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Lqyhuvh vhtxhqwldo vwrfkdvwlf grplqdqfh=
udqn0ghshqghqw zhoiduh/ ghsulydwlrq dqg

sryhuw| phdvxuhphqw1

Fodxglr ]rol�

Mxo| 5333

Devwudfw

Zh surylgh fkdudfwhul}dwlrqv ri vhtxhqwldo vwrfkdvwlf grplqdqfh
frqglwlrqv zklfk duh gxdo wr wkrvh lqwurgxfhg lq Dwnlqvrq dqg Erxu0
jxljqrq +4<;:,1 Lqvwhdg ri hydoxdwlqj vrfldo zhoiduh dffruglqj wr wkh
xwlolwduldq dssurdfk/ zh dsso| wkh gxdo dssurdfk wr wkh phdvxuhphqw
ri zhoiduh dqg lqhtxdolw| vxjjhvwhg lq Zh|pdun +4<;4, dqg \ddul
+4<;:/ 4<;;,1 Gl�huhqw lqwhusuhwdwlrqv ri wkh uhvxowv/ lq whupv ri hl0
wkhu zhoiduh frpsdulvrqv ri srsxodwlrqv ghfrpsrvhg lqwr qhhgv0edvhg
vxejurxsv/ ru lqwhuwhpsrudo lqfrph frpsdulvrqv duh vxjjhvwhg1

Wkh gxdo VZI lv vkrzq wr eh frqvlvwhqw zlwk d fodvv ri vdwlvidfwlrq
dqg ghsulydwlrq lqglfhv1 Wkh vhtxhqwldo grplqdqfh fulwhuld edvhg rq
wklv fodvv ri lqglfhv lv lqwurgxfhg/ wkh| uhtxluh frpsdulvrqv lqyroylqj
jhqhudol}hg vdwlvidfwlrq fxuyhv dqg ghsulydwlrq fxuyhv ri wkh uhihuhqfh
jurxsv lq wkh srsxodwlrq1 Wkh frqqhfwlrqv zlwk grplqdqfh fulwhuld
dvvrfldwhg wr udqn0ghshqghqw sryhuw| lqglfhv dqg wkh vhtxhqwldo grp0
lqdqfh uhvxowv lqwurgxfhg lv lqyhvwljdwhg1

�L dp lqghewhg wr Shwhu Odpehuw/ Zdowhu Ervvhuw dqg Slhwur Pxolhuh iru khosixo frp0
phqwv1 Uhvsrqvlelolw| iru dq| uhpdlqlqj huuruv lv/ ri frxuvh/ plqh1 Wklv sdshu lv d uhylvhg
yhuvlrq ri d suhylrxv zrun flufxodwhg vlqfh Vhswhpehu 4<<< xqghu wkh wlwoh= �Lqyhuvh vhtxhq0
wldo vwrfkdvwlf grpldqfh/ uhodwlyh ghsulydwlrq dqg sryhuw| phdvxuhphqw� dqg suhvhqwhg lq
Mxo| 5333 dw wkh Iliwk Lqwhuqdwlrqdo Phhwlqj ri wkh Vrflhw| iru Vrfldo Fkrlfh dqg Zho0
iduh khog lq Dolfdqwh1 Pdlolqj dgguhvv= Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp/
Xqlyhuvlw| Sdun/ Qrwwlqjkdp QJ:5UG/ XN1 H0PDLO= fodxglr1}rolCqrwwlqjkdp1df1xn
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4 Lqwurgxfwlrq

Wkh zhoo nqrzq fulwhulrq ri vhtxhqwldo vwrfkdvwlf grplqdqfh lqwurgxfhg lq
Dwnlqvrq dqg Erxujxljqrq +4<;:, doorzv wr frpsduh/ lq whupv ri xwlolwduldq
vrfldo zhoiduh ixqfwlrqv/ lqfrph glvwulexwlrqv ri srsxodwlrqv ghfrpsrvhg lqwr
vxejurxsv ri lqglylgxdov krprjhqhrxv lq qhhgv14 Wklv hydoxdwlrq lv pdgh
xqghu wkh k|srwkhvlv wkdw wkh qhhglhu lv dq lqglylgxdo wkh kljkhu lv klv2khu
pdujlqdo hydoxdwlrq ri lqfrph dw dq| lqfrph ohyho/ dqg wkdw wklv gl�huhqfh
ghfuhdvhv dv lqfrph lqfuhdvhv1 Ndufkhu/ Pr|hv dqg Wudqqr| +4<<8, dsso|
vlplodu wrrov lq hydoxdwlqj lqwhuwhpsrudo lqfrph vwuxfwxuhv/ edvlqj zhoiduh
mxgjhphqwv xsrq wkh glvfrxqwhg vxp ri h{shfwhg xwlolwlhv1 Pruhryhu/ uh0
odwhg uhvxowv duh dydlodeoh lq wkh frqwh{w ri sryhuw| phdvxuhphqw1 Dwnlqvrq
+4<<5, frqvlghuv grplqdqfh fulwhuld zklfk doorz wr frpsduh glvwulexwlrqv ri
lqfrphv ehorqjlqj wr lqglylgxdov zlwk gl�huhqw qhhgv/ zkhq sryhuw| lv hydox0
dwhg dffruglqj wr wkh fodvv ri dgglwlyho| ghfrpsrvdeoh sryhuw| lqglfhv1 Hyhq
lq wklv fdvh wkh sryhuw| uhgxfwlrq h�hfwv ri pdujlqdo fkdqjhv lq lqfrphv lv
vxssrvhg wr eh srvlwlyho| uhodwhg wr wkh qhhgv1 Mhqnlqv dqg Odpehuw +4<<6,
dqg Fkdped} dqg Pdxulq +4<<;, h{whqg vrph ri wkh suhylrxv uhvxowv/ frq0
fhuqlqj uhvshfwlyho| zhoiduh dqg sryhuw| udqnlqjv/ wr frpsdulvrqv ehwzhhq
srsxodwlrqv vkrzlqj gl�huhqw pdujlqdo glvwulexwlrqv ri qhhgv1

Doo wkhvh fulwhuld duh vwurqjo| uhodwhg wr wkh xwlolwduldq uhsuhvhqwdwlrq ri
vrfldo suhihuhqfhv/ exw qr fulwhulrq lv dydlodeoh iru wkh gxdo vrfldo zhoiduh
uhsuhvhqwdwlrq edvhg rq olqhdu udqn0ghshqghqw hydoxdwlrq ixqfwlrqv1

Lq wklv sdshu lqvwhdg ri dsso|lqj wkh xwlolwduldq dssurdfk zh hydoxdwh
qhhg edvhg vrfldo zhoiduh ixqfwlrqv ru lqwhuwhpsrudo glvwulexwlrqv dffruglqj
wr wkh gxdo dssurdfk lqwurgxfhg lq Grqdogvrq dqg Zh|pdun +4<;3,/ Zh|0
pdun +4<;4, dqg \ddul +4<;:/ 4<;;,51 Suhihuhqfh rughulqjv ryhu lqfrph glv0
wulexwlrqv duh uhsuhvhqwhg e| d zhoiduh ixqfwlrq zklfk lv d zhljkwhg dyhudjh
ri rughuhg lqfrphv/ zkhuh hdfk lqfrph lv zhljkwhg dffruglqj wr lwv srvlwlrq
lq wkh udqnlqj1

Dv vwdwhg lq Dwnlqvrq dqg Erxujxljqrq +4<;<,= �Lw lv srvvleoh wkdw d gxdo
dssurdfk pljkw dovr eh lqirupdwlyh/ dowkrxjk ghfrpsrvlwlrq e| srsxodwlrq
vxejurxsv dsshduv ohvv wudfwdeoh lq wkh gxdo +s147,�1 Wkh uhdvrq lv wkdw/
vlqfh hyhu| lqfrph lv zhljkwhg dffruglqj wr lwv srvlwlrq lq wkh udqnlqj/ li zh

4Iru d gl�huhqw dssurdfk wr vrfldo zhoiduh hydoxdwlrqv zkhq qhhgv gl�hu vhh Hehuw +4<<:,
dqg sduwlfxoduo| Hehuw +5333d, zklfk frqvlghuv udqn0ghshqghqw hydoxdwlrq ixqfwlrqv1

5Vhh dovr Hehuw +4<;;,/ Fkhz dqg Hsvwhlq +4<;<,/ Txljjlq +4<<6,/ Ehq Srudwk dqg
Jloerd +4<<7,/ Zh|pdun +4<<8, dqg Vdiud dqg Vhjdo +4<<;,1
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frq�qh rxu dwwhqwlrq zlwklq vxejurxsv/ wkh udqnlqj ri hyhu| lqfrph fkdqjhv
lq devroxwh whupv zlwk uhvshfw wr wkdw ri rwkhu lqglylgxdov* lqfrph hydoxdwhg
ryhu wkh zkroh srsxodwlrq1 Wkhq dovr wkh zhljkw dvvrfldwhg zlwk wklv lqfrph
fkdqjhv1

Wkh idplo| ri udqn0ghshqghqw hydoxdwlrq ixqfwlrqv idlov wkhuhiruh wr vdw0
lvi| wkh prvw frpprq vhsdudelolw| dvvxpswlrqv1 Xvxdoo| zh uhtxluh wkh zho0
iduh hydoxdwlrq ryhu dq djjuhjdwh srsxodwlrq wr eh lqghshqghqw iurp wkh
zd| lq zklfk wkh srsxodwlrq lv sduwlwlrqhg lqwr vxejurxsv1 Li wklv lv wkh fdvh/
wkh rqo| uhohydqw lqirupdwlrq wr wdnh lqwr dffrxqw lq hydoxdwlqj lqglylgxdov*
frqwulexwlrqv wr ryhudoo zhoiduh lv wkh ohyho ri wkhlu fkdudfwhulvwlfv +lqfrph/
qhhgv/ orfdwlrq/ uhvrxufhv/11,1 Udqn0ghshqghqw prghov/ hyhq lq wkhlu olqhdu
uhsuhvhqwdwlrq/ uhtxluh wkh xvh ri h{wud lqirupdwlrq frqfhuqlqj wkh uhodwlyh
srvlwlrq ri lqglylgxdov1 Wklv lqirupdwlrq vkrxog qrw lq sulqflsoh eh d�hfwhg
e| wkh ghfrpsrvlwlrq surfhgxuh li zh vwloo zdqw wr xvh vlplodu prghov lq hydo0
xdwlqj srsxodwlrqv sduwlwlrqhg lqwr vxejurxsv1 Wklv shfxoldulw| pdnhv wkhvh
uhsuhvhqwdwlrq prghov sduwlfxoduo| vxlwdeoh wr eh dssolhg zlwklq wkh frqwh{w
ri uhodwlyh ghsulydwlrq phdvxuhphqw1 Lq wklv frqwh{w/ lq rughu wr rewdlq d
Gxdo VZI frqvlvwhqw zlwk wkh ghfrpsrvlwlrq ri srsxodwlrq lqwr krprjh0
qhrxv vxejurxsv zh qhhg wr vxssrvh wkdw hyhu| uhihuhqfh jurxs zlwklq zklfk
hdfk lqglylgxdo frq�qhv klv2khu dvsludwlrqv/ dqg frpsduhv klv2khu srvlwlrq/
lv qhhgv edvhg1

Vrfldo zhoiduh frxog eh vhhq dv dq djjuhjdwh ri wkh zhoiduh ri hdfk vxe0
jurxs zhljkwhg e| wkh vkduh ri lqglylgxdov ehorqjlqj wr lw/ ru lq jhqhudo e|
d ixqfwlrq uhsuhvhqwlqj wkh srolf| pdnhu rslqlrq uhjduglqj wkh frqwulexwlrq
ri hdfk jurxs wr wkh ryhudoo �qdo zhoiduh hydoxdwlrq1 Lw iroorzv wkdw hyhu|
lqglylgxdo zhoiduh frqwulexwhv wr wkh vrfldo zhoiduh wr h{whqw wr zklfk lw frq0
wulexwhv wr klv2khu frppxqlw| +ru jurxs, zhoiduh61

Srsxodwlrq lv frqvlghuhg wr eh hlwkhu frqwlqxrxv ru glvfuhwh dqg ghqrwhg
zlwk 71 Lw lv sduwlwlrqhg lqwr qrq ryhuodsslqj dqg h{kdxvwlyh srsxodwlrq
vxejurxsv 7�c dqg t �Er� � f lv wkh lqfrph ohyho ri djhqw r 5 7�c wkhuhiruh
t � lv fdoohg wkh lqfrph sur�oh ri jurxs �/ zkloh wkh zkroh glvwulexwlrq lq0
frph sur�oh lv ghqrwhg zlwk t 1 Li 7� ' ir�c r2c ���r,c ��r6�

jc zlwk hdfk djhqw
r, vkrzlqj htxdo zhljkw �*6�c zh kdyh wkh p|�

�
0glphqvlrqdo glvfuhwh fdvh/

zkhuh t �Er,� ' +�
,
c , ' �c 2c ��6� dqg wkh lqfrph sur�oh ri jurxs � lv uhs0

uhvhqwhg e| wkh p|�

�
0glphqvlrqdo yhfwru )�' E+��c +

�

2c �+
�

,
c �+�

6�
�1 Wkh vhw ri doo

p|� glphqvlrqdo yhfwruv vxfk wkdw t �Er� � fc dqg dw ohdvw iru rqh lqglylgxdo

6Vhh Rn dqg Odpehuw +4<<<, iru d vlplodu dssurdfk zlwklq wkh xwlolwduldq iudphzrun1

7



t �Er� : f lv ghqrwhg v6/ zkloh v ghqrwhv doo vxfk yhfwruv iru doo 6 : ��
Ghqrwlqj zlwk 8�E+� wkh fxpxodwlyh lqfrph glvwulexwlrq +frqwlqxrxv ru

glvfuhwh, ri vxejurxs � ri wkh srsxodwlrq 8 iru � ' �c 2c ��?� Wkh vkduh ri
lqglylgxdov ehorqjlqj wr jurxs � lv ^8

�
/ lw iroorzv 8 E+� '

S
?

�'�
^8
�
8�E+� zkhuh

8 E+� lv wkh fxpxodwlyh lqfrph glvwulexwlrq ixqfwlrq ri dq lqfrph sur�oh zlwk
vxssruw Efcn4� dqg �qlwh phdq >E8 � '

U
n"

f
+_8 E+�� Ohw I wkh vhw ri doo

vxfk fxpxodwlyh glvwulexwlrqv1
Pruhryhu/ 83�

�
ER� ' �?ui+ G 8�E+� � Rj zlwk R 5 dfc �o lv wkh ohiw frqwlq0

xrxv lqyhuvh ri 8�E+� vkrzlqj wkh lqfrph + ri dq lqglylgxdo dw wkh �ffR|�

shufhqwloh ri wkh glvwulexwlrq ri jurxs ��
Wkh ghfrpsrvdeoh Gxdo VZI fdq eh uhsuhvhqwhg dv=

` E8 � '
?[
�'�

^8
�

�]
f

��ER�8
3�

�
ER�_R� +4,

zkhuh ��ER� � f lv wkh zhljkw dwwdfkhg wr wkh lqfrph ri dq lqglylgxdo udqnhg
dw wkh �ffR|� shufhqwloh lq jurxs �c zklfk zh zloo frqvlghu ehlqj frqwlqxrxv
dqg wzlfh gl�huhqwldeoh71 Dw wklv suholplqdu| vwdjh zh zloo wdnh wklv zhoiduh
irupxodwlrq dv wkh sulplwlyh frqfhsw/ dqg zh zloo glvfxvv wkh sduwldo udqnlqj
fulwhuld dvvrfldwhg zlwk vxevhtxhqw uhvwulfwlrqv rq wkh vhw ri jurxsv lqfrph
zhljkwv1 Krzhyhu/ lw lv srvvleoh wr surylgh mxvwl�fdwlrqv iru wkh zhoiduh uhs0
uhvhqwdwlrq lq E��/ dqg dovr gl�huhqw lqwhusuhwdwlrqv ri wkh sduwldo rughulqjv
rewdlqhg1

Qrwlfh wkdw vlqfh ` E8 � lv gh�qhg ryhu glvwulexwlrq ixqfwlrqv lw lv zlwklq
jurxs dqrq|prxv dqg srsxodwlrq uhsolfdwlrq lqyduldqw1 Wkdw lv/ zhoiduh hydo0
xdwlrqv zlwklq hdfk vxejurxs ghshqg rqo| rq wkh lqfrph glvwulexwlrq dqg duh
lqyduldqw z1u1w1 uhsolfdwlrqv ri wkh lqfrph sur�oh1 Lq wkh glvfuhwh fdvh wkhvh
surshuwlhv fruuhvsrqgv wr wkh vlwxdwlrq lq zklfk hydoxdwlrq lv lqyduldqw z1u1w1
shupxwdwlrqv ri wkh lqfrph sur�ohv t � ' E+��c +

�

2c �+
�

,
c �+�

6�
�c dqg uhsolfdwlrq ri

wkh zkroh sur�oh tc zkhuh wr hdfk lqglylgxdo lv dvvrfldwhg d �qlwh qxpehu ri
�forqhv�18

7Qrwlfh wkdw iru wkh hpslulfdo fdvh Z +I , uhgxfhv wr

Z +|, @
[q

l@4

plS
q

l@4pl

[pl

o@4
|l+o,

�
Y l^o@pl`� Y ^+o � 4,@pl`

�

zkhuh |l+o, � |l+o.4, dqg Y l +w, @
U w
3 y+s,gs=

8Vhh Gdowrq +4<53,/ dqg Gdvjxswd/ Vhq dqg Vwduuhww +4<:6,1

8



Wkh qh{w vhfwlrq glvfxvvhv vrph sodxvleoh uhvwulfwlrqv rq wkh vhw ri lqfrph
zhljkwv/ lqwurgxfhv wkh edvlf uhvxowv/ dqg surylghv vrph frpphqwv1

