indices whose ranking is consistent with the one
induced by these curves.

Moreover, attempts have been made in order to specify criteria consis-
tent with poverty dominance for a wide range of poverty lines, (Atkinson
1987, Foster and Shorrocks, 1988,a,b,c, Zheng, 1999). All these criteria are
associated to poverty dominance according to the additively decomposable
indices.

Recently some attempts have been made also to incorporate, within the
poverty evaluation, judgements concerning differences in needs (Atkinson,
1992, Jenkins and Lambert, 1993 and Chambaz and Maurin, 1998). Even
in this case the results available concern poverty dominance associated to
additively decomposable poverty indices.

It seems therefore interesting, or at least theoretically challenging, to
provide some results concerning rank-dependent poverty indices. In what
follows we will discuss the connections between welfare dominance associated
to either the Yaari SWF or needs based welfare functions in (1) and poverty
dominance for classes of rank-dependent poverty indices.

The next subsection we will discuss dominance conditions, for given poverty
lines, associated to a class of indices generalizing the Sen index. It will fol-
low an extension to the class of revised Sen indices suggested by Shorrocks
(1995). Finally a possible implication of the results introduced in the initial
section of the paper, for needs based poverty dominance associated to rank-
dependent indices is discussed. All results specify dominance criteria related
to transformations of the income gap curves.

31 For surveys on poverty measurement see among others Sen (1973), Foster (1984), Seidl
(1988), Chakravarty (1990) and Zheng (1998).
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4.1 Generalized Sen indices

Let F'(x) the income distribution function with density f(x), denote by Fi(.)
the distribution of income of poor individuals according to the poverty line z,
that is Fp(.)(z) = F(x)/F(2),if x < 2, Fp(;)(x) = 1if 2 > 2. The asymptotic
version of Sen’s poverty index P(F, z) can be written

P(F,2) = 2/: e {1 _ ?Eg] F(@)da,

or equivalently, rearranging
P(F,z) = H(F,z) [I(F,z)+ (1= I(F,2)(Fp)] =

= H(F,Z) ll— @ [1—F(FF(2))}] .

Where H(F,z) = F(z) is the Head count ratio, the proportion of poor indi-
viduals within the society, I(F) = [z — u(Fr(2))] /z is the Income gap ratio,
the average income gap (relative) for the distribution of poor individuals,
and I'(Flp(;)) is the Gini coefficient evaluated over the distribution of poor in-
dividuals. As noticed by Clark et al. (1981) the Sen index could be rewritten
as a function of the Gini coefficient of the distribution of the poverty gaps.
Let

Ip(p) = |2 = Fpey (L= p)| /2,

be the right continuous inverse distribution of the (relative) poverty gaps of
distribution F' conditional on poverty line z, where Il (g) = 1 — Fp(,)(2(1 —
g)) is the cumulative distribution function of the poverty gap g. Notice that
the ranking of the poverty gaps (in terms of percentiles) is the complement
to 1 of the ranking of the incomes of poor individuals. It follows:

P(F,z)=H(F,2)I(F,z)[1+T'(Ilg,)]. (27)

Kakwani (1980) provided a parametrized version of P(F,z) which could be
connected to the class of Extended Gini indices??,

Py(F,2) = (0 + 1)/; rf(x)dx, 0> 0.

32See Donaldson and Weymark (1980, 1983) and Yitzhaki (1983).

S [1_F(a:)
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Moving from incomes to percentiles p = Fp(;)(z) in considering the integra-
tion variable, the index could be rewritten as

}MRZ%:F@ﬂ0+n/diZE@£Q

0 z

[1—pl’ dp, 0>0.  (28)

Denoting H;}z (p) =5(p) = FF+)@) = H}}Z(l—p), so that H}}z (p) is the left

continuous inverse distribution of the poverty gap ranked in reverse order,
that is the poverty gap is not increasing in p, it follows that Py(F,z) =
F(2)Zy(If.), that is, the Kakwani poverty index is obtained multiplying
by the Head count ratio the welfare function associated to the extended
Gini index of the distribution of the poverty gaps ranked in reverse order.
Similarly, if we consider the distribution of poverty gaps, we have instead:

R(F2) = FE)6+1) [ Towd, 020, @)

which is F(z) times the welfare function Zy(IIx.) associated to the ex-
tended Gini index of the illfare ranked permuted distribution of poor in-
comes introduced in Donaldson and Weymark (1980, 1983)%3. For 6 = 1,

the index becomes Pi(F,z) = H(F,z2)I(F,z) [1 - fl(HRZ)] , which is also
P (F,z) =H(F,2)I(F,z)[1+T'(llg,)] = P(F,z). When 6 # 1 the extended
poverty index cannot be expressed in terms of the welfare ranked extended
Gini index of the poverty gap distribution, only the illfare ranked version:

Py(F,2) = H(E, 2)I(F,2) [1 = Fy(15.)] (30)

is relevant.

It could be argued that in the same way as the welfare functions based
on the illfare ranked extend Ginis are a subset of the class of the Yaari Social
Welfare Functions (YSWFs), the class of indices Py(F, z) could be extended
to the illfare ranked Yaari SWF's over the poverty gaps distribution. This
extension allows to provide a general version of the Sen indexr which could

33See also Bossert (1990) for a discussion of the merits of the illfare ranked extended
Ginis with respect to the welfare ranked version especially in the context of poverty mea-
surement. As Bossert pointed out, the illfare and welfare ranked extended Gini classes do
not coincide, moreover the Gini coefficient belongs to the second class of indices.
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be consistent with a wider set of assumptions on the sensitivity to transfers
of the poverty ordering.