Lq Vhfwlrq 6 zh zloo lqwurgxfh d fodvv ri lqglylgxdo ghsulydwlrq +dqg vdw0
lvidfwlrq, lqglfhv/ dqg wkh uhodwhg djjuhjdwh lqglfhv ri wrwdo ghsulydwlrq +dqg
vdwlvidfwlrq, zlwklq wkh srsxodwlrq1 Lw zloo eh vkrzq wkdw wkh fodvv ri dj0
juhjdwh vdwlvidfwlrq lqglfhv rewdlqhg surylghv dq lqwhusuhwdwlrq iru E��1 Wkh
lqglfhv vxjjhvwhg gl�hu iurp wkh vwdqgdug rqh ehfdxvh wkh| djjuhjdwh wkh
dyhudjh lqfrph jdsv/ phdvxulqj wkh h{whqw ri wkh ihholqj ri ghsulydwlrq ri
hdfk lqglylgxdo/ zhljkwlqj wkhp zlwk dq �hqy| sdudphwhu� zklfk ghshqgv
rq wkh lqfrph udqnlqj ri wkh lqglylgxdo frqvlghuhg1 Gl�huhqw dvvxpswlrqv
uhjduglqj wkh fruuhodwlrq ehwzhhq wkh hqy| frh!flhqwv dqg wkh qhhgv ri wkh
lqglylgxdov zloo doorz wr vshfli| vhtxhqwldo ghsulydwlrq dqg vdwlvidfwlrq fulwh0
uld1 Pruhryhu/ vrph frqvlghudwlrqv zloo eh pdgh uhjduglqj d jhqhudol}dwlrq
ri yduldeoh srsxodwlrq hydoxdwlrqv zlwklq wkh frqwh{w ri dgglwlyh zhoiduh uhs0
uhvhqwdwlrqv1 Lq sduwlfxodu lq fkdudfwhul}lqj wkh djjuhjdwh ghsulydwlrq +dqg
vdwlvidfwlrq, lqgh{ lw zloo eh pdgh xvh ri d jhqhudo yhuvlrq ri srsxodwlrq
uhsolfdwlrq surshuw| zklfk zloo doorz wr rewdlq d sdudphwulf fkdudfwhul}dwlrq
ri wkh yduldeoh srsxodwlrq hydoxdwlrqv1

Wkh �qdo vhfwlrq lqwurgxfhv d jhqhudo yhuvlrq ri wkh Vhq +4<:9,/ dqg Ndn0
zdql +4<;3, udqn0ghshqghqw sryhuw| lqglfhv1 Lw surylghv vrph sduwldo udqnlqj
fulwhuld zklfk duh dvvrfldwhg zlwk wkh xqdqlprxv udqnlqj ri glvwulexwlrqv lq
whupv ri wkrvh lqglfhv/ dqg kljkoljkwv wkh vlplodulwlhv ehwzhhq wkh sryhuw|
udqnlqjv dqg wkh uhvxowv rewdlqhg iru wkh Gxdo VZI1 Pruhryhu/ vrph sodx0
vleoh h{whqvlrqv wr wkh vhw ri udqn0ghshqghqw sryhuw| lqglfhv/ frpsulvlqj wkh
uhylvlrq ri wkh Vhq lqgh{ vxjjhvwhg e| Vkruurfnv +4<<8,/ dqg ri wkh qhhgv
edvhg sryhuw| udqnlqj fulwhuld vxjjhvwhg lq Dwnlqvrq +4<<5,/ Mhqnlqv dqg
Odpehuw +4<<6, dqg Fkdped} dqg Pdxulq +4<<;, duh vxjjhvwhg1 Wkhvh duh
frqvlvwhqw zlwk wkh edvlf uhvxowv glvfxvvhg lq qh{w vhfwlrq/ dqg surylgh d ud0
wlrqdoh iru xvlqj wudqvirupdwlrqv ri wkh Mhqnlqv dqg Odpehuw +4<<:, WLSv
fxuyhv ru Vkruurfnv +4<<;, sryhuw| jds sur�ohv91

5 Surshuwlhv dqg ixqgdphqwdo uhvxowv

Wkh zhoiduh ixqfwlrq lq E�� frxog eh lqwhusuhwhg dv d qhhgv edvhg VZI1 Lq
zkdw iroorzv zh zloo frqvlghu uhvwulfwlrqv rq wkh vhw ri zhljkwv edvhg rq
qrupdwlyh jurxqgv1 Wkh dssurdfk lv lq vslulw vlplodu wr wkh rqh vxjjhvwhg

9Vhh dovr Vshqfhu dqg Ilvkhu +4<<5,1
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e| Dwnlqvrq dqg Erxujxljqrq +4<;:,/ Erxujxljqrq +4<;<, dqg Mhqnlqv dqg
Odpehuw +4<<6, dowkrxjk lw lv dssolhg wr wkh udqn0ghshqghqw zhoiduh uhs0
uhvhqwdwlrq1 Zh zloo dovr pdnh xvh ri dujxphqwv uhjduglqj lqwhu dqg lqwud
jurxsv frpsdulvrqv ri h�hfwlyhqhvv ri wudqvihuv rffxuulqj erwk ehwzhhq dqg
zlwklq jurxsv/ zklfk doorz iru dq lpphgldwh fkdudfwhul}dwlrq ri wkh rewdlqhg
vhtxhqwldo grplqdqfh fulwhuld lq whupv ri wudqvihu sulqflsohv1 Wkh fkdudfwhu0
l}dwlrq vxjjhvwhg frxog wkhuhiruh eh frqvlghuhg gxdo wr wkh rqh rewdlqhg lq
Hehuw +5333, iru Dwnlqvrq0Erxujxljqrq vhtxhqwldo jhqhudol}hg Oruhq} grpl0
qdqfh fulwhuld1

Dv d vwduwlqj srlqw lw vhhpv sodxvleoh wr lpsrvh wkdw zhoiduh lq E�� lv
d qrq0ghfuhdvlqj ixqfwlrq iru doo lqglylgxdov* lqfrphv1 Wklv zhoiduh prqr0
wrqlflw| surshuw| fruuhvsrqgv wr d vshfl�fdwlrq ri qrq qhjdwlyh zhljkwv ��ER�1
Pruhryhu/ kljkhu frqfhuq lq wkh hydoxdwlrq ixqfwlrq lv jlyhq wr wkh lqfrph
ri lqglylgxdov ehorqjlqj wr qhhglhu jurxsv1 Jlyhq wkh olqhdulw| ri wkh ixqf0
wlrq lq whupv ri lqfrphv/ wklv frqglwlrq uhtxluhv wr jlyh kljkhu zhljkw wr wkh
lqfrph ri qhhglhu lqglylgxdov/ dw d jlyhq srvlwlrq lq wkh udqnlqj1 Lq frpsdu0
lqj wzr lqglylgxdov lq wkh vdph srvlwlrq exw zlwk gl�hulqj qhhgv/ wkh vrfldo
zhoiduh ixqfwlrq lq E�� vkrxog h{klelw frqfhuq iru qhhgv/ wkdw lv dwwdfk kljkhu
zhljkw wr wkh lqfrph ri wkh qhhglhu lqglylgxdo1 Wkhuhiruh/ li qhhgv duh udqnhg
lq ghfuhdvlqj rughu/ wkdw lv lqglylgxdov lq jurxs � duh qhhglhu wkdq wkrvh lq
jurxs �n �c wkhq ��ER� � �&ER� iru dq| � 	 & dqg iru dq| R� Lq rwkhu zrugv/
erwk zhoiduh prqrwrqlflw| dqg frqfhuq iru qhhgv dssolhg ryhu E�� frxog eh
irupdol}hg dv iroorzv=

��ER� '

?[
�'�

��ER�c ��ER� � f ;� ' �c 2c ��?( ;R 5 dfc �o� +Surshuw| D,

Zkhuh ��ER� lv d qrq0qhjdwlyh/ frqwlqxrxv dqg wzlfh gl�huhqwldeoh ixqfwlrq
zklfk phdvxuhv wkh jds ehwzhhq wkh zhljkwv dwwdfkhg wr wkh lqfrph dw wkh R|�

srvlwlrq lq wkh lqfrph udqnlqj lq jurxs � dqg lqfrph dw wkh vdph srvlwlrq
lq jurxs � n �� Qrwlfh wkdw wkh xvh ri d olqhdu udqn0ghshqghqw VZI/ lq
wkh devhqfh ri dq| rwkhu uhohydqw lqirupdwlrq/ irufhv wr pdnh lqwhushuvrqdo
frpsdulvrqv rqo| ehwzhhq lqglylgxdov vlwxdwhg dw wkh vdph udqnlqj lq wkh
gl�huhqw vxejurxs lqfrphv glvwulexwlrqv1 Vxfk frpsdulvrqv duh wkhuhiruh
lqghshqghqw iurp wkh devroxwh lqfrph ohyhov1 Wklv uhvwulfwlrq frphv iurp wkh
vshfl�f vhsdudelolw| ru lqghshqghqfh surshuwlhv xqghuo|lqj wkh gxdo zhoiduh

:



uhsuhvhqwdwlrq:1 Dv d uhvxow wkh uhodwlyh srvlwlrq ri lqglylgxdov zlwklq wkhlu
krprjhqhrxv jurxs frxog sod| d qrupdwlyh uroh1

Li wkh vrfldo ghflvlrq pdnhu lv lqhtxdolw| dyhuvh lq hydoxdwlqj wkh zhoiduh
ri hyhu| vxejurxs wkhq ��

�ER� � f ;� ' �c 2���?c dqg R 5 dfc �oc +vhh Phkudq/
4<:9/ dqg \ddul 4<;:/ 4<;;,1

Surshuw| D dv zhoo dv lqhtxdolw| dyhuvlrq frxog dovr eh rewdlqhg dv d uhvxow
ri d frpelqdwlrq ri zhoiduh prqrwrqlflw| dqg wkh uhtxluhphqw ri vdwlvidfwlrq
ri d qhhgv edvhg yhuvlrq ri wkh Sulqflsoh ri Wudqvihuv1 Wkh Qhhgv edvhg
+Srvlwlrqdo, Sulqflsoh ri Wudqvihuv vwdwhv wkdw

D{lrp 4 +Qhhgv Edvhg Srvlwlrqdo SW, D vpdoo wudqvihu ri d jlyhq dprxqw
ri lqfrph B : f iurp d wlq| iudfwlrq _R ri wkh srsxodwlrq dw wkh 433ERn 4�|�

shufhqwloh ri wkh glvwulexwlrq ri jurxs � wr d iudfwlrq _R ri lqglylgxdov dw wkh
433R|� shufhqwloh ri wkh glvwulexwlrq ri jurxs �c zkhuh 4 � f dqg � � � grhv
qrw ohdg wr d zhoiduh ghfuhdvh�

Vxfk wudqvihu lv fdoohg surjuhvvlyh wudqvihu/ wudqvihuv ri rssrvlwh vljq duh
fdoohg uhjuhvvlyh;1 Wkh zhoiduh h�hfw ri d surjuhvvlyh wudqvihu/ dffruglqj wr
E�� c lv irupdoo|

B��ER�� B��ERn 4� � f ;Rc 4c � : �

Li 4 whqgv wr fc jlyhq zhoiduh prqrwrqlflw|/ zh jhw Surshuw| D ��ER� � ��ERn
4� � f1 Zkhq � ' � zh jhw wkh vwdqgdug Sulqflsoh ri Wudqvihuv dssolhg ryhu
krprjhqhrxv srsxodwlrqv zklfk uhtxluhv zlwklq rxu frqwh{w ��

�ER� � f1
Jlyhq surshuw| D/ lqhtxdolw| dyhuvlrq lpsolhv wkhuhiruh

S?

�'��
�

�ER� �
f ;�c R1 Wkh iroorzlqj dvvxpswlrq vwuhqjwkhq wklv frqglwlrq=

��

�ER� � f ;� ' �c 2���?c ;R 5 dfc �o� +Surshuw| D4,

Wklv surshuw| lv htxlydohqw wr wkh uhtxluhphqw wkdw=

D{lrp 5 +Ehwzhhq Jurxs Srvlwlrqdo Wudqvihu Vhqvlwlylw| +EJSWV,,
Wkh lpsdfw rq wkh vrfldo zhoiduh ri d surjuhvvlyh wudqvihu lqyroylqj lqglylgxdov
zlwklq wkh vdph jurxs lv juhdwhu/ fhwhulv sdulexv/ wkh qhhglhu lv wkh jurxs1

:Vhh Zh|pdun +4<;4,/ \ddul +4<;:/ 4<;;,/ Ehq Srudwk dqg Jloerd +4<<7,1
;Iru d glvfxvvlrq ri wkh uroh ri surjuhvvlyh wudqvihuv lq lqhtxdolw| dqg zhoiduh phdvxuh0

phqw vhh Prvohu dqg Pxolhuh +4<<;,1

;



Wkdw lv/ frqvlghu d vpdoo surjuhvvlyh wudqvihu B : f iurp d wlq| iudfwlrq
_R ri wkh srsxodwlrq dw wkh 433ER n 4�|� shufhqwloh ri wkh glvwulexwlrq wr d
iudfwlrq _R ri srruhu lqglylgxdov dw wkh 433R|� shufhqwloh erwk ehorqjlqj wr
jurxs �1 Wkh lpsdfw ri wklv wudqvihu rq ` lv=

{�` ERc 4c B� ' �B��ERn 4�_Rn B��ER�_R � f +5,

Frpsduh wklv h�hfw wr wkdw ri d vlplodu wudqvihu lqyroylqj lqglylgxdov dw wkh
vdph shufhqwlohv exw ehorqjlqj wr jurxs & : � G {&` ERc 4c B� ' �B�&ER n
4�_Rn B�&ER�_R � f� Jlyhq Surshuw| D/ Surshuw| D4 lv htxlydohqw wr lpsrvh
wkdw wkh �uvw wudqvihu vkrzv d juhdwhu lpsdfw rq ` iru dq| Rc 4c Bc & : ��
Irupdoo|/ {�` ERc 4c B� � {&` ERc 4c B� � f wkdw lv

��ERn 4�� ��ER� � �&ERn 4�� �&ER� ;Rc 4c & : �

zklfk lv htxlydohqw wr ��

�ER� � ��

&ER� ;R 5 dfc �oc �c & ' �c 2���?c vxfk wkdw & : �c
zklfk lv wkh uhtxluhphqw ri Surshuw| D4�

Wkh zhoiduh uhsuhvhqwdwlrq lq E�� frqvlvwhqw zlwk wkh vxjjhvwhg surshuwlhv/
kdv gl�huhqw mxvwl�fdwlrqv dqg doorzv iru ydulrxv hfrqrplf lqwhusuhwdwlrqv
ri wkh uhvxowv1 Pruhryhu lw frxog eh lqirupdwlyh lq rwkhu iudphzrunv zkhq
dssursuldwh yduldeohv duh vxevwlwxwhg wr wkh lqfrph1 Iru lqvwdqfh lq vhfwlrq 7
dq dssolfdwlrq ri wkh uhvxowv dvvrfldwhg wr E�� lq wkh sryhuw| phdvxuhphqw zloo
eh surylghg/ lq wkdw frqwh{w lqfrphv duh vxevwlwxwhg e| uhodwlyh ru devroxwh
lqfrph jdsv1

Wkh vrfldo hydoxdwlrq lq E�� fdq dovr eh vhhq dv dq lqwhuwhpsrudo hydoxd0
wlrq ri lqfrph glvwulexwlrqv/ zkhuh 8�E+� ghqrwhv wkh glvwulexwlrq ri lqfrph
dw wlph |n���c dqg ^8� lv wkh vl}h ri wkh srsxodwlrq dw wkdw wlph1 Wkh suhvhqw
ydoxh ri wkh lqwhuwhpsrudo vrfldo zhoiduh lv d zhljkwhg dyhudjh ri wkh zhoiduh
lq hyhu| shulrg hydoxdwhg dffruglqj wr wkh gxdo dssurdfk1 Wlph lpsdwlhqfh
lv lqfrusrudwhg lqwr wkh ixqfwlrq e| frqvlghulqj orzhu zhljkwv ��ER� iru ix0
wxuh shulrgv/ dv vwdwhg lq Surshuw| D1 Wkh vrfldo zhoiduh hydoxdwlrq vkrzv
lqhtxdolw| dyhuvlrq lq hyhu| shulrg1 Pruhryhu/ Surshuw| D4 frxog eh lqwhu0
suhwhg dv dq h�hfw ri wlph lpsdwlhqfh lq lpsohphqwdwlrq ri uhglvwulexwlyh
srolflhv/ wkdw lv/ jlyhq wkh vdph uhglvwulexwlyh h�hfw ri d srolf|/ wkh zhoiduh
lpsdfw lv frqvlghuhg juhdwhu wkh vrrqhu wkh srolf| lv lpsohphqwhg1<

<D vshfldo fdvh lv wkh rqh lq zklfk hyhu| zhoiduh ixqfwlrq lq dq| shulrg lv hydoxwhg
dsso|lqj wkh vdph vhw ri zhljkwv/ l1h1 yl+s, @ ym+s, @ y+s, ;l> m> vxfk wkdw y+s, � 3> dqg
y3+s, � 3> exw wkh zhoiduh ri dq| shulrg lv glvfrxqwhg dffruglqj wr d udwh �l�4> 3 � � � 4=
Wkhq yl+s, @ �l�4y+s, vdwlv�hv Surshuwlhv D dqg D41

<



Lq wkhlu h{whqvlrq ri wkh Dwnlqvrq0Erxujxljqrq grplqdqfh fulwhuld wr
srsxodwlrqv zlwk gl�huhqw pdujlqdo glvwulexwlrqv ri qhhgv/ Mhqnlqv dqg Odp0
ehuw +4<<6, vxjjhvwhg dq dgglwlrqdo frqglwlrq/ qdpho| wkdw wkhuh h{lvwv d wrs
ohyho ri lqfrph dw zklfk gl�huhqfhv lq qhhgv gr qrw sod| dq| uroh lq wkh hydo0
xdwlrq431 Lq rxu frqwh{w dq dqdorjrxv frqglwlrq frxog eh lpsrvhg1 Vxssrvh
wkdw wkh zhljkw dvvrfldwhg wr wkh lqfrph ri wkh ulfkhvw lqglylgxdo lq hyhu|
vxejurxs lv wkh vdph/ wkdw lv zkdwhyhu lv wkh lqfrph ru wkh qhhgv ri hyhu|
lqglylgxdo/ ehlqj wkh ulfkhvw lq d vxejurxs lv hydoxdwhg lq wkh vdph zd|=

��E�� ' �&E�� ;�c & ' �c 2c ���?� +Surshuw| D-,

Vxfk d frqglwlrq lv pruh uhvwulfwlyh wkdq wkh yhuvlrq vxjjhvwhg e| Mhqnlqv dqg
Odpehuw +4<<6,= lw uhtxluhv wkdw ehlqj dw wkh wrs ri wkh glvwulexwlrq zlwklq
d jurxs lv hydoxdwhg lq wkh vdph zd| luuhvshfwlyh ri lqfrphv dqg qhhgv1 Dv
zh zloo vkrz/ iru doo wkh gxdo vhtxhqwldo grplqdqfh uhvxowv zh rewdlq/ iru
srsxodwlrqv vkrzlqj gl�huhqw pdujlqdo glvwulexwlrqv ri qhhgv/ wklv frqglwlrq
lv lq idfw luuhohydqw1

Ehiruh lqwurgxflqj wkh �uvw uhvxowv/ lw vkrxog eh zruwk vshfli| wkh phdq0
lqj ri lqyhuvh vwrfkdvwlf grplqdqfh1 Wklv grplqdqfh fulwhulrq kdv ehhq vxj0
jhvwhg e| Pxolhuh dqg Vfduvlql +4<;<,1 Iru 8 5 I / dqg g ' �c 2c �� zh
ghqrwh44

83�
d�o ER� ' 83�ER�c 83�

dgoER� '

] R

f

83�
dg3�oE|�_|c f � R � �

dqg gh�qh wkh g0wk ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh ?
3g dv iroorzv=

Gh�qlwlrq 4 Jlyhq wzr lqfrph glvwulexwlrqv 8 dqg C 5 I / 8 ?
3g C li

dqg rqo| li 83�
dgoER� � C3�

dgoER� iru doo Rc f � R � � 1

Dv vkrzq e| Pxolhuh dqg Vfduvlql +4<;<, gluhfw dqg lqyhuvh vwrfkdvwlf
grplqdqfh duh qrw htxlydohqw iru ghjuhhv kljkhu wkdq wkh vhfrqg1 Lq zkdw

43Pr|hv fulwlfl}hv wklv frqglwlrq dujxlqj wkdw wkh grplqdqfh uhvxowv dvvrfldwhg wr Mhqn0
lqv dqg Odpehuw*v +4<<6, surfhgxuh duh qrw lqghshqghqw iurp wkh fkrlfh ri wkh wrs ohyho1
Wkhuhiruh wzr sdluv ri glvwulexwlrqv gl�hulqj rqo| lq wkh wrs ohyho frxog eh udqnhg lq gli0
ihuhqw zd|v1 Vlqfh wkh wrs lqfrph ohyho lv hydoxdwhg lq wkh vdph zd| iru doo qhhgv lwv fkrlfh
lq jhqhudo vkrxog qrw kdyh d uhohydqfh iru wkh �qdo vroxwlrq/ dw ohdvw zlwklq dq xwlolwduldq
frqwh{w1 Dffruglqj wr Pr|hv*v uhpdun lw grhv1

44Qrwlfh wkdw I�4
l

+s, lv wkh lqyhuvh lqfrph glvwulexwlrq ri jurxs l> zkloh I�4^N`+s, lv wkh

Nwk ghjuhh lqyhuvh glvwulexwlrq ixqfwlrq ri srsxodwlrq I= Wkhuhiruh I�4
l^N`+s, lv wkh Nwk

ghjuhh lqyhuvh glvwulexwlrq ixqfwlrq ri Il+|,=

43



iroorzv zh zloo glvfxvv vhtxhqwldo grplqdqfh frqglwlrqv zklfk duh gxdo wr
wkh zhoo nqrz vhtxhqwldo vwrfkdvwlf grplqdqfh lq Dwnlqvrq dqg Erxujxljqrq
+4<;:,/ lq wkdw wkh| duh dvvrfldwhg wr wkh lqyhuvh dssurdfk1

514 Vrph uhvxowv

Ghqrwh e| \ wkh vhw ri vrfldo zhoiduh ixqfwlrqv` E�� lq E�� vdwlvi|lqj Surshuw|
D/ dqg e| \� wkh vhw ri vrfldo zhoiduh ixqfwlrqv ` E�� lq \ vdwlvi|lqj dovr
Surshuw| D41

Lq zkdw iroorzv zh zloo surylgh d vhw ri grplqdqfh fulwhuld zklfk duh
erwk qhfhvvdu| dqg vx!flhqw iru zhoiduh grplqdqfh iru doo Gxdo VZIv lq \
dqg \� uhvshfwlyho|1 Diwhu d glvfxvvlrq ri wkhvh suholplqdu| uhvxowv/ d zhdnhu
grplqdqfh fulwhulrq lv vxjjhvwhg zklfk lv frqvlvwhqw zlwk zhoiduh grplqdqfh
iru d vxevhw ri \��

D frpsohwh surri lv surylghg lq wkh pdlq wh{w rqo| iru wkh �uvw sursr0
vlwlrq1 Iru doo rwkhu uhvxowv lq wklv vhfwlrq rqo| wkh vx!flhqf| sduwv ri wkh
surriv iroorz wkh sursrvlwlrqv1 Wkh qhfhvvlw| sduwv/ zklfk duh pruh whglrxv
dqg ohvv lqwhuhvwlqj/ duh wr eh irxqg lq wkh dsshqgl{145

Sursrvlwlrq 4 Jlyhq wzr glvwulexwlrqv 8c C 5 I c ` E8 � � ` EC� iru doo
VZIv lq \ li dqg rqo| li
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ER� � f iru dq| & ' �c 2c ���? dqg hyhu|

R 5 dfc �oc zkhuh ��ER� ' ^8
�
83�
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ER�� ^C
�
C3�
�
ER��

Surri=
Vx!flhqf|= Ghqrwlqj {` ' ` E8 ��` EC�c zh rewdlq=
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��ER���ER�_R� +6,

Vlqfh ��ER� vdwlv�hv Surshuw| D/ vxevwlwxwlqj iru ��ER� '
S?

�'���ER�/ zh kdyh=
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45Wkh surriv ri Sursrvlwlrqv 4 dqg 5 iroorz wkh vdph dujxphqwv lqwurgxfhg lq Dwnlqvrq
dqg Erxujxljqrq +4<;:,1
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Uhduudqjlqj/ wklv ehfrphv=

{` '

�]
f

?[
�'�
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��ER�

�[
�'�

��ER�

$
_R� +7,

Wkhq/ vlqfh ��ER� � f ;�c Rc wkh frqglwlrq
S�

�'� ��ER� � f iru dq| � ' �c 2c ��?
lv vx!flhqw iru {` ehlqj qrq0qhjdwlyh1

Qhfhvvlw|= Zh qhhg wr xvh wkh iroorzlqj ohppdv46=

Ohppd 4 Ohw U ' dfc �o eh dq lqwhuydo/ T wkh vhw ri doo frqwlqxrxv ixqfwlrqv
ryhu U/ dqg T n wkh vhw ri doo frqwlqxrxv qrq0qhjdwlyh ixqfwlrqv ryhu U1 Li
i��ER�c ����ER�c ���?ER�j lv d vhw ri frqwlqxrxv ixqfwlrqv ryhu Uc ��ER� 5 T ;�
dqg /�ER� 5 T n ;�c wkhq

S?

�'���ER�/�ER� 5 T n li dqg rqo| li ��ER� 5 T n ;��

Ohppd 5 Iroorzlqj wkh vdph qrwdwlrq dv lq Ohppd 4/ ohw �ER� eh d frqwlq0

xrxv ixqfwlrq ryhu wkh lqwhuydo U lq dfc �o� Wkhq
U
�

f
�ER�5ER�_R � fc ;5ER� 5

T n li dqg rqo| li �ER� 5 T n�

Ohw {&ER� '
S&

�'� ��ER�� Vxssrvh wkhuh h{lvwv d & vxfk wkdw {&ER� 	
f iru vrph R 5 dfc �o� Wkhq/ iroorzlqj Ohppd 4/ wkhuh h{lvwv dq lqwhuydo
M � dfc �o dqg d vhw ri ydoxhv 	��ER�c 	�2ER�c ��� 	��ER�c ��� 	�?ER� 5 T n( vxfk wkdwS?

�'� 	��ER�{�ER� 	 f iru hdfk R 5 M � Iroorzlqj Ohppd 5 zh rewdlq=
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f
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	��ER�{�ER�

$
_R 	 f +8,

iru vrph 5ER� 5 T n� Gh�qh= ��ER� '
S?

�'� 	��ER�5ER� zkhuh 5ER� 5 T n� Vlqfh
	��ER� 5 T nc ��ER� vdwlv�hv Surshuw| D/ lqghhg ��ER�� ��n�ER� ' 	��ER�5ER� '
��ER� � f� Vxevwlwxwlqj lqwr +7, zh rewdlq=

{` '

�]
f
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�'�

E 	��ER�5ER�{�ER�� _R � f� +9,

46Ohppd 4 kdv ehhq lqwurgxfhg lq Fkdped} dqg Pdxulq +4<<;,/ lw lv d frqwlqxrxv
ixqfwlrq yhuvlrq ri Ohppd 5 lq Dwnlqvrq dqg Erxujxljqrq +4<;:,1 Lw surylghv qhfhvvdu|
frqglwlrqv iru wkh vwdqgdug vhtxhqwldo vwrfkdvwlf grplqdqfh zkhq wkh vkduhv ri srsxodwlrqv
t
I
l
dqg t

J
l

gr qrw frlqflgh1 Ohppd 5 lq wkh wh{w/ zklfk lv d vwudljkwiruzdug h{whqvlrq ri
wkh suhylrxv/ dsshduv dv Ohppd 4 lq Dwnlqvrq dqg Erxujxljqrq +4<;:,1
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Wkh dvvxpswlrq ri zhoiduh grplqdqfh iru doo VZIv lq \ lpsolhv wkh uhodwlrq
lq +9, zklfk lv lqfrqvlvwhqw zlwk +8,1 Wkhq {&ER� pxvw eh qrq0qhjdwlyh iru
dq| & dqg R1

Wkdw lv/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru �uvw rughu zhoiduh grpl0
qdqfh hydoxdwhg dffruglqj wr dq| VZI ehorqjlqj wr \ lv d vhtxhqwldo lqyhuvh
vwrfkdvwlf grplqdqfh fulwhulrq ri �uvw rughu/ ru lq rwkhu zrugv d vhtxhq0
wldo udqn0grplqdqfh frqglwlrq47 lq zklfk hdfk lqyhuvh vxejurxs glvwulexwlrq
lv zhljkwhg dffruglqj wr wkh vkduh +ru vl}h/ li zh dsso| wkh lqwhuwhpsrudo
ydoxdwlrq surfhgxuh, ri lwv srsxodwlrq ^�1 Wklv fulwhulrq lv gxdo wr wkdw vxj0
jhvwhg e| Dwnlqvrq dqg Erxujxljqrq +4<;:,/ zkr uhtxluhg �uvw rughu gluhfw
vhtxhqwldo grplqdqfh +wkdw lv d fulwhulrq zkhuh wkh zhljkwhg dyhudjhv ri glv0
wulexwlrqv ixqfwlrqv/ djjuhjdwhg dw hyhu| ohyho ri lqfrph/ duh frpsduhg,1 Lq
rxu fdvh/ wkh djjuhjdwlrq dqg wkh frpsdulvrqv wdnh sodfh dw hyhu| shufhqwloh
dv d uhvxow ri wkh dssolfdwlrq ri wkh udqn0ghshqghqw prgho zkhuh dssursuldwh
uhvwulfwlrqv duh lpsrvhg rq wkh zhljkwv1

Zh ghqrwh wkh grplqdqfh frqglwlrqv lqwurgxfhg dv

8 ?&
3� C/

&[
�'�

��ER� � f ;R 5 dfc �oc

zklfk lv �uvw rughu vhtxhqwldo lqyhuvh vwrfkdvwlf grplqdqfh dw vwdjh &c zkloh
8 ?7

3� C ghqrwhv �uvw rughu vhtxhqwldo lqyhuvh vwrfkdvwlf grplqdqfh ri 8 rq
Cc wkdw lv

8 ?7
3� C/ 8 ?&

3� C sJo @,, & ' �c 2c ��?�

Zh qrz wxuq wr grplqdqfh frqglwlrqv iru doo ` 5 \��

Sursrvlwlrq 5 Jlyhq wzr glvwulexwlrqv 8c C 5 I c ` E8 � � ` EC� iru doo
VZIv lq \� li dqg rqo| li

S&

�'� ��ER� � f iru dq| & ' �c 2c ���? dqg hyhu|
R 5 dfc �oc zkhuh ��ER� '

U R

f
��E|�_|�

Surri=
Vx!flhqf|= Lqwhjudwlqj e| sduwv lq +7, zh rewdlq=

{` ' �
?[
�'�

�]
f

3
Cd

?[
�'�

��

�ER�o

R]
f

��E|�_|

4
D _Rn

?[
�'�

5
7d ?[

�'�

��ER�o

R]
f

��E|�_|

6
8
�

f

�

+:,

47Wkh udqn0grplqdqfh frqglwlrq vlpso| uhtxluhv wkdw dw hyhu| uhodwlyh srvlwlrq lq wkh
lqfrph sdudgh wkh grplqdwlqj glvwulexwlrq vkrzv kljkhu lqfrphv/ vhh Vdsrvqln +4<;4,1
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Vlpsoli|lqj dqg vxevwlwxwlqj=
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Uhduudqjlqj zh rewdlq=
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Vlqfh ��E�� � f dqg ��

�ER� � f ;� ' �c 2c ���?c R 5 dfc �oc wkhq
S�

�'� ��ER� � f
iru dq| �c dqg R 5 dfc �oc ehfrphv d vx!flhqw frqglwlrq iru {` ehlqj qrq
qhjdwlyh1

Qhfhvvlw|= Vhh dsshqgl{
Qrwlfh wkdw/ uhzulwlqj ��ER� h{solflwo| lq whupv ri wkh lqyhuvh glvwulexwlrq

ixqfwlrq/ dqg ghqrwlqj

Cu8�
ER� '

R]
f

83�� E|�_|c

zklfk lv wkh jhqhudol}hg Oruhq} fxuyh ri glvwulexwlrq 8�c zh rewdlq=
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R]
f

^8� 8
3�

� E|�_|�

R]
f

^C� C
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R]
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R]
f

C3�� E|�_|

' ^8� Cu8�
ER�� ^C� CuC�

ER�� +43,

Wkxv/
S&

�'� ��ER� � f iru dq| & ' �c 2c ���? dqg hyhu| R 5 dfc �o phdqv=
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�'�

^8� Cu8�
ER� �

&[
�'�

^C� CuC�
ER� ;& ' �c 2c ���?( ;R 5 dfc �o�

Wkdw lv/ lq rughu wr fkhfn zhoiduh grplqdqfh iru doo VZIv lq \�c zh kdyh
wr frpsduh dw hyhu| shufhqwloh Rc dqg hyhu| vwdjh &/ d zhljkwhg dyhudjh ri
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jhqhudol}hg Oruhq} fxuyhv ri doo jurxsv zlwk lqgh{ ri qhhgv qrw kljkhu wkdq
& ehorqjlqj wr wkh wzr glvwulexwlrqv/ zkhuh wkh zhljkwv duh jlyhq e| wkh
vkduhv ri wkh srsxodwlrq zlwklq hdfk vxejurxs1 Wkh olqn zlwk wkh wudgl0
wlrqdo vhtxhqwldo grplqdqfh fulwhulrq lv fohdu= zkloh Dwnlqvrq0Erxujxljqrq
uhtxluh vhtxhqwldo zhljkwhg dyhudjhv ri fxuyhv dvvrfldwhg wr wkh vhfrqg ghjuhh
vwrfkdvwlf grplqdqfh frqglwlrq iru hyhu| jurxs/ wkh fulwhulrq zh lqwurgxfh
uhtxluhv frqyh{ frpelqdwlrq ri wkh fxuyhv dvvrfldwhg wr wkh vhfrqg ghjuhh lq0
yhuvh vwrfkdvwlf grplqdqfh frqglwlrq/ wkdw lv wkh jhqhudol}hg Oruhq} fxuyhv1

Zkloh gluhfw dqg lqyhuvh vwrfkdvwlf grplqdqfh duh htxlydohqw li zh frq0
vlghu wkh �uvw dqg wkh vhfrqg ghjuhh ri frpsdulvrq/ wklv lv qrw wkh fdvh zkhq
zh frqvlghu vhtxhqwldo grplqdqfh frqglwlrqv1 Lq erwk fdvhv/ rqo| wkh �uvw
vwdjh ri wkh vhtxhqwldo surfhgxuh lv htxlydohqw ehwzhhq wkh gluhfw dqg lqyhuvh
dssurdfk/ qdpho| grplqdqfh iru wkh qhhglhvw jurxs1 Qrwlfh wkdw wkh �qdo
vwdjh lq wkh gluhfw surfhgxuh fruuhvsrqgv wr uhvshfwlyho| �uvw ghjuhh ru jhq0
hudol}hg Oruhq} grplqdqfh iru doo wkh srsxodwlrq dffruglqj wr wkh ghjuhh ri
uh�qhphqw ri wkh rughulqj1 Wkh �qdo vwdjh lq wkh lqyhuvh surfhgxuh fruuh0
vsrqgv wr dq dyhudjh ryhu doo vxejurxsv ri wkh lqyhuvh glvwulexwlrq ixqfwlrqv/
lq wkh �uvw sursrvlwlrq/ ru dq dyhudjh ri wkh jhqhudol}hg Oruhq} fxuyhv/ lq
wkh vhfrqg sursrvlwlrq1 Wkhvh frqglwlrqv lq sulqflsoh duh gl�huhqw iurp wkrvh
dvvrfldwhg wr wkh gluhfw surfhgxuh1 Wkh uhdvrq lv wkdw lqglylgxdov* lqfrphv
duh djjuhjdwhg dw hdfk shufhqwloh/ wkhuhiruh wkh �qdo frqglwlrqv fruuhvsrqg
wr d �uvw ru vhfrqg ghjuhh vwrfkdvwlf grplqdqfh fulwhulrq dssolhg ryhu glvwul0
exwlrqv rewdlqhg dyhudjlqj wkh lqfrphv ri wkh lqglylgxdov ehorqjlqj wr wkh
vdph shufhqwloh zlwklq hdfk vxejurxs1 Pruhryhu/ qrwlfh wkdw lq wkh h{wuhph
fdvh lq zklfk lqglylgxdov duh doo glvwlqfw/ wkdw lv hdfk lqglylgxdo frqvwlwxwhv
d fodvv ri qhhgv/ wkh uhvxowv lq wkh suhylrxv sursrvlwlrqv uhtxluh lq erwk fdvhv
jhqhudol}hg Oruhq} grplqdqfh hydoxdwhg ryhu lqfrph glvwulexwlrqv udqnhg
dffruglqj wr qhhgv lqvwhdg ri lqfrphv1