In order to highlight the similarities between the characterization of the
YSWF weights provided in Yaari (1987,1988) and Mehran (1976) and the
characterization of the weights of this poverty index, we could write the
index

Py(F,2) = F(2) / o)L (p)dp, (31)

where f[}}z (p) is the left continuous inverse distribution function of the poverty
gaps ranked in reverse order (that is ranked according to the welfare rank-
ing procedure), and v(p) is the weight function embodying the normative
judgements of the policy maker w.r.t. poverty perception.

Notice that P,(F, z) satisfies the traditional poverty axioms of Focus be-
cause it is independent from the distribution of incomes above the poverty
line, and Replication Invariance because the weights depend on the relative
ranking of poor people. Moreover P,(F,z) is Scale Invariant since the (rel-
ative) poverty gap is invariant w.r.t. a change in the scale of measure of the
incomes.

In addition to these properties we will consider extra axioms characteriz-
ing the poverty index.

Axiom 7 (M: Monotonicity (Sen, 1976)) Given other things, a reduc-
tion in income of a person below the poverty line must increase poverty.

The interpretation of M is straightforward. The next axiom is a weaker
version of the Transfer axiom suggested in Sen (1976). Its scope is to intro-
duce inequality aversion within the poverty evaluation, which captures the
relative deprivation content of poverty. Widening income differences among
poor persons, or in other terms, transferring money from more deprived per-
son to less deprived, must lead to an increase in the overall deprivation.

Axiom 8 (WT: Weak Transfer (Donaldson and Weymark, 1986) )

Other things given, a transfer of income from a person below the poverty line
to anyone richer, with no one crossing the poverty line as a consequence of
the transfer, must not decrease poverty.

Axiom WT is weaker than the original one in Sen (1976) not only because
it does not consider situations in which the receiver crosses the poverty line
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as the result of the transfer, which could lead to some problem for these
rank-dependent indices, but also because it does not rule out the class of
indices which are insensitive to transfers, like the Head count ratio and the
Income gap ratio.

Next axiom specifies the way in which transfers could affect poverty. If
we follow the relative deprivation interpretation of poverty then differences
in ranking also become important, rather than only income differences. It
seems reasonable that a transfer could play a higher effect if experienced
at the lower end of the distribution, when the amount of the transfer and
the distance in the ranking of the individuals involved is not changed. Let
AP(p, p,6) be the increase in poverty due to a transfer of income from a tiny
fraction dp of the population at the 100p'" percentile to a fraction dp at the
100(p + p)*" percentile p > 0.

Axiom 9 (PTS: Positional Transfer Sensitivity (Kakwani, 1980)) For
all p,q,p € [0,1], such that p+ p,q+ p € [0,1], and 6 > 0, if p < q then
AP(p,p,6) = AP(q, p, ).

Consistently to what is know about YSWFs*!, it is straightforward to
check that P,(F, z) satisfies M, WT and PT'S if and only if v(p) > 0,v(p)’ <0
and v”(p) > 0 respectively.

We will consider now the partial ordering associated to the suggested
class of poverty indices satisfying these axioms. Only the sufficiency part
of the proof will be provided, the necessity part could be obtained adapting
appropriately the results on welfare dominance associated to the YSWFs.?°

Since most results provide a rationale for dominance criteria related to
transformations of the poverty gap profile curve introduced by Spencer and
Fisher (1992), Jenkins and Lambert (1997) and Shorrocks (1998), it is worth
to introduce its formalization in the present context.

Let Q7 (p, z) be the poverty gap profile of distribution F evaluated at the
percentile 100(1 — p)™ of the income distribution of the total population,
given a poverty line z. Notice that Q%(p, ) is ranked in decreasing order and
O (p,2) =0 if p > F(2).

31See Mehran (1976), Yaari (1987) and Zoli (1999).

35Gee Zoli (1999), or consider Propositions 1, 2, 3 in the first section, adapted for the
special case in which the whole population is homogeneous in non income ethically relevant
characteristics.
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Definition 4 (PGPC: Poverty Gap Profile Curve)

D
PGr(p,z) = /0 Q5:(q, 2)dg. (32)

Notice that PGr(t,z) = PGr(F(z),z) = H(F,2)I(F, z) for all t > F(z).

We are ready now to discuss dominance conditions associated to P, (F, z).
Let Qp(p,2z) = F(z)ﬁ},lz(p), that is Qp(i/m,2) = =% where z; > x; 3
and 7 is the number of poor individuals, while m is the size of the whole
population. That is Qp(p, 2) is the welfare ranked (relative) poverty gap at
the percentile 100(1 — p)* of the income distribution of poor individuals,
weighted by the Head count ratio. It follows that

P,(F,z) = /01 v(p)Qp(p, 2)dp. (33)

Proposition 8 P,(F,z) > P,(G, z) given z, for all P,(.,2) satisfying M if
and only if Qp(p, z) > Qalp,z) for allp € [0,1].

Proof.

P’U(FJ Z) - P’U(G’ Z) >0 fol U(p) [QF(pa Z) - QG(pJ Z)] dp > 0. Since,
given M, v(p) > 0, Qp(p,2z) > Qa(p, z) for all p is a sufficient condition for
P,(F,z) > P,(G,z). 1

Proposition 9 P,(F,z) > P,(G, z) given z, for all P,(.,z) satisfying M and
WT if and only if [ [Qr(g,2) — Qa(q,2)]dg >0 for allp € [0,1].

Proof:
Let AQ(p, 2) = [Qr(p, 2) — Qa(p, 2)] - Integrating by parts AP, = P,(F, z)—
P,(G,z) in (33), we get

AP, = o(1) / A 2)dp - /0 W) ( / " Aq(t. z)dt> dp.  (34)

0 0

Since v(p)’ < 0 consistently with WT, fop AQ(t, z)dt > 0 Vp is a sufficient
condition for AP, > 0. &
Notice that

P
PGY (p, z) = / 0 (g, 2)dg
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is the (relative) poverty gap curve for the distribution of poor individuals
(the superscript N stands for normalized to the distribution of the poor),
scaled by the Head count ratio. PG (p, z) differs from the PGPC PGy (p, z)
because it is evaluated only over the distribution of the poor individuals,
therefore it reaches its maximum when p = 1, which is fol Qp(q,z)dqg =
H(F,2)I(F,z) = PGY(1,z). It is possible to write the dominance condition
in terms of Q% (q,2), simply changing the variable of integration, moving
from the distribution of incomes of poor individuals to the income distri-
bution of the whole population. Let ¢ = pF(z) where 100q denotes the
percentile in the whole distribution associated to the 100p" percentile in
the distribution of the poor individuals. Recalling that fo Qp(p,z)dp =
z) JJ [ (p)/z]dp, substituting we get

D pF(2)
PG (p, 2) = / Qpe(t, 2)dt / 0 (q, 2)dqg = PGr(pF(2), 2).
0 0

It follows that the previous dominance condition requires

PF (2) pG(z)
/ 05 (q, z)dq > / Q% (g, 2z)dg  for all p € [0,1]
0 0

while the usual dominance in terms of PGPCs is fé? A(q,2)dg > 0 for all
pel0,1].

We consider now the refinement of the previous criterion associated to
the P,(.,2) satisfying in addition PTS.

Proposition 10 P,(F,z) > P,(G,z) given z for all P,(.,z) satisfying M,
WT and PTS if and only if [} [PQN (t,z) — PGN(t, z)] dt > 0 for all p €
0,1] and PGY (1, 2) = PGY(1,2) (ie. H(E,2)I(F,2) = H(G,2)I(G, 2)).

Proof:

Denote APGN (t, 2) = PGY(t, z) — PGN(t, z). Integrating by parts (34)
we get

AP, — v(l)APgN(l,z)—v'(l)/lAPgN(p,z)dp

+ /0 1 v"(p) ( /0 " APGY (t,OZ)dt> dp.
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Given PTS v”(p) > 0, therefore APGN(1,z) > 0 and I APGN(t, z)dt > 0
for all p are sufficient conditions for poverty dominance. B

That is, at every percentile the area under the normalized poverty gap
curves is compared, and dominance for the poverty index H(.,2)I(.,z) is
required. The first condition could be seen as a result of the inequality
aversion introduced within the evaluation of poverty, the second condition is
connected to the relative extent of the poverty within the population, what
Jenkins and Lambert (1997) call the Intensity of the poverty. Notice that
fol PGY (p, 2)dt = sP(F, z) that is one half of the Sen poverty index. This

could be shown writing fo PGN (p, z)dt = fo {J7n F(z) (t)/z]]dt}dp.

Using integration by parts we obtain fo Pg/}/ (p, z)dt = 2F( 2)Z1(ITf.) which
is defined in (29) , from which follows the equivalence with Sen poverty index.

The analogies with the dominance conditions valid for all increasing and
inequality averse YSWFs satisfying the Principle of Positional Transfer Sen-
sitivity is evident.

The following remark is therefore straightforward, and could be proved
following the same line of reasoning as in the proof of Proposition 4. (See
also Zoli, 1999). Recall that G > F' denotes leximin dominance of G over
F.

Remark 3 IfPGY (p, z) and PG (p, z) cross once, G =g F, and H(F, 2)I(F, z)
= H(G,2)I(G, 2), then P,(F, z) > P,(G, z), given z, for all P,(., z) satisfying
M, WT and PTS if and only if I' (llg,) > I'(Ilg ).

Again the Gini coefficient associated to the distribution of the poverty
gaps within the population of poor individuals becomes normatively relevant.
In the general case when H(., z)(., z) differs between distributions, is the Sen
index which becomes relevant (it is only a sufficient condition) but we have
to restrict the set of poverty indices in order to eliminate the less inequality
averse.

We will discuss now briefly the implication of these results applied to the
extension of the Sen index suggested in Shorrocks (1995).

4.2 Generalized Shorrocks indices

The Sen index shows a serious drawback: it fails in satisfying the Principle
of Transfers which states that rank preserving transfers from rich to poor
persons should not increase poverty. The reason is that as a result of a
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transfer the income of the recipient could cross the poverty line; since the
ranking of individuals is based on the distribution of poor, this action could
lead to a change in the rankings and a reduction in poverty is not guaran-
teed as a result of the transfer. In order to conform the Sen index to the
Principle of Transfers (PT), Shorrocks (1995) suggests a modification of the
index. He considers the distribution of the income gaps but in this case the
weights associated to them are defined in terms of the ranking in the income
distribution of the whole population. The index could therefore be written
as

P*(F,2) =2 / 1 F(@) fa)de,

where z* are censored incomes, i.e. x* = z if x > z, otherwise z* = z.
Alternatively we can write

P*(F,z) = H(F,2)I(F,2) [1 + T(I;,,)] = Z1(II,),

where Iy, is the distributions of poverty gap profiles for all the popula-
tion, and 1:1}72 is the same distribution ranked in reverse order, notice that
ﬂ}j (q) = 23.(q, z). The connection with the Sen index is evident, the only
difference is that, for the P*(F, z) is the Gini index of the gaps (comprising
therefore also the zero values associated to all non poor individuals) which
becomes relevant. Notice that the modified Sen index could be also rewritten
as

P*(F,2) =2 / (1 - )% (p, 2)dp.