Wkh grplqdqfh frqglwlrqv lqwurgxfhg duh ghqrwhg

8 ?&
32

C/
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��ER� � f ;R 5 dfc �oc

zklfk phdqv vhfrqg rughu lqyhuvh vhtxhqwldo vwrfkdvwlf grplqdqfh dw vwdjh &c
zkloh 8 ?7

32
C ghqrwhv vhfrqg rughu vhtxhqwldo lqyhuvh vwrfkdvwlf grplqdqfh

ri 8 z1u1w1 Cc zkloh

8 ?7
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C/ 8 ?&
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Dq lqwhuhvwlqj fodvv ri grplqdqfh frqglwlrqv lv rewdlqhg li zh uhvwulfw dwwhq0
wlrq wr d vxefodvv ri \� frqvlghulqj wkh vhw ri hydoxdwlrq ixqfwlrqv h{klelwlqj
olqhdu zhljkwv1 Dv lw frxog eh h{shfwhg/ vlqfh iru wklv fodvv ri VZIv hyhu|
vxejurxs zhoiduh ixqfwlrq ehfrphv d olqhdu wudqvirupdwlrq ri wkh dyhudjh
lqfrph dqg Jlql frh!flhqw ri wkh glvwulexwlrq/ wkh grplqdqfh frqglwlrqv
lqyroyh vhtxhqwldo frpsdulvrqv ri wkh Jlql0edvhg zhoiduh ixqfwlrqv ri wkh
vxejurxsv/ dqg vhtxhqwldo phdqv frpsdulvrqv1 Ghqrwh >E8�� wkh dyhudjh
lqfrph ri glvwulexwlrq 8�c dqg ohw

sKE8�� ' >E8��d�� KE8��o

wkh Jlql edvhg zhoiduh lqgh{/ lqwhusuhwhg dv wkh htxdoo| glvwulexwhg htxlydohqw
lqfrph +vhh Eodfnrue| dqg Grqdogvrq/ 4<:;,/ zkhuh lqhtxdolw| lv hydoxdwhg
dffruglqj wr wkh Jlql frh!flhqw KE���

Uhpdun 4 ` E8 � � ` EC� iru doo VZIv lq \� zklfk duh olqhdu lq ��ER� li
dqg rqo| li Z�E8 ��Z�EC� � f dqg 	>�E8 �� 	>�EC� � f ;� ' �c 2c ��c ? zkhuh
Z�E8 � '
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�'� ^
8
� sKE8��c 	>�E8 � '
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�'� ^
8
� >E8��

Surri=
Qrwlfh wkdw doo VZI lq \� iru zklfk ��ER� lv olqhdu frxog eh fkdudfwhul}hg

e| xvlqj rqo| wzr sdudphwhuv iru hdfk vxejurxs/ qdpho| ���ER� ' �D�c D� � f
;�c Rc zkhuh ��
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zkhuh KE8�� lv wkh Jlql frh!flhqw ri glvwulexwlrq 8�� Wkxv/ vxevwlwxwlqj/ zh
kdyh=
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Vlqfh /� dqg l� duh lqghshqghqw/Z�E8 � � Z�EC� dqg 	>�E8 � � 	>�EC� duh qrw
rqo| vx!flhqw exw dovr qhfhvvdu| frqglwlrqv iru {` ehlqj qrw0qhjdwlyh1

Wkh ixqfwlrqv Z�E8 � dqg 	>�E8 � frxog eh frqvlghuhg dv vhtxhqwldo Jlql
edvhg zhoiduh lqglfhv dqg vhtxhqwldo dyhudjhv ri wkh wrwdo glvwulexwlrq1 Wkhuh0
iruh/ wr hyhu| glvwulexwlrq sduwlwlrqhg lqwr vxejurxsv zh frxog dvvrfldwh wzr
vhwv ri ? lqglfdwruv= wkh vhw ri lqhtxdolw| dyhuvh zhoiduh lqglfhv Z�E8 �c dqg
wkrvh ri wkh lqhtxdolw| qhxwudo 	>�E8 �� Lq frpsdulqj vxejurxsv zkhuh lqgl0
ylgxdo lqfrphv duh htxdoo| glvwulexwhg/ Z�E8 � erlov grzq wr 	>�E8 �( zkhq
lqfrphv duh xqhtxdoo| glvwulexwhg/ zhljkwhg dyhudjhv ri wkh Jlql frh!flhqwv
ri wkh glvwulexwlrqv sod| d uroh1 Dgrswlqj dq h{whqvlrq ri wkh htxdoo| glv0
wulexwhg htxlydohqw lqfrph dssurdfk wr zhoiduh phdvxuhphqw +dgdswhg wr wkh
vlwxdwlrq lqyroylqj wkh ixqfwlrqv lq \�� zh pd| lqwhusuhw Z�E8 � dv

Z�E8 � ' 	>�E8 � E�� J�E8 ��

zkhuh J�E8 � frxog eh frqvlghuhg wkh vhtxhqwldo Jlql frh!flhqw ri wkh glv0
wulexwlrq 8 hydoxdwhg dw wkh �|� vwdjh1 Uhduudqjlqj Z�E8 � dqg 	>�E8 � lw lv
lpphgldwh wr ghulyh

J�E8 � '

�S
�'�

^8� >E8��KE8��

�S
�'�

^8� >E8��

� +45,

Wkhuhiruh J�E8 � lv wkh Jlql frh!flhqw zklfk/ li frpprq wr doo vxejurxsv
zlwk qhhg lqgh{ orzhu wkdq �c ohdgv wr wkh vdph ohyho ri vhtxhqwldo devroxwh
lqhtxdolw|1 Qrwlfh wkdw/ ehfdxvh ri wkh djjuhjdwlrq surshuwlhv vdwlv�hg e|
E�� c lq wkh lqhtxdolw| hydoxdwlrq ri wkh glvwulexwlrq ri wkh �uvw � vxejurxsv/
zkdw lv uhohydqw lv wkh h{lvwlqj lqhtxdolw| zlwklq hdfk jurxs dqg qrw wkh ohyhov
ri lqfrph= wkh ehwzhhq0jurxs frpsdulvrqv frpsrqhqw ri wkh ryhudoo lqhtxdo0
lw| hydoxdwlrq lv holplqdwhg1 Wklv lv wkh uhdvrq zk| wkh uhodwlyh ghsulydwlrq
lqwhusuhwdwlrq ri wkh ixqfwlrq lq E�� vhhpv wr eh wkh prvw surplvlqj= lqgl0
ylgxdov frpsduh wkhpvhoyhv rqo| zlwklq wkhlu uhihuhqfh jurxs/ wkhuhiruh wkh
ryhudoo shufhswlrq ri lqhtxdolw| lv frq�qhg wr wkh zlwklq0jurxs frpsrqhqwv1
Dqrwkhu lqwhusuhwdwlrq ri wklv ehkdylru lv surylghg lq Shudjlqh +4<<;, zkhuh
wkh Gxdo VZI vshfl�hg ryhu lqfrph glvwulexwlrqv lv dssolhg iru wkh sxu0
srvh ri hydoxdwlqj lqhtxdolwlhv lq whupv ri rssruwxqlwlhv/ iroorzlqj Urhphu
+4<<;, dssurdfk/ ryhu srsxodwlrqv sduwlwlrqhg lqwr jurxsv zkhuh lqglylgxdov
duh krprjhqhrxv lq rssruwxqlwlhv exw qrw lq lqfrphv1

4:



515 H{whqvlrqv

Zkhq wzr glvwulexwlrqv fdqqrw eh udqnhg xqdqlprxvo| dffruglqj wr wkh suh0
ylrxv fulwhuld lw lv srvvleoh wr uh�qh wkhvh sduwldo rughulqjv dgglqj ixuwkhu
uhvwulfwlrqv rq wkh vhw ri zhljkwv1 Wkhvh uhvwulfwlrqv frxog eh dvvrfldwhg wr
h{wud qrupdwlyh surshuwlhv ri wkh ruljlqdo zhoiduh fulwhulrq dssolhg1 Li zh
uhvwulfw rxu dwwhqwlrq wr zlwklq0jurxs frpsdulvrqv/ wkh prvw qdwxudo dggl0
wlrqdo uhtxluhphqw lv wkh vdwlvidfwlrq ri wkh surshuw| ri wudqvihu vhqvlwlylw|1
Jlyhq wkh vwuxfwxuh ri wkh zhoiduh rughulqj/ wkh dssursuldwh fulwhulrq wr ds0
so| lv wkh Sulqflsoh ri Srvlwlrqdo Wudqvihu Vhqvlwlylw| +SSWV,/ glvfxvvhg lq
Phkudq +4<:9,/ Ndnzdql +4<;3, dqg ]rol +4<<<,1 Wklv uhtxluhv wkdw d vpdoo
wudqvihu iurp d ulfkhu wr d srruhu lqglylgxdo/ zlwk d jlyhq sursruwlrq ri wkh
srsxodwlrq lq ehwzhhq wkhp/ lv ydoxhg pruh li lw rffxuv dw orzhu lqfrph ohy0
hov1 Lq rwkhu zrugv dq| Hohphqwdu| Idyrudeoh Frpsrvlwh Srvlwlrqdo Wudqvihu
+HIFSW,48 vkrxog qrw ohdg wr d zhoiduh orvv1

Gh�qlwlrq 5 +HIFSW, Dq Hohphqwdu| Idyrudeoh Frpsrvlwh Srvl0
wlrqdo Wudqvihu +HIFSW, lv d uhjuhvvlyh dqg d surjuhvvlyh wudqvihu erwk
ri wkh dprxqw B : fc iurp d iudfwlrq _R ri lqglylgxdov dw 433R|� shufhqwloh wr
lqglylgxdov dw wkh 433ER n 4�|�c dqg iurp lqglylgxdov dw 433^|� shufhqwloh wr
lqglylgxdov dw wkh 433E^ � 4�|� c zkhuh 4 : fc dqg R : ^�

Lw lv vwudljkwiruzdug wr fkhfn wkdw lq wkh suhvhqw frqwh{w SSWV lv htxly0
dohqw wr ���� ER� � f ;�c R +vhh Phkudq/ 4<:9/ vhh dovr ]rol/ 4<<<,1 Jlyhq
surshuw| D/ zh fdq uhzulwh wklv frqglwlrq dv

S?

�'��
��

� ER� � f ;�c Rc
Zkhq zh h{whqg rxu frpsdulvrqv lq rughu wr dgg qhhgv edvhg lqwhu0jurxs

hydoxdwlrqv ri wkh h�hfwv ri wkh wudqvihuv/ lw vhhpv sodxvleoh wr uhtxluh wkdw=

D{lrp 6 +Ehwzhhq Jurxs H�hfwlyhqhvv ri SSWV , Wkh zhoiduh h�hfw
ri HIFSWv ri wkh vdph nlqg +vdph Bc Rc ^c 4� dssolhg wr gl�huhqw jurxsv frxog
qrw eh orzhu wkh kljkhu lv wkh qhhgv ohyho ri wkh jurxs1

Pruh suhflvho|/ frqvlghu wkh lpsdfw rq wkh vrfldo zhoiduh ri d HIFSW ri
dprxqw B : f lqyroylqj lqglylgxdov zlwklq wkh vdph jurxs �/ frpsrvhg ri
d uhjuhvvlyh wudqvihu iurp d wlq| iudfwlrq _R ri wkh srsxodwlrq dw wkh 433R|�

shufhqwloh wr d iudfwlrq _R ri lqglylgxdov dw wkh 433ER n 4�|� shufhqwloh/ dqg

48Vhh ]rol +4<<:/ 4<<<,1
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d surjuhvvlyh wudqvihu ri wkh vdph dprxqw lqyroylqj iudfwlrqv ri srruhu lqgl0
ylgxdov/ vlwxdwhg uhvshfwlyho| dw wkh 433E^n4�|� dqg 433^|� shufhqwloh/ zkhuh
R ' ^ n 0c 0 � f1 Wkh lpsdfw ri wklv wudqvihu rq ` lv=

\�E^c Rc 4c B� ' {�` E^c 4c B��{�` ERc 4c B� '

' �B��E^ n 4�_Rn B��E^�_Rn B��ERn 4�_R� B��ER�_R '

' B dE��ERn 4�� ��ER��� E��E^ n 4�� ��E^��o _R � f� +46,

Frpsdulqj wklv h�hfw wr wkdw ri d vlplodu HIFSW lqyroylqj lqglylgxdov dw
wkh vdph shufhqwlohv exw ehorqjlqj wr jurxs & : �c dqg uhtxlulqj d qrw kljkhu
h�hfwlyhqhvv ri wklv vhfrqg wudqvihu/ zh jhw \�E^c Rc 4c B� � \&E^c Rc 4c B� � f
;^c Rc 4c Bc �c & : �� Pdnlqj h{solflw wklv frqglwlrq dqg vlpsoli|lqj iru B dqg
_R lw frxog eh htxlydohqwo| uhzulwwhq dv

E��ERn 4�� ��ER���E��E^ n 4�� ��E^�� � E�&ERn 4�� �&ER���E�&E^ n 4�� �&E^�� c
+47,

zklfk iru vpdoo 4 ehfrphv=

���ER�� ���ER� 0� � ��&ER�� ��&ER� 0�� +48,

Wkdw lv iru vpdoo 0c ���� ER� � ���&ER� ;Rc �c & : �c zklfk wrjhwkhu zlwk wkh zlwklq
jurxs SSWV surshuw| ohdgv wr wkh iroorzlqj frqglwlrq

���� ER� � ���&ER� � f ;Rc �c & : �� +Surshuw| D5,

Dgglqj surshuw| D/ lw ehfrphv=

���

� ER� � f ;� ' �c 2���?c ;R 5 dfc �o� +49,

Zh zloo frqvlghu wkh fodvv ri VZIv vdwlvi|lqj Surshuwlhv D/ D4/ D5/ dqg
ghqrwh wklv fodvv \21 Wkh iroorzlqj uhvxow vxjjhvwv d qrupdwlyh mxvwl�fdwlrq
iru d uh�qhphqw ri wkh vhtxhqwldo grplqdqfh frqglwlrqv suhylrxvo| lqwur0
gxfhg1 Dv zloo eh vkrzq/ J�E�� wkh Jlql frh!flhqwv ri hyhu| rughuhg vxevhw
ri wkh vxejurxsv sod| dq lpsruwdqw uroh1

Sursrvlwlrq 6 Jlyhq wzr glvwulexwlrqv 8c C 5 I c ` E8 � � ` EC� iru
doo VZIv lq \2 li dqg rqo| li

S&

�'� ��E�� � f iru dq| & ' �c 2c ���? dqgS&

�'� � �ER� � f iru dq| & ' �c 2c ���? dqg hyhu| R 5 dfc �oc zkhuh � �ER� 'U R
f
��E|�_|�
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Surri=
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Vlqfh ��ER� � fc ��

�ER� � fc ���

� ER� � f ;�c R wkhq [�E�� � f ;� dqg C�ER� � f
;�c R duh vx!flhqw frqglwlrqv iru {` ehlqj qrq qhjdwlyh1

Qhfhvvlw|= vhh dsshqgl{
Wkhvh fulwhuld duh wklug ghjuhh lqyhuvh vhtxhqwldo vwrfkdvwlf grplqdqfh

frqglwlrqv491 Wkh| uhtxluh d frpsdulvrq ri d vhtxhqfh ri zhljkwhg dyhudjhv
ri wkh fxuyhv dvvrfldwhg wr wkh wklug ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh
frqglwlrq ri hyhu| vxejurxs/ dqg d vhtxhqfh ri zhljkwhg dyhudjhv ri phdq
lqfrphv ri hyhu| vxejurxs/ wkdw lv 	>�E8 � � 	>�EC� ;� +dv gh�qhg lq uhpdun
4,� Rqfh zh uhvwulfw wkh dqdo|vlv wr d vlqjoh jurxs wkh xvxdo wklug ghjuhh
lqyhuvh vwrfkdvwlf grplqdqfh fulwhulrq dqg grplqdqfh lq whupv ri phdqv duh

49Odpehuw dqg Udprv +5333, vxjjhvw d gxdo uhvxow uhodwhg wr wkh xwlolwduldq iudphzrun1
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uhtxluhg1 Wklv uhvxow lv frqvlvwhqw zlwk wkdw suhvhqwhg lq ]rol +4<<<,4: frq0
fhuqlqj frpsdulvrqv ri krprjhqhrxv srsxodwlrqv1

Wkh vlplodulwlhv zlwk wkh uhvxowv lq ]rol +4<<<, vlpsoli| wkh dqdo|vlv frq0
fhuqlqj wkh qrupdwlyh vljql�fdqfh ri wkh idplo| ri lqglfhv J�E8 � lq E�2� zkhq
wkh vhfrqg ghjuhh lqyhuvh vhtxhqwldo grplqdqfh frqglwlrqv duh qrw vdwlv�hg1

Zh zloo glvfxvv rqo| d vshfl�f fdvh1 Doo h{whqvlrqv iroorzv iurp wklv fdvh lq
wkh vlploduo| dv grqh iru wkh frpsdulvrqv lqyroylqj krprjhqhrxv srsxodwlrqv
lq ]rol +4<<<,1 Ohw

8 ?&
3�

C/
&[
�'�

� �ER� � f ;R 5 dfc �oc

uhsuhvhqw wklug ghjuhh lqyhuvh vhtxhqwldo vwrfkdvwlf grplqdqfh ri 8 z1u1w1 C
dw vwdjh &c zkloh 8 ?

7
3�

C ghqrwhv ryhudoo wklug ghjuhh lqyhuvh vhtxhqwldo
vwrfkdvwlf grplqdqfh ri 8 z1u1w1 C l1h1

8 ?7
3�

C/ 8 ?&
3�

C sJo @,, & ' �c 2c ��?�

Zh frqvlghu d vlwxdwlrq lq zklfk wkhuh h{lvwv d vwdjh & ri wkh vhtxhq0
wldo frpsdulvrq dw zklfk wkh fxuyhv

S&

�'� ^
8
� Cu8�

ER� dqg
S&

�'� ^
C
� CuC�

ER�
lqwhuvhfw rqfh/ zkloh iru doo uhpdlqlqj vwdjhv glvwulexwlrq 8 grplqdwhv vh0
txhqwldoo| Cc l1h1 8 ?