Following the same line of reasoning as for Sen index we consider the gener-
alization of P*(F, z),

1

P:(F.z) = / o(0)% (g, 2)dp, (35)

where v(p) is continuous twice differentiable and Pf(F,z) is supposed to
satisfy Monotonicity v(p) > 0, Principle of Transfers v'(p) < 0 and Positional
Sensitivity v”(p) > 0.3

As discussed in Shorrocks (1998) (and could be checked appropriately
modifying the Proposition 9) the dominance for all P}(.,z) satisfying M

36 A similar index has been also discussed in Hagenaars (1986). Duclos and Grégoire
(1999) consider the extended Ginis version.
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and PT is both necessary and sufficient for ensuring dominance in terms
of PGPCs PG(p, z). This is consistent with the result in Jenkins and Lam-
bert (1997) which proves that dominance in terms of PGPCs is equivalent
to poverty dominance for the wider class of poverty indices satisfying M and
PT (comprising therefore also most of the additively decomposable indices,
and of course also P;(.,z)). The extension of Proposition 10 to the poverty
dominance for P;(.,z) where v"(p) > 0 is straightforward (the proof is omit-
ted)

Proposition 11 PJ(F,z) > PX(G, z) given z for all P}(.,z) satisfying M,
PT and PTS if and only if [} [PGr(t,z) — PGa(t, z)]dt > 0 for allp € [0, 1]
and H(F,2)I(F,z) > H(G,2)I(G, 2).

This result requires comparisons of the areas under the PGPCs at each
percentile. Notice that, as pointed out by Shorrocks (1998), fol PGr(t,z)dt =
P*(F, z)/2. The following remark is equivalent to Remark 3 when poverty is
evaluated in terms of P’(., z)

Remark 4 IfPGr(p, z) and PG (p, ) cross once, G =g F, and H(F, 2)I(F, z) =
H(G,2)I(G,z), then P!(F,z) > Pi(G,z), given z, for all P}(.,z) satisfying
M, PT and PTS if and only if T'(I1},,) > T'(II5 ).

In this case the Gini coefficient of the distribution of poverty gaps over the
whole population is normatively relevant. When H(F, 2)I(F, z) # H(G, 2)I(G, z)
then P*(F, z) becomes relevant in order to provide a poverty ranking of the
distributions.

Moreover the classes of poverty indices P(F, z) and P*(F, z) could be used
in order to specify poverty dominance conditions over distributions where
individuals differ in needs. If aggregating conditions discussed in the previous
sections hold, it could be possible to provide an interpretation in terms of
poverty perception of Properties A, A1 and A2 discussed in the first section.

In this case the extension of the results in the first sections to poverty
measurement is straightforward. Consider the overall poverty evaluation
function

1
P(Fz) =Y 6" / (D) (p, 25)dp,
=1 0

where z is the vector of appropriate poverty lines z; of each subgroup, which
may differ, and 67 is the weight associated to the poverty in group i with
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the aggregate evaluation®”. We will provide, without proof, (which could be
obtained rearranging those of Proposition 2) the dominance condition for all
P(F, z) satisfying the poverty equivalent of properties A, Al. We denote this
class of poverty indices P;.

Proposition 12 Given two distributions F' and G, given z, then P(F,z) >
P(G,z) for all P(F,z) in Py if and only if

Mw

GF,PgF p, Zz) ezGPng (pv ZZ)] > 0

i=1

for any k =1,2,...n and every p € [0, 1].

We get therefore sequential dominance in terms of weighted averages of
the PGPCs of each subgroup. If we consider comparison of aggregate indices
of poverty based on absolute poverty gaps, then it is possible to provide an
immediate interpretation of properties A and Al. Property A requires that
for the indices satisfying M, at any percentile a decrease in the poverty gap
of a poor individual has a bigger impact on poverty evaluation the needier is
the individual. While Property A1, given PT, is obtained imposing that in
comparing the effect of a Progressive Transfer occurring between individuals
at given percentiles in the income distributions, the needier is the reference
group to whom they belong the higher is the impact of such transfer on
poverty reduction. Notice that since the weights v;(p) are supposed not to
depend on the income distribution, then, in order to satisfy the previous
requirements, the weights should be characterized as in the rank-dependent
welfare evaluation framework, without taking into account the information
on the poverty line. Within this framework the poverty dominance criteria
obtained are based on sequential comparison of averaged Absolute Poverty
Gap Profiles.

All the results equivalent to those discussed in the first section follow
intuitively, as well as all those associated to dominance in terms of generalized
Sen indices.

3"Duclos and Grégoire (1999) suggest a similar aggregate poverty index based on ex-
tended Ginis version of v;(p) independent from .
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5 Conclusions

In this paper we have discussed a simple extension of the rank dependent
welfare representation model to evaluations over distributions of individuals
differing in needs. The major point of weakness of the approach is that given
its own nature the rank-dependent model is not additively decomposable
over subgroups. It becomes therefore necessary to specify some aggregating
assumptions of the groups evaluation. What is suggested is a very simple ad-
ditivity condition, which is far from being indisputable. Nevertheless, even
in a very simplified context the result obtained seems to match the intuition
with the standard Atkinson-Bourguignon dominance condition associated to
the utilitarian framework. What is obtained is a dual version of the above
mentioned sequential dominance criteria: instead of considering direct dom-
inance, the results obtained are based on inverse sequential dominance of
different degrees.

An interpretation in terms of relative deprivation of the imposed welfare
characterization is provided. Sequential orderings associated to generalized
satisfaction curves or deprivation curves are introduced. Finally, the impli-
cations for poverty measurement, based on general classes of rank-dependent
indices are discussed. Some simple extensions of existing results are provided
as well as a possible specification of ranking criteria over distributions with
individuals exhibiting different needs consistent with rank-dependent poverty
orderings.

6 Appendix

6.1 Proof Proposition 2:

Necessity Part: Making use of reduction to absurd arguments we will show
that it is impossible that Zle 1,(p) being negative for some k when AW > 0
for any W € ).

Denote with W (p) = Z?Zl ¥;(p), then (9) becomes

AW = - / > @) Ti(p)) dp + 3 (i) (1) (36)

Suppose there exists a k such that Wy(p) < 0 for some p € [0, 1] then,
following Lemma 1, there exist an interval J C [0, 1] and a set of functions
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&1(p), ..&:(p), ...&n(p) € VT; such that > & (p)¥;(p) < 0 for any p € J.
Following Lemma 2 we obtain:

1

/ (Z@ 0, > dp < 0. (37)

0

Denote v;(p) with:

p

wp) = 3| [ewewde - [ @ = (39)

0

o )
= Z/éj(p)z(p)dp+2<j

where z(p) € V*, (; > 0 and &;(p) € VT Vi = 1,2,..n, then v;(p) > 0. Given
Property A:

1

w@—wMMZW@Z/M)(WWC>O (39)

p

thus wi(p) = —&;(p)z(p). The obtained w}(p) satisfy Property Al, moreover
notice that w;(1) = ¢, > 0. Substituting for w}(p) into (36) we obtain:

AW / < &(p)Wi(p )dp—i—ZC\If (40)

Recall that AW > 0 for any W € ) implies that the integral in (40) is not
negative.

The necessity part of the proof is obtained following the same line of
reasoning of the necessity part of Proposition 1 proof. Notice that (; is
independent from the choice of z(p) and &;(p) Vi, p, then they could be chosen
such that if ¥y (p) < 0 for some p € [0, 1] at least one of the elements in the
r.h.s. of (40) is negative. Since (; is independent from z(p) and &;(p) it could
always be set in such a way to contradict (40). B
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6.2 Proof Proposition 3:

Necessity Part: Making use of reduction to absurd arguments we will show
that it is impossible that ¥;(1), and or Y;(p) being negative for some i when
AW > 0 for any W € ),. Consider (19):

1 n

AW =3 [ (D) = w(OTW)] + [ Y @Gy (@)

0 i=1

Suppose there exists a k such that Tx(p) < 0 for some p € [0, 1] then, follow-
ing Lemma 1, there exist an interval J C [0, 1] and a set of & (p), ..€;(p), ...€x(p) €
V*; such that > &(p)Yi(p) < 0 for any p € J. Following Lemma 2 we
obtain:

i=1

/= (Z éz-<pm<p>> dp < 0. (42)

We follow the same line of reasoning as in the proof of the previous proposi-
tion. As in (38) we let

n 1 1

wlo) =32 | [ | [&wstoar | o+ 1= pe +0, (43)

=t Lp q

where z(p) € VT and &;(p) € V* Vi =1,2,..n, & > 0, 9; > 0, notice that
v;(1) = > ¥;. We now have to check that the representation of v;(p) in (43)
=i

satisfies properties A, Al and A2. According to Property A:

1 1

0i(D) — Vi1 (p) = wi(p) = / / E(0)2(t)dt | dg+ (1— p)z + 9, (44)

p q

it is evident that w;(p) > 0, and w;(p) reaches its minimum for p = 1 :
w;(1) = ¥;. Taking the derivative of w;(p) we obtain

qmm:—/am@ﬁ—% (45)



which is consistent with Al because wi(p) < 0,w}(1) = —&; < 0. Consider
now the second derivative, w/(p) = &;(p)z(p) > 0, therefore v;(p) in (43) is
consistent with properties A, Al & A2. After substituting for w;(1), w}(1)
and w! (p) into (41) we obtain:

n

AW = priu) + nga) + / z(p) (Z gi(pm(p)) dp.  (46)

0 i=1

Suppose now that AW > 0 for any W € ),. This implies that all three
terms should not be negative, if even one of them is negative, it will always
be possible to select appropriate values for 9;,&; and for the functions z(p)
and &;(p) characterizing the two remaining terms (which are independent each

other), in order to obtain AW < 0. Therefore AW > 0 implies ) J,¥;(1) >
=1

n 1 n

0, > &7Y;(1) >0, and [ z(p) (Z Ei(p)Tz-(p)) dp > 0, from which it follows
i=1 0 i=1

that ¥;(1) > 0, T;(p) > 0 for all ¢, p. Otherwise ¥;,&;, z(p) and &;(p) could

be chosen such that to obtain at least a negative term in (46). H

6.3 Proof Proposition 5:

Proposition D(y) and S(y) in (22) satisfy LH and PR if and only if there exist
not-decreasing functions H': Z* — R,, V*: Z; — R, ,, and constant
a € R such that

D(y) = > Hilami Y~ [Vilk/mi) = Vi(k — 1)/m)] digy ().

and similarly

Sly) =D Hi@me 3o [VVk/ma) = Vi~ 1)/ma)] siyy(y).

In order to prove Proposition 5 we follow a sequence of steps represented
by the following lemmata.

Lemma 3 If (22) satisfies LH then:
a) C*(0;m1, mg, .my,) =0 and ' |
b) C'(D'(y); my, ma, ..my,) = F*(my, ma,..my,)D'(y) if D'(y) > 0.
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Proof:
According to the initial definition of aggregate deprivation we can write
it as in (22):

D(Y) = Z CZ(DZ(Y)a mi,ma, "mn)a (47)

Let, for convenience, m the vector of cardinalities of all reference groups
ie. m = (my,my,..m;,.m,), we denote the set of all n'-dimensional vec-
tors m such that each element is either a positive integer or zero, and at
least a m; is positive by M™. In order to apply LH we consider D(\y) =
S C{D'(\y);m); and AD(y) = XD, C'(D'(y); m), where for all indices
in (21) D'(\y) = AD'(y). According to LH after substituting for D*(y) in
(21) we get,

iC’(x\Di(y);m) = /\ici(Di(y);m) YA > 0,D'(y) > 0,m & M" (48)

which is equivalent to
C'(AD'(y);m) = XC'(D'(y);m) for all A > 0,i,D'(y) > 0,m € M™. (49)

This condition implies (48), the reverse could be checked making use of a
counter-example. Consider for instance a distribution where within all the
reference groups income is shared equally, it follows that deprivation is 0 in all
reference groups. According to (48) we have . C'(A\0;m) = A >, C*(0; m),
which is satisfied iff Y, C'(0;m) = 0. Given that C*(;;m) > 0, it follows
C'(0;m) = 0 for all ¢ and all m € M™, which gives statement a) in the
lemma.