�
32

C iru doo � 9' &c � ' �c 2c ��? � Lq wklv fdvh lw lv
lpsrvvleoh wr rewdlq xqdpeljxrxv udqnlqj li zh frqvlghu doo VZIv lq \�� Li
zh uhvwulfw wkh fodvv ri hydoxdwlrq ixqfwlrqv wr VZIv lq \2c xqghu vrph h{wud
frqglwlrqv lw lv srvvleoh wr uhdfk dq xqdqlprxv udqnlqj1

Wkh iroorzlqj gh�qlwlrq lqwurgxfhv wkh rughulqj "&
- � Lw h{whqgv lq dq

dssursuldwh zd| zlwklq wkh frqwh{w ri hydoxdwlrq glvfxvvhg lq wklv sdshu wkh
gh�qlwlrq ri wkh oh{lplq fulwhulrq "-/ frqvlghulqj oh{lplq grplqdqfh ri wkh
fxuyhv

S&

�'� ^�Cu�
dw wkh vwdjh &� Ohw �Cu&

8 ER� '
S&

�'� ^
8
� Cu8�

ER�c wkdw
lv wkh dyhudjh jhqhudol}hg Oruhq} fxuyh ri glvwulexwlrq 8 iru wkh vwdjh &c
hydoxdwhg dw wkh shufhqwloh R�

Gh�qlwlrq 6 8 "&
- C li dqg rqo| li wkhuh h{lvwv dq lqwhuydo Efc R�� rq zklfk

�Cu&
8 ER� 9� �Cu&

CER� dqg �Cu
&
8 ER� � �Cu&

CER��

Wklv frqglwlrq uhtxluhv wkdw wkh zhljkwhg dyhudjhv ri wkh lqfrphv ri wkh
srruhvw lqglylgxdov lq wkh �uvw & jurxsv ri 8 lv kljkhu wkdq wkdw ri wkh

4:Vhh Sursrvlwlrq 5 lq ]rol +4<<<,/ vhh dovr Zdqj dqg \rxqj +4<<;,1
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srruhvw lqglylgxdov lq C� Ri frxuvh li oh{lplq lv vdwlv�hg lq hyhu| jurxs wkhq
"&
- krogv1 Exw "&

- lv zhdnhu wkdq oh{lplq iru hyhu| jurxs1 Lw frqvlghuv wkh
rssruwxqlw| wr frpshqvdwh wkh qhjdwlyh gl�huhqfhv lq wkh lqfrphv ri wkh
srruhvw lqglylgxdov lq ohvv qhhg| jurxsv zlwk wkh dgydqwdjhv ghulylqj iurp
wkh srvlwlyh gl�huhqfhv h{shulhqfhg lq qhhglhu jurxsv1

Sursrvlwlrq 7 Li 8 ?�
32

C iru doo � 9' &c � ' �c 2c ��?c dqg li �Cu&
8 ER� dqg

�Cu&
CER� furvv rqfh/ 	>&E8 � ' 	>&EC�c dqg 8 "

&
- Cc wkhq ` E8 � �` EC� iru

doo VZIv lq \2 li dqg rqo| li J&E8 � � J&EC��

Surri=
Qrwlfh wkdw 8 ?

�
32

C iru doo � 9' &c � ' �c 2c ��?c lpsolhv 8 ?
�
3�

C dqg
	>�E8 � � 	>�EC� iru doo � 9' &c � ' �c 2c ��?1 Lq rughu wr kdyh grplqdqfh iru doo
VZIv lq \2c dffruglqj wr Sursrvlwlrq 6/ vlqfh 	>&E8 � ' 	>&EC�c zh qhhg rqo|
wr fkhfn wkdw

U R
f
�Cu&

8 E|�_| �
U R
f
�Cu&

CE|�_| iru doo Rc wkdw lv 8 ?
&
3�

C� Qr0

wlfh wkdw
U
�

f
�Cu&

8 E|�_| '
S&

�'� ^
8
�

U
�

f
Cu8�

ER� ' �

2
	>8& E�� J&E8 �� � Wkhuhiruh

J&E8 � � J&EC� lv d qhfhvvdu| frqglwlrq iru wklug ghjuhh vhtxhqwldo lqyhuvh
vwrfkdvwlf grplqdqfh dw vwdjh &1 Exw lw lv dovr vx!flhqw zkhq 8 "&

- C1
Li 8 "&

- C dw ohdvw wkh grplqdqfh lv hqvxuhg iru orz ydoxhv ri R� Vlqfh wkh
fxuyhv�Cu&

8 ER� dqg�Cu
&
CER� lqwhuvhfw/ C&ER� '

U R

f

�
�Cu&

8 E|���Cu&
CE|�

�
_|

uhdfkhv d pd{lpxp ohyho/ wkhq ghfuhdvhv/ uhdfklqj lwv plqlpxp iru R ' ��
Exw/ jlyhq 	>&E8 � ' 	>&EC�c li J&E8 � � J&EC� wkhq C&E�� � f zklfk hqvxuhv
wkh wklug ghjuhh vhtxhqwldo lqyhuvh vwrfkdvwlf grplqdqfh1

Wkh uhvxow frxog eh hdvlo| h{whqghg wr wkh fdvh lq zklfk dw hdfk vwdjh
�Cu&

8 ER� dqg �Cu
&
CER� lqwhuvhfw rqfh/ wkh iroorzlqj uhpdun vwdwhv wkh frqgl0

wlrqv iru zhoiduh grplqdqfh +wkh surri lv rplwwhg/ lw iroorzv vwudljkwiruzdugo|
iurp wkdw ri wkh suhylrxv sursrvlwlrq,4;

Uhpdun 5 Li �Cu&
8 ER� dqg �Cu&

CER� furvv rqfh/ 	>&E8 � ' 	>&EC�c dqg
8 "&

- Cc iru doo & ' �c 2c ��? wkhq ` E8 � � ` EC� iru doo VZIv lq \2 li
dqg rqo| li J&E8 � � J&EC� iru doo & ' �c 2c ��? �

H{whqvlrq wr pxowlsoh lqwhuvhfwlrqv ri �Cu&ER� fxuyhv frxog eh ghulyhg
dqdorjrxvo| dw zkdw grqh iru wkh krprjhqhrxv srsxodwlrq frpsdulvrqv lq
]rol +4<<<,1 Lq zklfk fdvh wkh zhoiduh grplqdqfh frqglwlrq zloo uhtxluh frp0
sdulvrqv ri J&E�� lqglfhv ri wkh vxevhwv ri srsxodwlrq lq hdfk jurxs1

4;Vhh Gdugdqrql dqg Odpehuw +4<;;, iru d gxdo uhvxow uhodwhg wr wkh xwlolwduldq dssurdfk
dssolhg zlwklq krprjhqhrxv srsxodwlrqv1
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6 Uhodwlyh ghsulydwlrq lqglfhv

Dv lqwurgxfhg lq wkh suhylrxv vhfwlrq/ wkh uhodwlyh ghsulydwlrq hydoxdwlrq
iudphzrun vhhpv dq lqwhuhvwlqj frqwh{w lq zklfk wr surylgh lqwhusuhwdwlrqv
iru wkh zhoiduh uhsuhvhqwdwlrq lq E�� �

D jhqhudol}dwlrq ri wkh iudphzrun lqwurgxfhg lq Kh| dqg Odpehuw +4<;3,
iru dsso|lqj wkh uhodwlyh ghsulydwlrq dssurdfk wr wkh phdvxuhphqw ri zhoiduh
dqg lqhtxdolw| lv glvfxvvhg1 Wkh shufhswlrq ri ghsulydwlrq ihow e| hdfk lqgl0
ylgxdo lv uhsuhvhqwhg wkurxjk dq �hqy| idfwru� zklfk ghfuhdvhv sursruwlrq0
dwho| wkh xwlolw| ri hdfk lqglylgxdo dffruglqj wr wkh jds +ru vrph lqfuhdvlqj
wudqvirupdwlrq ri lw, ehwzhhq wkh lqfrph ri zhdowklhu vxemhfwv dqg klv2khu
lqfrph1 Wkh hqy| sdudphwhu lv qrw uhvwulfwhg wr eh frqvwdqw dv lq Kh| dqg
Odpehuw +4<;3,/ lq rughu wr fdswxuh wkh frqfhsw ri uhodwlylwlhv ri ghsulydwlrq
lw lv vxjjhvwhg wr eh d ixqfwlrq ri wkh udqnlqj ri wkh lqglylgxdo zlwklq wkh
lqfrph vfdoh lq klv2khu uhihuhqfh jurxs/ ghshqglqj rq krz pdq| lqglylgxdov
zlwklq wkh uhihuhqfh jurxs duh ulfkhu/ srruhu ru kdyh klv2khu ohyho ri lqfrph1

614 Lqwurgxfwlrq

Lq klv vhplqdo sdshu \lw}kdnl +4<:<, surylghv d txdqwl�fdwlrq ri wkh frq0
fhsw ri uhodwlyh ghsulydwlrq lqwurgxfhg e| Uxqflpdq +4<99,1 Uxqflpdq*v
gh�qlwlrq ri uhodwlyh ghsulydwlrq vwdwhv=

�Zh fdq urxjko| vd| wkdw +d shuvrq, lv uhodwlyho| ghsulyhg ri [ zkhq +l,
kh grhv qrw kdyh [/ +ll, kh vhhv vrph rwkhu shuvrq ru shuvrqv/ zklfk pd|
lqfoxgh klpvhoi dw vrph suhylrxv ru h{shfwhg wlph/ dv kdylqj [ +zkhwkhu ru
qrw wkdw lv ru zloo eh lq idfw wkh fdvh,/ +lll, kh zdqwv [/ dqg +ly, kh vhhv lw dv
ihdvleoh wkdw kh vkrxog kdyh lw1� +4<99/ s143,1

Iurp +ll, dqg +ly, wkh uhodwlylw| sduw ri wkh frqfhsw lv hylghqw/ wkdw lv
lqglylgxdov frpsduh wkhpvhoyhv zlwk rwkhu shuvrqv shufhlyhg vlplodu wr wkhp
dffruglqj wr vrph fulwhuld/ dqg wkh| hydoxdwh wkhlu srvlwlrq uhodwlyho| wr
wkh hfrqrplf frqglwlrqv ri wkhvh uhihuhqfh lqglylgxdov1 Srlqwv +l,/ dqg +lll,
surylgh dq lghd ri wkh frqfhsw ri ghsulydwlrq1 Dq lqglylgxdo shufhlyhv wr
eh ghsulyhg li vrphrqh hovh kdv dffhvv wr uhvrxufhv zklfk kh2vkh frqvlghuv
xvhixo zkloh kh2vkh grhv qrw kdyh dffhvv wr wkhp1

Wkh uhohydqw dvshfwv wkhuhiruh ehfrph/ wkh lghqwl�fdwlrq ri wkh uhihuhqfh
jurxs/ wkdw lv wkh vxevhw ri lqglylgxdov zlwklq zklfk wkh vxemhfw frq�qhv klv
frpsdulvrqv/ dqg wkh lghqwl�fdwlrq ri zkdw lv frqvlghuhg wkh remhfw ri wkh
ghsulydwlrq/ wkdw lv zkdw lv frqvlghuhg wr eh zlwklq [1
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Lq rwkhu whupv/ iroorzlqj wkh whuplqrorj| dssolhg lq wkh frqwh{w ri wkh
wkhrulhv ri glvwulexwlyh mxvwlfh/ zh kdyh wr vshfli| zklfk duh wkh hwklfdoo|
uhohydqw lqglylgxdo fkdudfwhulvwlfv/ dqg zkdw duh wkh uhohydqw remhfwv wr frq0
vlghu14<

Lq wkh ruljlqdo frqwulexwlrq ri \lw}kdnl +4<:<, dqg lq wkh frpphqw ri
Kh| dqg Odpehuw +4<;3,/ krprjhqhrxv lqglylgxdov pdnh wkhlu frpsdulvrqv
lq whupv ri lqfrph1 Wkh ghsulydwlrq ihow e| dq lqglylgxdo lv txdqwl�hg dv wkh
dyhudjh ri doo wkh srvlwlyh lqfrph jdsv hydoxdwhg zlwk uhvshfw wr klv2khu lq0
frph frpsdulqj wkh lqfrphv ri ulfkhu lqglylgxdov zlwklq wkh uhihuhqfh jurxs1
Dgglwlyh djjuhjdwlrq ri doo lqglylgxdo ghsulydwlrq lqglfhv ohdgv wr wkh devr0
oxwh Jlql frh!flhqw1

Wklv vlpsoh exw dsshdolqj dssurdfk ohdyhv rshq vrph txhvwlrqv1 Dw �uvw
vwdjh lw lv qrw fohdu zk| vkrxog dq lqfrph jds ri wkh vdph h{whqw frqwulexwh
lq wkh vdph zd| wr wkh ghsulydwlrq shufhswlrq ri lqglylgxdov zlwk gl�huhqw
lqfrphv= gl�huhqw lqwhqvlw| ri ghsulydwlrq lv qrw doorzhg ehwzhhq lqglylgx0
dov zlwk gl�huhqw lqfrphv1 Pruhryhu/ wkh vlpsoh dgglwlyh djjuhjdwlrq uxoh lv
ghsulydwlrq lqhtxdolw| qhxwudo/ wkdw lv dq| lqglylgxdo ohyho ri ghsulydwlrq lv
wuhdwhg lq wkh vdph zd| luuhvshfwlyh ri lwv h{whqw1 Qrwlfh wkdw hyhq li wkh
wrwdo ghsulydwlrq lv lqvhqvlwlyh zlwk uhvshfw wr wkh gl�huhqfhv lq wkh lqgl0
ylgxdo ghsulydwlrq lqglfhv/ lw lv lqhtxdolw| dyhuvh li zh frqvlghu wkh lqfrph
glvwulexwlrq/ lqghhg wkh djjuhjdwh lqgh{ rewdlqhg e| \lw}kdnl lv dq lqhtxdo0
lw| lqgh{153 Ixuwkhupruh/ wkh txhvwlrq ri krz wr hydoxdwh ghsulydwlrq ryhu
glvwulexwlrqv frpsulvlqj gl�huhqw uhihuhqfh jurxsv lv vwloo rshq1

Wkh vfrsh ri wklv vhfwlrq lv wr lqwurgxfh d fodvv ri lqglfhv ri djjuhjdwh
ghsulydwlrq dqg vdwlvidfwlrq/ zklfk frxog eh lqwhusuhwhg dv rewdlqhg wkurxjk
dgglwlyh djjuhjdwlrq ri lqglylgxdo ghsulydwlrq lqglfhv/ dv lq Kh| dqg Odpehuw
+4<;3,/ zklfk ghshqg rq wkh udqnlqj ri wkh lqglylgxdov zlwklq wkh uhihuhqfh
jurxs dv zhoo dv rq wkh dyhudjh lqfrph jdsv1 Wkhvh lqglfhv h{klelw/ iru d
jlyhq dyhudjh lqfrph jds/ vhqvlwlylw| wr fkdqjhv lq wkh lqfrph udqnlqj gxh
wr fkdqjhv lq lqfrph ri wkh lqglylgxdo frqvlghuhg1 Wkh iudphzrun ri dqdo|0
vlv lv pdgh dovr vx!flhqwo| jhqhudo wr doorz iru hydoxdwlrqv ryhu glvwulexwlrqv
frqwdlqlqj pxowlsoh uhihuhqfh jurxsv1 Dv d uhvxow zh zloo vkrz wkdw wkh VZI
lq E�� frxog eh lqwhusuhwhg dv d vshfldo fdvh ri wkh lqglfhv ri djjuhjdwh ghsul0
ydwlrq +ru vdwlvidfwlrq ghshqglqj rq wkh dvvxpswlrq rq wkh zhljkw ixqfwlrqv,

4<Rq wkh frqqhfwlrqv ehwzhhq ghsulydwlrq dqg zhoiduh dqdo|vlv vhh \lw}kdnl +4<;5,1
53Wkhvh dvshfwv kdv ehhq frqvlghuhg lq \lw}kdnl +4<;5,/ Fkdnudyduw| dqg Fkdnuderuw|

+4<;7,/ Sdxo +4<<4,/ Fkdnudyduw| dqg Fkdwwrsdgk|d| +4<<7, dqg Hehuw dqg Pr|hv +4<<;,1
Vhh dovr Fkdnudyduw| +4<<3, iru d vxuyh| ri hwklfdoo| edvhg ghsulydwlrq lqglfhv1
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glvfxvvhg lq wklv vhfwlrq1 Pruhryhu/ edvlf dvvxpswlrqv rq wkh uhodwlrq h{0
lvwlqj ehwzhhq hqy| sdudphwhuv ri lqglylgxdov ehorqjlqj wr gl�huhqw jurxsv
zloo doorz wr rewdlq vhtxhqwldo vdwlvidfwlrq +dqg ghsulydwlrq, fulwhuld lqyroy0
lqj wkh xvh ri Jhqhudol}hg Vdwlvidfwlrq Fxuyhv lqwurgxfhg e| Fkdnudyduw|
+4<<:, ru uhvshfwlyho| Uhodwlyh Ghsulydwlrq Fxuyhv ri Ndnzdql +4<;7,1

615 Qrwdwlrq/ d{lrpv dqg uhvxowv

Zh zloo frqvlghu d vhw ri lqglylgxdov 7 ' i�c 2c ��6j � Wkh p|� glphqvlrqdo lq0
frph sur�oh lv jlyhq e| ) 5 v6c zkhuh wkh lqfrph ri lqglylgxdo & lv ghqrwhg
+&� Wkh srsxodwlrq lv sduwlwlrqhg lqwr ? qrq ryhuodsslqj dqg h{kdxvwlyh uhihu0
hqfh jurxsv 7�/ � 5 � ' i�c 2c ��?j +� ghqrwhv wkh vhw ri doo w|shv ri uhihuhqfh
jurxsv, wkdw lv ^�7� ' 7c7, _ 7� ' > ;,c � 5 �( li ? ' � wkhq 7� ' 7� Doo
uhihuhqfh vxejurxsv duh vxssrvhg wr eh forvhg/ wkdw lv doo ghsulydwlrq furvv
frpsdulvrqv duh pdgh zlwklq wkh uhihuhqfh jurxs/ ru/ lq rwkhu whupv/ wkhuh
lv qr sdlu @c K ri lqglylgxdov vxfk wkdw @ lv lq wkh uhihuhqfh jurxs ri K exw K lv
qrw lq wkdw ri @� Wkh lqgh{ dvvrfldwhg wr wkh uhihuhqfh jurxs pd| ghqrwh d
vhw ri frpprq fkdudfwhulvwlfv ri wkh lqglylgxdov/ lw frxog ghshqg iru lqvwdqfh
rq wkh udqnlqj ri qhhgv zlwklq wkh srsxodwlrq/ rq jhrjudsklfdo orfdwlrqv/ ru
lqfrph fodvvhv1 Lq jhqhudo lw pd| ghshqg rq d sduwlwlrq edvhg rq yduldeohv
frqvlghuhg hwklfdoo| uhohydqw iru wkh phdvxuhphqw sureohp1 Zh vxssrvh wkdw
wkh vhw ri uhihuhqfh jurxs lv h{rjhqrxvo| ghwhuplqhg/ wkdw lv/ wkhuh h{lvw
suhgh�qhg uxohv vshfli|lqj wkh jurxsv/ wkhvh uxohv duh lqghshqghqw iurp wkh
srsxodwlrq wr zklfk wkh| duh dssolhg/ lw frxog wkhuhiruh kdsshq wkdw iru vrph
srsxodwlrqv vrph uhihuhqfh jurxsv duh hpsw|1