Consider now an income distribution in which in group j income is shared
unequally, while within all the other subgroups income is equally distributed.
From (48) we have ), ,;C'(A\0;m) + C?(AD’(y’);m) = A>_, .. C(0;m) +
ACI(Di(y?);m) it follows C/(AD?(y’);m) = AC/(D?(y’);m) for all A >
0,7, D (y?) > 0,m e M", which together with C*(0;m) = 0 gives (49) .

The solution of the functional equation in (49) could be obtained letting
Di(y) = 1, then C*(X\;m) = AC*(1;m), from which setting D'(y) = A >0 :

C'(D'(y); m) = D'(y)C'(1;m) = D'(y)F'(m),

as in statement b). It follows

Dly) = Y F@)D'y). S&) = Y Fm)S'y).  (0)
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Proof of Proposition 5 (continued).

Let I, the set of positive integers, Z, the set of positive rationals con-
sidering also zero, Z is the n-th fold Cartesian product of Z,, and 2, =
{x € Zy : 0 < x < 1}. Moreover, recall that M™ = {m € 1" /0}, denote
Z" ={q € Z/0}, while ZI' = {q € Z" : ), ¢; = 1} the set of all vectors in
Z™ whose elements sum to 1.

Lemma 4 If (50) satisfies PR then:
A) There exist functions: B' : 1, — R, where B'(m;) := A'(m;,m;) and
Q' : Zy — R, with Q'(1) = 1, such that

A'(k,mi) = Q' (—)B"(mi)

forallk,m; €., k<m;, i=12,.n.
B)There exists a function H' : Z* — R, such that

F'(m) = H'(q) Fo(mi),

where ¢ = m/ Y. m;, and Fi(m;) :== F*(0,0,0,..m;,..0,0).
C) Functions ¢(r), Fi(m;), B'(m;) should satisfy the conditions: Fi(rm;)B*(rm;) =
o(r)Fi(m;) B (m;) for all r,m; € Iy, and ¢(rt) = ¢(r)o(t) for all r,t € 1.

Proof:
Part A) Apply PR to (50), it derives

D(y,) = Y F(rm)D'(y,) = ¢(r)D(y)

= o) Y Fm)Dy)

Suppose D(y) = 0 for all ¢ # j, then for any j we have

F(rm)D’(y,) = ¢(r)F (m)D’(y). (51)
Recalling that D (y) =320 [A*(k, m,) — A*(k — 1,m;)] ;) (y) where d, (y) =
m% (ijk Yij) — y(k)>, noticing that dék)(y) = déh)(}’r) forall h=r(k—1)+
Lr(k—1)+2,.rk, it follows

mg

Di(y,) = [A(rk,rm;) — A'(r(k — 1), rmy)] dijy (y).

k=1
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From which (51) becomes

F'(rm) 2 [Ai(rk;, rm;) — A'(r(k — 1), rmi)} dék) (y)
= GF ) 3[4k me) — AT — 1,m)] diy ().

Let diy,(y) = 0 for all k > [, with [ < m; and d; (y) = = > 0 for all k </,
consider [ = 2, then

F(rm) [Ai(rL,rm) — A'(r0, 7im,)] = ¢(r)F (m) [A°(1,mi) — A°(0,m)]
that is, since A*(0,m) = 0,
Fiirm)A'(rl,rm;) = ¢(r)F (m) A" (1, m;).
Now, suppose that [ = 3, then

F'(rm) Z [A*(rk, rmy;) — A'(r(k — 1),rmy)] o

k=1

= ¢(rF'(m)>  [A(k,mi) — A'(k— 1,m;)] x

k=1
which together with the previous condition leads to
F'(rm) [A'(r2,rm;) — A'(rl,rmy)] = ¢(r)F'(m) [A'(2,m;) — A'(1,m;)] .
Following the same line of reasoning we get
F(rm) [A'(rk,rm;) — A'(r(k — 1),rm;)] (52)
= ()7 (m) [A'(k,m;) —a'(k — 1,m;)]

for all k& < m;. We now check that the condition could be extended also to
k= m;.

Recall that property PR holds also for satisfaction indices, that is PR
should be satisfied also if we substitute 51@) (y) to dl@ (y). Consider a dis-
tribution where total income is equally shared between individuals, then

56



32@) (y) = u(y"), since average income is replication invariant, PR requires for
this distribution

m;

F'(rm) Z [A*(rk, rmy;) — A'(r(k — 1), rmy)] p(y")
= o) (m) Y [A (k) — Ak~ 1,m)] (y).

Given (52), the condition boils down to

fi(rm) [Ai(rmi,rmi) — Ai(r(mi —1),rm;)]
= ¢(r)F'(m) [A'(m;,m;) — A'(m; — 1,m;)] .

Notice that A*(k,m;) is independent from the size of all the reference
groups different from i. Let m{= (0,0,0,m;,0,0,0), and denote F*(m{)) =
Fi(m;), then

fg(rmz) [Ai(rl?,rmi) — Ai<T(k — 1),7“m2-)]
= ¢(r)Fo(my) [A'(k,mq) — A'(k —1,m;)]

for all £ < m;. Letting k = 1 we get
Folrmi) A (r,rmy) = ¢(r) Fo(ma) A'(1, my),
from which, if A*(1,m;) and F}(m;) are different from 0 for all m; € I, :

Ai(ra Tm'i)

= () 22U
Fo(rmi)
Substituting into the previous functional equation:

[A'(rk,rm;) — A'(r(k — 1),7m;)] (53)
Al(r,rm;)

(1 my) [A*(k,m;) — A'(k — 1,m,)],

which, after rearranging gives

Al(rk,rm;)  AY(k,m;)

Ai(r,rmy)  Ai(1,m,)

Ak —1,m;)  AY(r(k—1),rm;)
Ai(,mg)  Ai(r,rmy)
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for all k,r,m; € I, and for all groups ¢. From this condition it is evident

that /Xf(f;mi)) — ﬁigfﬂg is independent from k for all 1 < k& < m,, Letting

Al(k=1m;)  Al(r(k—1),rmy)
At (1,m;) At (r,rm;)

Al(rk,rm;) _ A'(k,m;)
Ai(r,rmg) A1, my)
for all k,r,m; € I,, kK < m; and all i.

Let k = m;, and denote B'(m;) := A’(m;, m;), then the functional equa-
tion in (54) becomes

k =1 we have = 0, therefore

(54)

B'(rm;)  B'(m;)
Ailr,rm;) — A{(1,my)
that is if A*(r,rm;) > 0, and B*(rm;) > 0, follows ‘Xf{fg:; = BBZ((TH%), which
substituted into (54) leads to
Al(rk,rm;)  A'(k,my)
Bi(rm;)  Bi(my)
It should be highlighted that B?(m;) > 0 for all m;, is a necessary conditions
for avoiding a'(k,m;) = 0 for all k& < m;. Indeed if B’(m;) = 0, then by the
definition of a'(k, m;), since A*(0,m;) = 0, it follows that >, a’(k,m;) = 0
which, since we consider a’(k,m;) > 0, requires a'(k,m;) = 0 for all &k < m;
in order to be satisfied. Moreover, given B'(m;) > 0 also A(r,rm;) > 0 is
necessary for avoiding a‘(k,m;) = 0 for all k& < m;, from (53) the condition
Al(r,rm;) = 0 gives A'(rk,rm;) = A*(r(k—1),rm;) = 0 for all k£ which leads
to a*(k,m;) = 0 for all k.
Denote with Z*(k,m;) :=

Bi(m;)

, the previous condition is therefore
Z'(rk,rmg) = Z'(k,m;).

We now follow Donaldson and Weymark (1980) in order to show that the
solution of the functional equation implies that Z?(k, m;) could be defined as
a function over nonnegative rational numbers.

Define n = E(k,m;) as the largest common divisor of k£ and m;, for all
k,m; € I, k <m; . It follows

n




E(k,m;)’ E(k,m;)
is homogeneous of degree 0 in k and m;. We could therefore define a function
Q' : Z, — R, (where Z, is the set of positive rational numbers including
zero), such that

Notice that F(k,m;) is homogeneous of degree 1, therefore Z° (¢ L)

ok
Ql(ﬁ

Q'(0) : =0 if k=0. (56)

) o o=Zikmy)  if 1<k<my

From which A‘(k,m;) = Q'(;%)B'(m,), thus, given the definition of B'(m;,),
follows Q*(1) = 1.
Part B) After substituting for (56) into (52) we get

F(rm) () Q) — @/
= S0P B m) |G - ).

m; m;

that is, either Q"(£) = Ql((km;l)) for all k& < m;, which is ruled out because
in this case a'(k,m;) = 0 for all k < m,, or

F'(rm)B'(rm;) = ¢(r)F" (m) B' (m;). (57)
Consider F}(m;), we have that
Fo(rma) B (rmi) = ¢(r) Fo(mi) B' (ms), (58)

that is, if Fj(m;) > 0, and B*(m;) > 0 for all m; € I, then substituting in
the previous functional equation we get

F'(m)  F'(rm)

Folma) — Folrma)

Let ﬁ((n’?)) := K'(m), then the previous condition is
0 0

K'(m) = K'(rm)

for all m e M", r € I,.
Let 0 < ny < n the number of all the groups ¢ such that m; € I,. Define
n"+ = E™ (m) the largest common divisor of all the group sizes my, msy, ..m;, .

59



and m,, belonging to I, for all m € M™. That is in E™(m) we consider
only the groups with at least one individual. It follows

; : ma me MMy,
i _ % .y (N ny
K'(m) = K (77 ol e _77”+)
g (B M2 M) e (T Vi, m e M".
e g g Em™+ (m)

It follows that X! is homogeneous of degree 0. From which we could define
H': Zr — R, (where Z7 is the n'"-dimensional Cartesian product of the
set of positive rational numbers including zero such that they sum to 1), a
function of the population shares of each group where ¢; = m;/>_ imy =
m;/m, and q is the n""-dimensional vector of ¢;, such that:

K'(m) : =H'(q) forall m & M" such that m; # 0
Ki(m) : =0 for all m € M" such that m; = 0.

It follows ' ' 4
F'(m) = H'(q)F5(m).

Part C) Substituting into the previous conditions we get
Folrma) B (rmi) = ¢(r) Fo(mi) B' (m;) (59)

which is the first part of statement C in the lemma. The second part of the
final statement is independent form the previous statements in parts A &
B. Therefore we recover it without imposing the restrictions obtained in the
previous parts. Let F'(m) [A*(k,m;) — A'(k — 1,m;)] = G*(m_;,k, m;) from
(52) extended to the case in which also k& = m;, follows

G'(rm,rk,rm;) = ¢(r)G* (m,k, m;)
for all £ < m;, for all ¢, and for all » € I,. Consider

d(rt)G'(m,k,m;) = G'(rtm,rtk,rtm;)
= ¢(r)G'(tm,tk,tm,)

from which if G*(m,k, m;) > 0, we get the condition
¢(rt) = ¢(r)o(t) (60)
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forallrtel,. W
Proof of Proposition 5 (continued)
We now find the solution for (60) :

Lemma 5 A weakly monotonic function ¢ : 1, —]0, +00| satisfies

o(rt) = ¢(r)e(t)
for allr,t € I, iff ¢(r) = r* where a € R, for all r € 1.