Wkh lqgh{ ri lqglylgxdo ghsulydwlrq lv _�&E)� � f zklfk uhsuhvhqwv wkh
lqglylgxdo ghsulydwlrq ri shuvrq &c ehorqjlqj wr vhw �c hydoxdwhg ryhu )� Zh
zloo iroorzv wkh vxjjhvwlrq ri Kh| dqg Odpehuw +4<;3, dqg frqvlghu lqglylg0
xdo ghsulydwlrq dv wkh djjuhjdwlrq ri wkh ihholqj ri ghsulydwlrq ihow e| rqh
lqglylgxdo zlwk uhvshfw wr doo wkh rwkhu lqglylgxdov ehorqjlqj wr wkh uhihuhqfh
jurxs1 Lq wklv fdvh _�&E)� ' _�&E)

�� wkdw lv lqglylgxdo ghsulydwlrq lv qrw di0
ihfwhg e| fkdqjhv lq wkh lqfrphv glvwulexwlrq rxwvlgh wkh uhihuhqfh jurxs541

54Lq rughu wr hydoxdwh wkh lqglylgxdo ghsulydwlrq wkh rqo| uhohydqw lqirupdwlrq lv hp0
erglhg lqwr wkh lqfrph glvwulexwlrq ri wkh uhihuhqfh jurxs/ dq| fkdqjh lq wkh glvwulexwlrq
ri lqfrphv ri rwkhu jurxsv lv qrw uhohydqw1 Hyhq wkh lghqwlw| ri wkh lqglylgxdov ehorqjlqj
wr wkh uhihuhqfh jurxs lv qrw uhohydqw/ dv orqj dv wkh| vkduh wkh vdph uhohydqw fkdudfwhu0
lvwlfv/ lq rwkhu whupv/ lqglylgxdov duh frqvlghuhg lq dq dqrq|prxv zd| h{fhsw iurp zkdw
frqfhuqv wkhlu lqfrph dqg wkh hwklfdoo| uhohydqw fkdudfwhulvwlfv1 Pruhryhu/ wkh shufhswlrq
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Zh ghqrwh

_�&�E)� '

�
+�� � +�& �s +�� : +�&
f �s +�� � +�&

+53,

wkh ghsulydwlrq ihow e| lqglylgxdo & z1u1w1 lqglylgxdo � zlwklq wkh vdph uhi0
huhqfh jurxs �1

Wrwdo ghsulydwlrq ihow e| dq lqglylgxdo lv hydoxdwhg dv wkh dyhudjh ri furvv
lqglylgxdo ghsulydwlrq frpsdulvrqv55/ _�&E)� ' �

6�

S
�M7� _�&�E)�1 Iroorzlqj

\lw}kdnl +4<:<, dqg Kh| dqg Odpehuw +4<;3, zh gh�qh wkh devroxwh ohyho
ri lqglylgxdo uhodwlyh vdwlvidfwlrq r�&E)� dv wkh frpsohphqw zlwk uhvshfw wr
pd{lpdo ghsulydwlrq ri _�&E)�/ wkdw lv r

�
&E)� ' >E)�� � _�&E)�c zkhuh >E)

��
lv wkh dyhudjh lqfrph zlwklq wkh jurxs �c exw dovr phdvxuhv wkh pd{lpdo
srvvleoh ghsulydwlrq ihow zlwklq wkh jurxs/ wkdw lv wkh ihholqj ri ghsulydwlrq
h{shulhqfhg e| wkh srruhvw lqglylgxdo zlwk qr lqfrph1

Dffruglqj wr wkh surfhgxuh vxjjhvwhg lq Kh| dqg Odpehuw +4<;3, zh dj0
juhjdwh olqhduo| wkh lqglylgxdo ghsulydwlrq lqglfhv lq rughu wr ghulyh d uhihu0
hqfh jurxs lqgh{ ri ghsulydwlrq +ru vdwlvidfwlrq,1 Lqvwhdg ri vlpso| dyhudjlqj
_�&E)� zh dsso| d udqn0ghshqghqw djjuhjdwlqj ixqfwlrq/ zkhuh zhljkwv ghshqg
rq wkh udqnlqj zlwklq wkh lqglylgxdo ghsulydwlrq glvwulexwlrq ru htxlydohqwo|
zlwklq wkh lqfrph glvwulexwlrq561 Iru frqyhqlhqfh vxssrvh wkdw lqglylgxdov
duh udqnhg lq dvfhqglqj rughu zlwklq d uhihuhqfh jurxs �/ f 	 +�E&� � +�E&n�� �

+�E6��
� Dw hdfk srvlwlrq � lv dvvrfldwhg d zhljkw @�E�c6�� : f zklfk ghshqgv

rq wkh vl}h ri wkh jurxs/ dqg lv lqghshqghqw iurp wkh lqfrph glvwulexwlrq/
pruhryhu @�E�c6�� frxog/ lq jhqhudo/ eh gl�huhqw ehwzhhq jurxsv1 Lq rughu
wr uhsuhvhqw wkh zhljkwv gluhfwo| dv d ixqfwlrq ri wkh qxpehu ri lqglylgxdov
srruhu dqg zlwk wkh vdph lqfrph dv �c iroorzlqj Grqdogvrq dqg Zh|pdun
+4<;3, zh gh�qh ��E�c6�� '

S�

&'f @
�E&c6��c zkhuh @

�Efc6�� lv vhw e| gh�ql0
wlrq htxdo f� Lw iroorzv @�E&c6�� ' ��E&c6�����E&� �c6��� Iurp zklfk zh

ri lqglylgxdo ghsulydwlrq lv lqghshqghqw iurp fkdqjhv lq lqfrphv ri lqglylgxdov qrw ulfkhu
wkdq wkh rqh frqvlghuhg1

55Hehuw dqg Pr|hv +4<<;, surylgh dq d{lrpdwlf fkdudfwhul}dwlrq ri wklv lqgh{ ri lqglylg0
xdo ghsulydwlrq1 Fkdnudyduw| dqg Fkdwwrsdgk|d| +4<<7, vxjjhvw dq dowhuqdwlyh lqglylgxdo
ghsulydwlrq lqgh{1 Iru d jhqhudo glvfxvvlrq ri ghsulydwlrq lqglfhv vhh Fkdnudyduw| +4<<3,1

56Gxforv +5333, dqg Gxforv dqg Juìjrluh +4<<<, frqvlghu d vlplodu dssurdfk xvlqj V0Jlql
djjuhjdwlqj ixqfwlrqv1 Fkdnudyduw| dqg Fkdnuderuw| +4<;7,/ Ehuuhel dqg Vloehu +4<;8,
dqg Sdxo +4<<4, frqvlghu gl�huhqw djjuhjdwlrq ixqfwlrq1 Fkdnudyduw| dqg Pxnkhumhh
+4<<<, ghulyhv uhodwlyh dqg devroxwh phdvxuhv ri ghsulydwlrq pdnlqj xvh ri jhqhudo vrfldo
vdwlvidfwlrq ixqfwlrqv ghshqglqj rq lqglylgxdo lqglfhv ri vdwlvidfwlrq1
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uhsuhvhqw wrwdo ghsulydwlrq zlwklq jurxs � dv

G�E)�� '
[6�

&'�

�
��E&c6��� ��E& � �c6��

�
_�E&�E)�c +54,

zkhuh _�E&�E)� lv wkh ghsulydwlrq ihow e| wkh lqglylgxdo udqnhg & zlwklq wkh

looiduh udqnhg shupxwdwlrq ri wkh ghsulydwlrq lqglfhv +ru htxlydohqwo| ri wkh
lqfrphv,1 Wrwdo vdwlvidfwlrq V �E)�� lv rewdlqhg vxevwlwxwlqj r�E&�E)� wr _

�
E&�E)�c

zkhuh r�E&�E)� lv udqnhg dffruglqj wr looiduh udqnhg lqfrph shupxwdwlrq1

Wkh zhljkwlqj ixqfwlrq @�E�c6�� frxog dovr eh frqvlghuhg/ li zh frqfhq0
wudwh rq ghsulydwlrq hydoxdwlrqv/ dv dq �hqy| frh!flhqw� ri wkh lqglylgxdo
zlwk srvlwlrq � zlwklq wkh uhihuhqfh jurxs � ri vl}h 6�� Wkdw lv d frh!0
flhqw zklfk phdvxuhv wkh h{whqw wr zklfk iru d jlyhq dyhudjh lqfrph jds d
fkdqjh lq wkh lqfrph udqnlqj frxog d�hfw wkh ghsulydwlrq ihow e| dq lqglylg0
xdo571 Wkh surfhgxuh lv frqvlvwhqw zkhqhyhu doo lqfrphv duh gl�huhqw/ ru li
@�E�c6�� ' K�E6�� wkdw lv/ wkh zhljkw lv lqghshqghqw iurp wkh lqfrph srvlwlrq
ri wkh lqglylgxdo1 Rwkhuzlvh/ lqglylgxdov zlwk wkh vdph lqfrph exw udqnhg
gl�huhqwo| zlwklq wkh lqfrph vfdoh idfh gl�huhqw zhljkwv1 Lq rughu wr vdwlvi|
wkh dqrq|plw| frqglwlrq uhtxlulqj wkdw lqglylgxdov ehorqjlqj wr wkh vdph
uhihuhqfh jurxs dqg zlwk lghqwlfdo lqfrph ihho wkh vdph ohyho ri ghsulydwlrq/
zh frxog dwwdfk wkhp wkh dyhudjh zhljkw ri doo lqglylgxdov zlwk lghqwlfdo lq0
frphv1 Wkdw lv/ vxssrvh wkdw � lqglylgxdov kdyh wkh vdph lqfrph ohyho/ wkhq
+�E&� ' +�E&3�� ' �� ' +�E&3�n��c wkhuhiruh dffruglqj wr wkh vxjjhvwhg vshfl�fd0

wlrq ri wkh zhljkwv �@�E&c6�� ' �� ' �@�E& � �n �c6�� '
�
�

S&

�'&3�n� @
�E�c6��c

zkhuh li � ' �c wkdw lv +�E&3�� 	 +�E&� 	 +�E&n�� zh kdyh �@�E&c6�� ' @�E&c6���

Lw iroorzv �@�E&c6�� ' T �E&c6�� � T �E& � �c6��c li � ' �c dqg lq jhqhudo
�@�E&c6�� ' �� ' �@�E& � �n �c6�� '

�
�
dT �E&c6��� T �E& � �c6��o li � � ��

Wkh lqglylgxdo ihholqj ri ghsulydwlrq frxog wkhuhiruh ghshqg rq wkh vxp
ri furvv lqfrph frpsdulvrqv dqg rq d zhljkw �

�
dT �E&c6��� T �E& � �c6��o

ghshqglqj rq wkh vl}h ri wkh uhihuhqfh jurxs srsxodwlrq1 Wkdw lv zh fdq
uhgh�qh furvv lqglylgxdov ghsulydwlrq dv

_�&�E)� '

�
0�E6�c u

�
&c .

�
&�
�
+E�� � +E&�

�
�s � : &

f �s � � &

57Iru lqvwdqfh/ frqvlghu wzr lqfrph sur�ohv zkhuh wkh vdph lqglylgxdo idfhv wzr lghqwlfdo
glvwulexwlrqv ri lqfrphv kljkhu wkdq klv2khu rzq/ exw wzr gl�huhqw glvwulexwlrqv ri srruhu
lqfrphv zlwklq klv2khu uhihuhqfh jurxs1 Zkhq kh2vkh frpsduhv klp2khuvhoi zlwk doo ulfkhu
lqglylgxdov kh2vkh pd| ihho ghsulyhg/ exw wkh idfw ri ehlqj sodfhg lq d gl�huhqw srvlwlrq
lq wkh lqfrph udqnlqj pd| sod| dq h�hfw lq klv2khu hydoxdwlrq1
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zkhuh 0�E�� ' �@�E&c6�� lv wkh ixqfwlrq ghwhuplqlqj wkh hqy| frh!flhqw dqg
u�
& dqg .�

& duh uhvshfwlyho| wkh qxpehu ri lqglylgxdov zlwklq wkh uhihuhqfh
jurxs zkrvh lqfrph lv orzhu ru htxdo wkdq wkdw ri wkh lqglylgxdo frqvlg0
huhg1 Shuvrqdo wrwdo ghsulydwlrq _�&E)� zloo eh wkhuhiruh wkh vxp ri wkh furvv
ghsulydwlrq frpsdulvrqv

_�&E)� '
[
�M7�

_�&�E)� '
[
+�:+&

0�E6�c u
�
&c .

�
&� d+� � +&o c

wkdw lv _�&E)� '
�
.�
&

dT �Eu�
& n.�

&c6��� T �Eu�
&c6��o

S
+�:+&

E+� � +&�c diwhu zh

kdyh uhzulwwhq 0�E6�c u
�
&c .

�
&� dv

�
.�
&

dT �Eu�
& n.�

&c6��� T �Eu�
&c6��o � Wkh pdlq

uhvxow lq wklv vhfwlrq zloo eh rewdlqhg lpsrvlqj frqglwlrqv olqnlqj wkh 0�E��v
ri lqglylgxdov zlwklq gl�huhqw jurxsv1

Zh frqvlghu qrz wkh djjuhjdwlrq surfhgxuh ohdglqj wr dq ryhudoo vrflhwdo
ghsulydwlrq lqgh{ GE)� � f hydoxdwhg ryhu d jhqhulf srsxodwlrq h{kdxvwlyho|
sduwlwlrqhg lqwr d vhw ri qrq0ryhuodsslqj dqg forvhg vxejurxsv�

Zh uhvwulfw rxu dwwhqwlrq wr lqglylgxdolvwlf/ prqrwrqlf ghsulydwlrq +vdwlv0
idfwlrq, ixqfwlrq wkdw lv/ GE)� lv dq lqfuhdvlqj ixqfwlrq ri doo lqglylgxdo gh0
sulydwlrq lqglfhv _�&E)�c dqg wkhuhiruh ri doo jurxs ghsulydwlrq lqglfhv G

�E)���
Zh pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw

� wkh ghsulydwlrq +vdwlvidfwlrq, hydoxdwhg ryhu d vhw ri forvhg uhihuhqfh
vxejurxsv lv uhsuhvhqwhg dv d dgglwlyh ixqfwlrq ri wkh ghsulydwlrq ohyhov
ri wkh lqglylgxdov ehorqjlqj wr hdfk jurxs djjuhjdwhg dffruglqj wr G�E)��
+ru V �E)��� > hdfk ixqfwlrq F�E�� � fc hydoxdwlqj wkh jurxs ghsulydwlrq
+vdwlvidfwlrq, frqwulexwlrq wr ryhudoo ghsulydwlrq +vdwlvidfwlrq,/ frxog
ghshqg rq wkh jurxs frqvlghuhg dqg srvvleo| rq wkh vl}hv ri doo uhihuhqfh
jurxsv1

Wkh dgglwlylw| frqglwlrq lpsrvhg lv pruh jhqhudo wkdq wkh xvxdo rqhv
ehfdxvh lw doorzv iru jurxs hydoxdwlrqv frqglwlrqdo rq wkh vl}h ri doo uhihuhqfh
jurxsv1 Wkh uhdvrq iru wklv vlpsoli|lqj fkrlfh lv wkdw d pruh jhqhudo dssurdfk
zloo jr rxwvlgh ri wkh vfrsh ri wklv sdudjudsk/ pruhryhu lw lv olnho| wkdw
rssruwxqh lqghshqghqfh surshuwlhv dssolhg lq d pruh jhqhudo frqwh{w zloo
sod| d vlplodu uroh lq uhvwulfwlqj wkh fodvv ri djjuhjdwlrq uxohv581 Pruhryhu/

58Qhyhuwkhohvv hyhq lq wklv vlpsol�hg iudphzrun wkh ghjuhh ri jhqhudolw| zh fdq uhdfk lq
uhsuhvhqwlqj ryhudoo ghsulydwlrq lv wr vrph h{whqw kljkhu wkdq zkdw lv rewdlqdeoh iroorzlqj
wkh xvxdo dssurdfkhv wr phdvxuhphqw ri wrwdo ghsulydwlrq1
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wkh lpsrvlwlrq ri ihz surshuwlhv rqG�E)� zloo pdnh fohdu wkh olqn ehwzhhq wkh
djjuhjdwh ghsulydwlrq dqg vdwlvidfwlrq lqglfhv dqg wkh zhoiduh uhsuhvhqwdwlrqv
lq E�� � Qrwlfh wkdw zh uhtxluh wkh djjuhjdwlqj ixqfwlrq F�E�� ehlqj wkh vdph
iru ghsulydwlrq dqg vdwlvidfwlrq lqglfhv1