Proof:
Notice that
¢(rt) = o(r)o(t)
is a Cauchy functional equation, since ¢(.) is defined over I, we cannot make
use of the solution valid for functions defined over dense sets (see Aczél 1966)
but we will follow the results in Donaldson and Weymark (1980) in order to

prove our claim.
The next result follows from Lemma 1 in Donaldson and Weymark (1980):

Lemma 6 (Donaldson and Weymark (1980)) The function ¢ : I, —
10, +00] satisfies p(rv) = ¢(r)p(v) for all r,v € Iy if and only if

o(t) = [ e,

’iEH+

where ¢; € R is an arbitrary constant and n; is the number of times the it
prime number o; (0, = 2, 05 = 3, 03 = 5, 0, = 7,..) occurs in the unique
factorization of t into primes.

Since ¢(1v) = ¢(1)p(v), it is evident that ¢(r) requires also ¢(1) = 1.
We follow now the proof of Theorem 2 in Donaldson and Weymark (1980) in
order to prove that given ¢(r) is positive and weakly monotonic, the solution
is ¢(r) = r*, a € R. Theorem 2 in Donaldson and Weymark (1980) shows
that if ¢(r) is monotonically non-decreasing then ¢(r) = r?, 3 > 0. Since we
restrict ¢(r) being weakly monotonic, we are left with the case in which ¢(r) is
monotonically non-increasing. Following exactly the same logical arguments
as in the proof of Theorem 2 in Donaldson and Weymark (1980), we prove
the second part of our statement.
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Since ¢(r) > 0 then ¢; > 0 for all ¢ € I, it follows that we can write
¢ = giﬂ . B; € R. We need to prove that if ¢(r) is non increasing then 3, = (3
for all ¢ € I,. Suppose the contrary. Since I, has a countable number of
elements, then there exist two real numbers 3; < 3, and a disjoint partition
of I, = (I%,I%) such that: i € I¥ & 3, < ,, and i € I & 3, > (.

Consider now a number 7 € I, 7 > 1, such that n; = 0 for all ¢ € I/,
that is 7 is factorized by all the prime numbers in I*. Therefore ¢(7) < ¢,
as well as ¢(77) < #7Pc for all T € 1. Consider now 7 + 1, or more generally
77 + 1, no number o, with index i € ]LLr is a prime factor of (fT + 1) , SO
(fT + 1) could be decomposed into the product of prime factors g; where
J € ]If . It follows ¢ (fT + 1) > (FT + 1)ﬂH . Putting this together with the
inequality obtained before we get

_ _ B
¢(TT+1) S (rT+1) H’
oG T
which could be rearranged as
O +1) (TN )
oy 2\ ) U
From the previous inequality follows

=T =T B
o +1) (r +1> ") o

77T

E Y SR
which contradicts the fact that ¢(.) is non-increasing. It follows that nec-
essarily 3, = 3 for all i € I, in which case ¢(r) = r”. In order to satisfy
non-increasingness of ¢(r) we need to consider § < 0. It follows that weak
monotonicity of ¢(r) requires ¢(r) =%, B € R. W

In order to complete the proof of the proposition we need to make use of
the solution ¢(r) = r* a € R and solve for part C in the previous Lemma,
that is Fi(rm;)B'(rm;) = r*Fi(m;)B'(m;) for all r,;m; € I, and for any
group 1.

Let F§(m;)B'(m;) := B'(m;), it follows that

B'(rm;) = r*B'(m,)

for all r,m; € I,. Let m; = 1, it derives B*(r) = r*B‘(1) for all r € I, from
which
B'(m;) = m&¥c;  where ¢; = B'(1). (61)
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Substituting we get F¢(m;)B'(m;) = m&Fi(1)B'(1) = m&c;. That is Fi(m;)
and B’(m;) are not uniquely defined.

Substitute now the results from previous lemmata into the definition
of D(y) and S(y). Consider first D(y), we have from Lemma 3 D(y) =

S Fi(m)Di(y), that is

= F ) Y [A ) — A= 1m)] (Zy —yw)

ji>k

From Lemma 4 we have: A'(k,m;) = Q'(;=)B'(m,), and F*(m) = H*(q)F;(m;).
According to (61) Fi(m;)B*(m;) = m¢c;. Therefore
F'(m)B'(m;) = H'(q)m'ci.

Let ¢;Q'(;&) := V(L) it follows that V*(1) = ¢; is independent between
groups, and given that Q‘(.) and ¢; could be chosen arbitrarily different
between the groups, it follows that Vz(mi) is independent between groups
for all k/m;. l

Substituting we get:

= ZH"(q)m?‘IZ (K, my) (Z Y) — yk))
i=1 >k

where

a'(k,m;) = V'(k/mg) = V'((k — 1)/m;)

and S(y) = S, Hi(aym ™ Sy ol me) [ — (Ssnv0) — )|
The sufficiency part of the proof is easily established checking that the

solutions satisfy LH and PR. &

6.4 Proof Proposition 6:

Consider (23) , substituting for 6% (p f {F7'(t)—F " (p)}dt, letting u (F}) =
fol F!(p)dp the average income of group 1, it follows

§i(p) = () — / "EN )t — (1— p)F (D). (62)
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Denote with D;( fo v;(p)d%(p)dp, the average deprivation within group
1, therefore

DAF) = w(F) [w@do= [ )1 -pIF o= (63
- [uto) [ F eyt
Let ¢'(p) = [ v;(t)dt (therefore ¢'(1) = fl v;(t)dt), integrating by parts the

0
last term in (63) we obtain

/1 at) [ F iy = [ [Catoar M5 ] / ([ woa) £

Substituting into (63) and simplifying we obtain
1

DiF) = [ ¢ WF " (n)dp - / wip)(1 - p)] Fr (p)dp

LSS~

o

—ui(p)(1 — p)] F,  (p)dp

= / wi(p p)dp,
0
where ¢'(p) — vi(p)(1 — p) = w;(p). Substituting into (23) we get (24). W
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