Dffruglqj wr wkh lqlwldo gh�qlwlrq ri djjuhjdwh ghsulydwlrq zh fdq zulwh
lw dv=

GE)� '
?[
�'�

F�EG�E)�(6�c62c ��6?�c +55,

zkhuh F�EG�E)�(6�c62c ��6?� � f lv wkh ixqfwlrq wudqviruplqj wkh jurxs gh0
sulydwlrq G�E)� zlwklq wkh djjuhjdwh hydoxdwlrq/ zlwk F� ' f li 6� ' f1 Wkh
ixqfwlrq F� lv vxssrvhg wr ghshqg rq wkh jurxs � lq rughu wr doorz iru gl�hu0
hqw vrfldo frqvlghudwlrqv ri wkh ghsulydwlrq ihow zlwklq hdfk jurxs/ dqg dovr
wr ghshqg rq wkh glvwulexwlrq ri vl}hv ri doo uhihuhqfh jurxsv/ ehlqj wkhuhiruh
vhqvlwlyh wr frpsrvlwlrq ri wkh vrflhw| lq whupv ri jurxsv1 Wkh ghsulydwlrq
ihow e| lqglylgxdov ehorqjlqj wr qhhglhu jurxsv frxog/ iru lqvwdqfh/ uhfhlyh d
kljkhu zhljkw lq wkh djjuhjdwlrq surfhgxuh1 Pruhryhu/ iru srolwlfdo uhdvrqv
wkh srolf| pdnhu frxog eh lqwhuhvwhg lq uhgxflqj wkh ghsulydwlrq ihow zlwklq
jurxsv frqwdlqlqj odujhu vkduhv ri wkh srsxodwlrq/ wkhuhiruh lpso|lqj kljkhu
frqfhuq iru wkhvh jurxsv* ghsulydwlrq ohyho lq wkh djjuhjdwlrq surfhgxuh1

Zh zloo lpsrvh rq E22� rqo| wzr d{lrpv vshfl�hg lq whupv ri fkdqjhv
lq wkh glvwulexwlrq )c zlwkrxw frqvlghulqj gluhfwo| wkh glvwulexwlrq ri wkh
lqglylgxdo ghsulydwlrq lqglfhv1

Zh vxssrvh wkdw ghsulydwlrq +vdwlvidfwlrq, lv hydoxdwhg lq whupv ri uhdo
lqfrphv/ ru/ lq jhqhudo wkdw wkhuh h{lvwv djuhhphqw rq wkh xqlw ri phdvxuh1
Li wklv lv wkh fdvh/ vfdolqj wkh lqfrph glvwulexwlrq lv dvvxphg wr fruuhvsrqg
wr d sursruwlrqdo vfdolqj ri wkh lqglylgxdo ghsulydwlrq _�&E)�/ dqg/ jlyhq wkh
vshfl�fdwlrq ri G�E)� dovr ri jurxs ghsulydwlrq/ zkdw zh uhtxluh lv dovr wrwdo
ghsulydwlrq +dqg vdwlvidfwlrq, ehlqj vfdohg sursruwlrqdoo|1

D{lrp 7 +OK= Olqhdu Krprjhqhlw|, GEb)� ' bGE)� ) VEb)� ' bVE)�c
;) 5 vc dqg b : f�

OK lpsrvhv wkdw wrwdo ghsulydwlrq vkrxog dfw lq wkh vdph zd| dv lqglylg0
xdo ghsulydwlrq wr wkh vfdolqj ri lqfrphv591

59OK lv d uhvwulfwlyh frqglwlrq/ qrw doo lqglfhv vxjjhvwhg lq wkh olwhudwxuh duh olqhduo|
krprjhqhrxv/ \lw}kdnl +4<:<, dqg Kh| dqg Odpehuw +4<;3, lqglfhv vdwlvi| OK dv zhoo
dv lqglfhv lq Fkdnudyduw| dqg Fkdnuderuw| +4<;7,/ Ehuuhel dqg Vloehu +4<;8, dqg lq
Fkdnudyduw| dqg Pxnkhumhh +4<<<,1
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Zkloh OK surylghv d qrupdwlyh mxgjhphqw ri krz ghsulydwlrq vkrxog eh
hydoxdwhg zkhq lqfrphv duh vfdohg/ wkh qh{w d{lrp surylghv d mxgjhphqw rq
krz ghsulydwlrq +vdwlvidfwlrq, shufhswlrq vkrxog fkdqjh li zh uhsolfdwh wkh
lqlwldo glvwulexwlrq1 Zh frqvlghu d vlwxdwlrq lq zklfk wkh zkroh srsxodwlrq
lv uhsolfdwhg o wlphv1 Hdfk shuvrq wkhuhiruh frpsduhv klp2khuvhoi zlwk d
odujhu vhw ri uhihuhqfh lqglylgxdov= dq o wlphv uhsolfdwlrq ri lqglylgxdov gli0
ihuhqw iurp klp2khu dqg o� � lqglylgxdov vlplodu wr klp2khu lq doo uhvshfwv1
Zkloh wrwdo ghsulydwlrq +vdwlvidfwlrq, lv djjuhjdwhg dfurvv wkh qhz uhsolfdwhg
srsxodwlrq1 Wkh fkdqjh lq wkh ghsulydwlrq +vdwlvidfwlrq, ihow lv vxssrvhg wr
ghshqg wr vrph h{whqw rq wkh uhsolfdwlrq sdudphwhu o dffruglqj wr d ixqfwlrq
�Eo��

Ohw )o eh wkh o wlphv uhsolfdwlrq ri glvwulexwlrq )c dqg 7�

o
wkh o wlphv

uhsolfdwlrq ri 7� zkhuh o 5 Ln +Ln lv wkh vhw ri srvlwlyh lqwhjhuv= 4/5/6/111,1
Qrwlfh= )� � )1 Wkh uhsolfdwhg lqglylgxdov duh vxssrvhg wr eh lghqwlfdo lq
doo uhvshfwv wr wkh ruljlqdo rqhv1 Pruhryhu/ wkh ixqfwlrq �E�� lv gh�qhg zhdno|
prqrwrqlf li lw lv hlwkhu qrq ghfuhdvlqj ru qrq lqfuhdvlqj/ wkdw lv l� hlwkhu
o� : o $ �Eo�� � �Eo�c ru o� : o $ �Eo�� � �Eo� iru doo o�c o ehorqjlqj wr wkh
grpdlq ri �E���

D{lrp 8 +SU= Srsxodwlrq Uhsolfdwlrq, Wkhuh h{lvwv d zhdno| prqrwrqlf
ixqfwlrq � G Ln $ofcn4dc vxfk wkdw GE)o� ' �Eo�GE)� E) VE)o� ' �Eo�VE)��c
;) 5 v dqg ;o 5 Ln�

Wkh uhsolfdwlrq d{lrp lv zhdnhu wkdq wkh xvxdo rqh dssolhg lq yduldeoh
srsxodwlrq frpsdulvrqv/ lq wkdw wkh ixqfwlrq �Eo� lv qrw vshfl�hg1 Wkh rqo|
uhtxluhphqw lv dq xqfrqvwudlqhg srvlwlyh pxowlsolfdwlyh vl}h h�hfw ri wkh uhsol0
fdwlrq sdudphwhu/ dqg zhdn prqrwrqlflw| ri wkh ixqfwlrq1 Wkh lqwxlwlrq eh0
klqg wklv odwwhu uhvwulfwlrq lv wkdw wkhuh lv qr uhdvrq iru fkdqjhv lq wuhqgv ri
wkh hydoxdwlrq dv wkh qxpehu ri uhsolfdwlrqv lqfuhdvh1 Qrwlfh wkdw wkh xvxdo
uhsolfdwlrq lqyduldqfh surshuw| uhtxluhv �Eo� ' ��

Dowkrxjk wkh lqglfhv _�
&
E)� dqg r�

&
E)� duh uhsolfdwlrq lqyduldqw wkh dj0

juhjdwlqj surfhgxuh grhv qrw hqvxuh wkdw jurxs dqg srsxodwlrq ghsulydwlrq
lqglfhv duh1

Li zh uhtxluh ghsulydwlrq dqg vdwlvidfwlrq vrfldo lqglfhv ehlqj lqyduldqw
zlwk uhvshfw wr uhsolfdwlrq ri wkh srsxodwlrq/ wkhq ��E&c6�� vkrxog eh h{0
suhvvhg dv d ixqfwlrq ri wkh uhodwlyh srvlwlrq ri wkh lqglylgxdov lq wkh lqfrph
vfdoh/ l1h1 ��E&c6�� ' T �E&*6���

Wkh iroorzlqj sursrvlwlrq lqwurgxfhv wkh fodvv ri djjuhjdwh lqglfhv lq E22�
frqvlvwhqw zlwk OK dqg SU1 Ohw Ln wkh vhw ri srvlwlyh lqwhjhuv/ ]n wkh vhw ri
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srvlwlyh udwlrqdov frqvlghulqj dovr }hur/ ]?

n lv wkh q0wk irog Fduwhvldq surgxfw
ri ]nc dqg ]� ' i% 5 ]n G f � % � �j� Pruhryhu/ ohw P? ' i4 5 L

?

n*fjc
ghqrwh ]? ' i^ 5 ]

?

n*fjc zkloh ]
?

� ' i^ 5 ]? G
S

�
^� ' �j wkh vhw ri doo

yhfwruv lq ]? zkrvh hohphqwv vxp wr 41

Sursrvlwlrq 8 GE)� dqg VE)� lq E22� vdwlvi| OK dqg SU li dqg rqo| li
wkhuh h{lvw qrw0ghfuhdvlqj ixqfwlrqv K� G ]?

� $ Unc T
� G ]� $ Unc dqg

frqvwdqw k 5 U vxfk wkdw

GE)� '
?[
�'�

K�E^�6k

�

[6�

&'�

�
T �E&*6��� T �EE& � ��*6��

�
_�E&�E)�c

dqg vlploduo|

VE)� '
?[
�'�

K�E^�6k

�

[6�

&'�

�
T �E&*6��� T �EE& � ��*6��

�
r�E&�E)��

Surri= Vhh dsshqgl{1
Dq lqwhuhvwlqj lqvljkw iurp wklv uhvxow lv jlyhq e| Ohppd 8 lq wkh ds0

shqgl{/ zkhuh lw lv vkrzq wkdw wkh jhqhudo Srsxodwlrq Uhsolfdwlrq frqglwlrq
vshfl�hv �Eo� ' okc k 5 Uc iurp zkhuh wkh �qdo djjuhjdwh hydoxdwlrq ghshqgv
rq 6k

�
� Wklv uhvxow frxog surylgh d qhz vwduwlqj srlqw ri glvfxvvlrq iru dqd0

o|}lqj vrfldo hydoxdwlrqv pdgh ryhu yduldeoh srsxodwlrq vl}h glvwulexwlrqv5:1
Zh qrz kljkoljkw wkh vlplodulwlhv ehwzhhq wkh vxjjhvwhg ghsulydwlrq +vdw0

lvidfwlrq, lqglfhv dqg wkrvh lqwurgxfhg lq E��1 Li zh frqvlghu 8�E+� wkh fx0
pxodwlyh glvwulexwlrq ri jurxs �c dqg 8 E+� wkh zkroh srsxodwlrq glvwulexwlrq
+erwk zlwk vxssruw fc4�/ wkhq wkh lqglylgxdo ghsulydwlrq _�E&�E)� lq E2f� dv0
vrfldwhg wr wkh lqglylgxdo zlwk lqfrph + ehorqjlqj wr wkh uhihuhqfh jurxs �

5:Eodfnrue| dqg Grqdogvrq +4<;7, vkrz wkdw xqghu zhdn frqglwlrqv wkh lqgh{ ri wrwdo
zhoiduh ri d glvwulexwlrq lv vhsdudeoh ehwzhhq wkh zhoiduh ri d uhsuhvhqwdwlyh lqglylgxdo
+zklfk lv srsxodwlrq vl}h lqghshqghqw, dqg wkh vl}h ri wkh glvwulexwlrq1 Wkh srsxodwlrq

uhsolfdwlrq lqyduldqfh frqglwlrqv/ xvxdoo| dssolhg zlwklq wkh frqwh{w ri lqhtxdolw|/ zhoiduh
dqg sryhuw| phdvxuhphqw uxoh rxw dq| uroh iru wkh vl}h ri wkh glvwulexwlrq1 Iurp Ohppd
8 zh nqrz wkdw wkh jhqhudol}dwlrq ri wklv surshuw| lv sdudphwhul}hg e| �1 Dq htxlydohqw
ri Eodfnrue| dqg Grqdogvrq*v +4<;7, uhvxow vdwlvi|lqj wkh jhqhudol}hg yhuvlrq ri wkh uhsol0
fdwlrq sulqflsoh frxog surylgh d pxowlsolfdwlyh vshfl�fdwlrq ri wkh vhsdudeoh ixqfwlrq wkh|
vxjjhvwhg1 Wkh djjuhjdwh zhoiduh frxog eh uhsuhvhqwhg dv wkh surgxfw ri wkh uhsuhvhqwdwlyh
lqglylgxdo zhoiduh wlphv p�

> � 5 U> zkhuh p lv wkh vl}h ri wkh glvwulexwlrq1 Iru � @ 3> wkh
xvxdo uhvxow frqqhfwhg wr wkh Srsxodwlrq Uhsolfdwlrq Lqyduldqfh frqglwlrq krogv/ zkloh iru
� @ 4 zh jhw hydoxdwlrqv edvhg rq wkh wrwdo dprxqw ri zhoiduh glvwulexwhg1
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lv
�B
�

8 E+� '

]
"

+

E%� +� s�E%�_%c

ru dowhuqdwlyho|

B�8 ER� '

]
�

R

i83�� E|�� 83�� ER�j_|

zkhuh R ' 8�E+� ' &*6�c dqg 83�� ER� lv wkh xvxdo ohiw frqwlqxrxv lqyhuvh
glvwulexwlrq ixqfwlrq ri 8�c zkloh B

�
8 ER� lv wkh ghsulydwlrq ihow e| wkh sruwlrq

ri srsxodwlrq dw wkh �ffR|� shufhqwloh ri jurxs � lqfrph glvwulexwlrq1

Ohwwlqj T �E&*6�� '
U &*6�

f
��ER�_Rc dqg frqvlghulqj B�8 ER�c wkhq djjuhjdwh

ghsulydwlrq lv jlyhq e|

(E8 � '

?[
�'�

K�E^�6k
�

]
�

f

��ER�B
�
8 ER�_Rc +56,

zklfk frxog eh uhduudqjhg vxfk wkdw=

Sursrvlwlrq 9 Wkh vrfldo ghsulydwlrq lqgh{ lq E2�� lv

(E8 � '

?[
�'�

K� E^�6k
�

]
�

f

��ER�8
3�

� ER�_R +57,

zkhuh ��ER� '
U R

f
��E|�_|� ��ER�E�� R��

Vhh dsshqgl{ iru wkh surri1
Qrwlfh wkdw

U
�

f
��ER�_R ' f iru doo � ' �c 2c ��?� Wklv uhvxow lv frqvlvwhqw

zlwk rxu h{shfwdwlrqv/ li lqfrphv dssurdfk wkh htxdo glvwulexwlrq wkhq ghsul0
ydwlrq glvdsshduv= lq wklv fdvh

U
�

f
��ER�8

3�

� ER�_R whqgv wr
U
�

f
��ER�>E8��_R '

>E8��
U
�

f
��ER�_R ' f� (E8 � frxog wkhuhiruh eh frqvlghuhg dv d olqhdu wudqviru0

pdwlrq ri wkh olqhdu lqhtxdolw| phdvxuhv lqyhvwljdwhg lq Phkudq +4<:9, zkhuh
wkh ghsulydwlrq zlwklq hdfk vxejurxs lv djjuhjdwhg wkurxjk d zhljkwhg dy0
hudjh zkhuh zhljkwv ghshqg rq wkh vkduhv ri srsxodwlrq lq hdfk vxejurxs
wudqviruphg dffruglqj wr wkh ixqfwlrqv K� E�� c dqg wkh wrwdo srsxodwlrq lq
hdfk jurxs zkrvh frqwulexwlrq ghshqgv rq wkh srsxodwlrq uhsolfdwlrq frh!0
flhqw k�

Wkh ixqfwlrq (E8 � lq E2e� frxog eh lqwhusuhwhg dv wkh qhhgv edvhg gh0
sulydwlrq ixqfwlrq dvvrfldwhg wr ` E8 � lq E�� � Wkh ruljlqdo ixqfwlrq lq E��
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lv jhqhudol}hg lq rughu wr lqfoxgh dq h{wud zhljkwlqj idfwru K� E^�6k
� � Doo

uhvxowv frqfhuqlqj vhtxhqwldo lqyhuvh vwrfkdvwlf grplqdqfh frxog eh dssur0
suldwho| uhduudqjhg lq rughu wr rewdlq wkh vhw ri ghsulydwlrq sduwldo rughulqjv
dvvrfldwhg wr (E8 � rqfh zh frqvlghu w8� ' K� E^�6k

� lqvwhdg ri wkh srsxod0
wlrq vkduhv ri hdfk jurxs/ dqg gh�qh surshuwlhv htxlydohqw wr D/ D4/ dqg D5
wdnlqj lqwr dffrxqw wkdw

U
�

f
��ER�_R ' f�5;

Ixuwkhupruh li zh frqvlghu wkh vdwlvidfwlrq lqgh{

7E8 � '

?[
�'�

w8�

]
�

f

��ER�d>E8��� B�8 ER�o_R

dvvrfldwhg wr (E8 � wkh vlplodulw| zlwk ` E8 � lv hyhq pruh hylghqw1 Wkh
vdwlvidfwlrq rughulqjv frxog eh rewdlqhg vxevwlwxwlqj wr B�8 ER� wkh lqglylgxdo
dyhudjh vdwlvidfwlrq lqgh{/ ru dowhuqdwlyho| dv wkh frpsohphqw wr wkh dyhu0
djh lqfrph ri d uhihuhqfh jurxs ri wkh ryhudoo jurxs ghsulydwlrq5<� Zkhq
ghsulydwlrq lv pd{lpdo (�E8 � uhdfkhv wkh dyhudjh lqfrph ohyho +rqfh lw lv
hydoxdwhg frqvlghulqj rqo| wkh lqfrph glvwdqfhv ehwzhhq lqglylgxdov,/ dyhu0
djh lqfrph lv wkh kljkhvw htxdoo| glvwulexwhg htxlydohqw ohyho ri vdwlvidfwlrq
lq wkh devhqfh ri ghsulydwlrq1 Exw/ zkdw lv wkh dssursuldwh pd{lpxp ohyho ri
vdwlvidfwlrq li zh zhljkw doo lqfrphv xvlqj ��ER�q Lv lw uhdvrqdeoh wr frqvlghu
wkh vdph lqglfdwru ri wrwdo vdwlvidfwlrq iru doo uhihuhqfh jurxsv li zh h{whqg
wkh dqdo|vlv wr srsxodwlrqv sduwlwlrqhg lqwr ydulrxv forvhg jurxsvB

Frqvlghu wkh dyhudjh ghsulydwlrq lqglfdwru (�E8 � '
U
�

f
��ER�8

3�

� ER�_R
dvvrfldwhg wr jurxs �c lqwhjudwlqj lw e| sduwv zh jhw

(�E8 � ' >E8��

�
��E���

]
�

f

��

�ER�u�ER�_R

�

zkhuh u�ER� lv wkh Oruhq} fxuyh ri jurxs ��Zkhq wkhuh lv frpsohwh lqhtxdolw|
wkh ghsulydwlrq uhdfkhv lwv pd{lpxp ohyho1 Qrwlfh wkdw li wklv lv wkh fdvh/
u�ER� whqgv wr }hur iru doo R 5 dfc ��c wkhuhiruh wkh zhljkwhg lqwhjudo ri u�ER�
dovr whqgv wr }hur1 Lw iroorzv wkdw 4@ (�E8 � ' >E8����E��� Wkhuhiruh li zh
uhtxluh dyhudjh vdwlvidfwlrq wr jr wr f lq wklv h{wuhph fdvh zh rewdlq wkh

5;Wkh ixqfwlrq vlpsol�hv wr +4, rqfh zh frqvlghu � @ 3> wkdw lv/ zh vxssrvh wkdw gh0

sulydwlrq vdwlv�hv wkh Srsxodwlrq Uhsolfdwlrq Lqyduldqfh Frqglwlrq1 Pruhryhu/ zh qhhg wr

ohw Kl +t, @ tl= Wkdw lv holplqdwh dq| glvwulexwlyh frqfhuq iurp Kl zklfk lv lqghshqghqw
iurp dq| pryhphqw ri srsxodwlrq vkduhv ehwzhhq jurxsv rwkhu wkdq l/ dqg hydoxdwhv hdfk
jurxs frqwulexwlrq lq dq dqrq|prxv zd|/ zlwkrxw glvfulplqdwlqj ehwzhhq jurxsv=

5<Vhh \lw}kdnl +4<:</ 4<;5,1 Vhh dovr Fkdnudyduw| dqg Pxnkhumhh +4<<<,1
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xsshu erxqg iru vdwlvidfwlrq1 Lw iroorzv wkdw 7�E8 �c wkh dyhudjh vdwlvidfwlrq
iru jurxs �c frxog eh txdqwl�hg dv

7�E8 � ' >E8����E���(�E8 �

Li lqfrph lv htxdoo| glvwulexwhg/ wkhuh lv qr ghsulydwlrq dqg 7�E8 � ' >E8����E���
Qrwlfh wkdw iru wkh \lw}kdnl +4<:<, lqgh{ ��ER� ' E2R� �� c wkhuhiruh

��E�� ' � dqg frqvlvwhqwo| 7�E8 � ' >E8���(�E8 ��
Iroorzlqj wkh \lw}kdnl +4<:<, dqg Kh| dqg Odpehuw +4<;3, surfhgxuh

iru ghulylqj djjuhjdwh vdwlvidfwlrq iurp dgglwlyh djjuhjdwlrq ri lqglylgxdo
ohyhov/ lw frxog eh fkhfnhg wkdw wkh 7�E8 � irupxod lqwurgxfhg frxog eh gh0

ulyhg djjuhjdwlqj wkh lqglylgxdo vdwlvidfwlrqv wkdw lv 7�E8 � '
U �

f
��ER�j

�
8 ER�_R

zkhuh j�8 ER� ' >E8��� B�8 ER� '
U R
f
83�� E|�_|n E�� R�83�� ER�� Wklv irupxod lv

rewdlqhg vxewudfwlqj iurp > E8��

B�8 ER� ' > E8��

�
�� u�ER�� E�� R�

83�� ER�

> E8��

�

rewdlqhg lq ES2� czkhuh wkh whup zlwklq eudfnhwv lv wkh Ndnzdql Uhodwlyh
Ghsulydwlrq Fxuyh +vhh Ndnzdql/ 4<;7 dqg Fkdnudyduw|/ Fkdwwrsdgk|d|
dqg Pdmxpgdu/ 4<<8,/ gh�qhg iru ghsulydwlrq rughulqjv zklfk duh lqyduldqw
z1u1w1 lqfrph vfdolqj1

Vxppdul}lqj/ zlwklq rxu frqwh{w

7� E8 � '

] �

f

E��E�����ER��8
3�
� ER�_R�

Ohwwlqj )�ER� ' E��E�����ER�� c lq whupv ri wkh ruljlqdo zhljkwlqj sdudp0

hwhuv zh jhw )�ER� '
U �

R
��E|�_| n ��ER�E� � R�c dqg wkh wrwdo vdwlvidfwlrq lv

jlyhq e|

7E8 � '

?[
�'�

w8�

] �

f

)�ER�8
3�
� ER�_R +58,

zkhuh )�E�� ' f ;� +wkdw lv Surshuw| D- lv vdwlv�hg,1 Iru doo rwkhu surshuwlhv
D/ D4/ D5 lw lv srvvleoh wr surylgh uhvwulfwlrqv rq ��ER�� Qrwlfh wkdw li ��ER� '
�� ;� wkhq

7E8 � '
?[
�'�

w8� �� d>E8�� E�� KE8���o
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zklfk uhsuhvhqwv wkh fodvv ri udqn0ghshqghqw hydoxdwlrq ixqfwlrqv zlwk olqhdu
zhljkwv +zlwk wkh dgglwlrqdo uhtxluhphqw )�E�� ' f ;�� glvfxvvhg lq uhpdun
41

Ilqdoo| zh kljkoljkw wkdw wkh grplqdqfh frqglwlrqv rewdlqhg lq wkh �uvw
sdudjudsk duh exlow rq wkh fkdudfwhul}dwlrq ri E�� lq whupv ri wudqvihuv vdw0
lvi|lqj wkh Sulqflsoh ri Wudqvihuv dqg lwv Srvlwlrqdo vhqvlwlylw| h{whqvlrq1 Lw
lv qrw vxusulvlqj wkhuhiruh wkdw doo fulwhuld rewdlqhg duh vshfl�hg lq whupv ri
fxuyhv dvvrfldwhg wr wkh lqyhuvh vwrfkdvwlf grplqdqfh frqglwlrqv ri gl�huhqw
ghjuhhv1 Wkh dqdorjlhv ehwzhhq wkh uhsuhvhqwdwlrq lq E�� dqg uhodwlyh vdwlv0
idfwlrq rughulqjv pdnh pruh sodxvleoh wkh vshfl�fdwlrq ri fulwhuld edvhg rq
frpsdulvrqv lqyroylqj wkh Jhqhudol}hg Vdwlvidfwlrq Fxuyhv +vhh Fkdnudyduw|/
4<<:,

C7�E8�c R� ' Cu�ER� n E�� R�83�� ER�

rewdlqhg frqvlghulqj wkh vdwlvidfwlrq frxqwhusduw ri wkh Ndnzdql Uhodwlyh
Ghsulydwlrq Fxuyh1 Wkh sduwldo rughulqj dvvrfldwhg wr vxfk fxuyhv lv ohvv
�qh wkdq wkdw dvvrfldwhg wr jhqhudol}hg Oruhq} fxuyhv/ zklfk lv wkhuhiruh
lpsolhg e| wkh �uvw1 Fkdnudyduw|/ Fkdwwrsdgk|d| dqg Pdmxpgdu +4<<8,
vkrz wkdw wkh udqnlqj dvvrfldwhg wr uhodwlyh ghsulydwlrq fxuyhv lv frqvlvwhqw
zlwk d vhtxhqfh ri surjuhvvlyh wudqvihuv vdwlvi|lqj dq dgglwlrqdo uhvwulfwlrq/
qdpho| wkdw wkh wudqvihu pdgh e| dq lqglylgxdo +zlwk qhjdwlyh vljq li wkh
lqglylgxdo lv wkh uhflslhqw, vkrxog eh orzhu wkdq wkh dyhudjh wudqvihuv ri wkh
ulfkhu lqglylgxdov1

Frplqj edfn wr wkh lqwhusuhwdwlrq ri lqglylgxdo ghsulydwlrq zhljkwhg df0
fruglqj wr wkh �hqy| sdudphwhu�/ qrwlfh wkdw iru wkh lqglylgxdo zkrvh lqfrph
lv udqnhg & zlwklq vxejurxs �c wkh hqy| frh!flhqw �@�E&c6�� suhylrxvo| glv0

fxvvhg lv jlyhq e| �
�

U &*6�

E&3��*6�

��ER�_R : f� Lq zkdw iroorzv zh vlpso| vxssrvh
wkdw wkh hqy| frh!flhqw lv srvlwlyho| uhodwhg wr wkh ohyho ri qhhgv ri wkh lq0
glylgxdo lqghshqghqwo| iurp klv2khu srvlwlrq lq wkh lqfrph udqnlqj dqg wkh
vl}h ri wkh srsxodwlrq lq wkh jurxs1

D{lrp 9 +Qhhgv edvhg Srvlwlrqdo Hqy|, ��ER� � ��n�ER� iru doo Rc ��

Wkdw lv ��ER� vdwlv�hv Surshuw| D� Dw d jlyhq shufhqwloh ri wkh lqfrph
glvwulexwlrq/ wkh hqy| idfwru lv kljkhu wkh kljkhu lv oh ohyho ri qhhgv ri wkh
dvvrfldwhg sruwlrq ri wkh srsxodwlrq1

Ghqrwh zlwk V wkh vhw ri vdwlvidfwlrq lqglfhv 7E8 � vdwlvi|lqj wkh deryh
surshuw|/ dqg vxssrvh/ zlwk dqdorj| wr wkh uhvxowv lq wkh suhylrxv vhfwlrq/
wkdw zh uhvwulfw w8� ' ^8� c lw iroorzv=
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Sursrvlwlrq : Jlyhq wzr glvwulexwlrqv 8c C 5 I c 7E8 � � 7EC� iru doo
Vdwlvidfwlrq lqglfhv lq V li dqg rqo| li

&[
�'�

�
^8� C7�E8�c R�� ^C� C7�EC�c R�

�
� f

iru dq| & ' �c 2c ���? dqg hyhu| R 5 dfc �o�

Surri=
Frqvlghu {7 ' 7E8 �� 7EC� dffruglqj wr wkh vdwlvidfwlrq lqgh{ lq E2D� c

wkh fkdqjh lq vdwlvidfwlrq frxog eh zulwwhq dv lw frxog eh zulwwhq dv )�ER� 'U �
R
��E|�_|n ��ER�E�� R�c dqg wkh wrwdo vdwlvidfwlrq lv jlyhq e|

{7 '
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f
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R

��E|�_|n ��ER�E�� R�
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^8� 8
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� ER�� ^C� C
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� ER�
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_R

�

ghqrwlqj/ dv lq Sursrvlwlrq 4/ ��ER� ' ^8� 8
3�
� ER�� ^C� C

3�
� ER� zh fdq uhzulwh
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f
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��ER�_Rn
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��ER�E�� R���ER�_R
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Lqwhjudwlqj e| sduwv/
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f
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��ER�_R '
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f
��ER�

U R

f
��E|�_|_Rc lw iro0

orzv

{7 '
?[

�'�

�] �

f

��ER� d��ER� n E�� R���ER�o _R

�
� +59,

Qrwlfh wkdw ��ER� n E�� R���ER� ' ^8� C7�E8�c R�� ^C� C7�EC�c R�c zklfk zh

zloo ghqrwh dv vdwlvidfwlrq jds {V�ER�c wkhq {7 '
S?

�'�

U �
f
��ER�{V�ER�_R�

Vlqfh ��ER� vdwlv�hv Surshuw| D/ vxevwlwxwlqj iru ��ER� '
S?

�'���ER�/ dqg
uhduudqjlqj zh kdyh/ dv lq surri ri Sursrvlwlrq 4=

{7 '

�]
f

?[
�'�

#
��ER�

�[
�'�

{V�ER�

$
_R�

Wkhq/ vlqfh ��ER� � f;�c Rc wkh frqglwlrq
S�

�'�{V�ER� � f iru dq| � '
�c 2c ��? lv vx!flhqw iru {` ehlqj qrq0qhjdwlyh1
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Wkh qhfhvvlw| sduw iroorzv iurp wkh surri ri Sursrvlwlrq 4 rqfh zh vxe0
vwlwxwh {V�ER� iru ��ER��

Zh kdyh wkhuhiruh rewdlqhg d vhtxhqwldo grplqdqfh uhvxow lq whupv ri
frpelqdwlrqv ri Jhqhudol}hg Vdwlvidfwlrq Fxuyhv1

Wkh grplqdqfh frqglwlrq lq whupv ri vdwlvidfwlrq lqglfhv lv d frpelqdwlrq
ri wkh vhtxhqwldo lqyhuvh grplqdqfh frqglwlrqv1 Ohw P&ER� '

S&

�'�{V�ER�c

[&ER� '
S&

�'� ��ER� dqg x&ER� '
S&

�'� ��ER�c wkhq wkh vhtxhqwldo vdwlvidfwlrq
frqglwlrq lv P&ER� � f / [&ER� n E� � R�x&ER� � fc iurp zklfk/ jlyhq wkh
gh�qlwlrqv ri [&ER� '

U R

f
x&E|�_|c iroorzv x&ER� � f, P&ER� � f, [&ER� �

f zklfk surylgh wkh ghjuhh ri �qhqhvv ri wkh vhtxhqwldo rughulqj dvvrfldwhg1
Vxssrvh qrz wkdw wkh hqy| frh!flhqw ��ER� lv ghfuhdvlqj zlwk uhvshfw wr

wkh srvlwlrq ri wkh lqglylgxdo zlwklq wkh lqfrph udqnlqj/ wkdw lv iru d jlyhq
ohyho ri lqwhushuvrqdo lqfrph jds frpsdulvrqv wkh shufhswlrq ri ghsulydwlrq lv
ghfuhdvlqj zlwk wkh srvlwlrq lq wkh lqfrph udqnlqj1 Ixuwkhupruh zh vxssrvh
wkdw wkh zd| lq zklfk ghsulydwlrq fkdqjhv ehwzhhq jurxsv lv vxfk wkdw d
pryhphqw zlwklq wkh lqfrph vfdoh iru d jlyhq ohyho ri lqwhushuvrqdo lqfrph
jdsv kdv d eljjhu h�hfw wkh qhhglhu lv wkh jurxs1 Wklv surshuw| ohdgv wr d
fkdudfwhul}dwlrq ri wkh hqy| zhljkw htxlydohqw wr wkdw lq Surshuw| D4/ wkdw
lv ��

�ER� � f� Zh fdq dsso| wkh uhvxow lq Sursrvlwlrq 5 lq rughu wr jhw wkh
vdwlvidfwlrq rughulqj reh|lqj wkh deryh frqglwlrq1

Lw iroorzv wkdw 7E8 � � 7EC� iru doo Vdwlvidfwlrq lqglfhv lq V vdwlvi|lqj
��

�ER� � f ;Rc � li dqg rqo| li

&[
�'�

R]
f

�
^8� C7�E8�c |�� ^C� C7�EC�c |�

�
_| � f

iru dq| & ' �c 2c ���? dqg hyhu| R 5 dfc �o�
Dffruglqj wr rxu gh�qlwlrq

U R

f
{V�E|�_| '

U R

f
��E|�n E�� |���E|�_|c zklfk

dsso|lqj lqwhjudwlrq e| sduwv ohdgv wr
U R

f
{V�E|�_| ' 2

U R

f
��E|�_| n E� �

R���ER�c iurp zklfk

&[
�'�

] R

f

��E|�_|n
E�� R�

2
��ER� '

&[
�'�

�
� �ER� n

E�� R�

2
��ER�

�
� f

zklfk lv dq dyhudjhg frqglwlrq ehwzhhq vhfrqg dqg wklug ghjuhh vhtxhqwldo
lqyhuvh grplqdqfh lqwurgxfhg lq Sursrvlwlrqv 5 dqg 61 Qrwlfh wkdw/ zkhq zh
frqvlghu frpsdulvrqv ri vdwlvidfwlrq rughulqjv ryhu d vlqjoh uhihuhqfh jurxs
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wkh frqglwlrq erlov grzq wr frpelqdwlrqv ri vwdqgdug vhfrqg dqg wklug ghjuhh
lqyhuvh vwrfkdvwlf grplqdqfh/ rqfh zh frqvlghu wkh vhw ri doo srvlwlyh dqg qrq0
lqfuhdvlqj hqy| sdudphwhuv1

Doo wkh suhylrxv uhvxowv frxog hdvlo| eh h{whqghg wr ghsulydwlrq frp0
sdulvrqv vlpso| uhfdoolqj wkdw (�E8 � ' >E8����E�� � 7�E8 � dqg wkhuhiruh
uhdol}lqj wkdw {( ' (EC��(E8 � '

S?

�'�

�
^C� >EC��� ^8� >E8��

�
��E��n{7c

ru lq rwkhu whupv

{( '
?[

�'�

�
�

] �

f

��E|�_|

�] �

f

��ER�_Rn{7�

Diwhu vxevwlwxwlqj iurp E2S� dqg uhduudqjlqj zh jhw

{( '

] �

f

?[
�'�

i���ER� d��E��� ��ER�� E�� R���ER�oj _R�

Lw iroorzv wkdw iru doo ghsulydwlrq lqglfhv vdwlvi|lqj Surshuw| D {( � f l�S&

�'� d��E��� ��ER�� E�� R���ER�o � f iru doo R dqg &� Exw ��E��� ��ER��
E��R���ER� ' ^8� > E8��-(�E8�c R��^C� > EC��-(�EC�c R� zkhuh -7�E8�c R�
lv wkh Ndnzdql Uhodwlyh Ghsulydwlrq Fxuyh hydoxdwhg dw shufhqwloh R ri jurxs
�� Wkdw lv wkh grplqdqfh frqglwlrq uhtxluhv vhtxhqwldo frpsdulvrqv ri wkh
dyhudjhg devroxwh yhuvlrqv ri wkh UGFv

&[
�'�

�
^8� > E8��-(�E8�c R�� ^C� > EC��-(�EC�c R�

�
� f�

Qrwlfh wkdw -(�E8�c R� � -(�EC�c R� iru doo R lv wkh grplqdqfh frqglwlrq
ri glvwulexwlrq 8� ryhu C� lq whupv ri uhodwlyh ghsulydwlrq 631

7 Udqn0ghshqghqw sryhuw| phdvxuhphqw

Zlwklq wkh frqwh{w ri sryhuw| phdvxuhphqw wzr fodvvhv ri lqglfhv sod| d
pdmru uroh1 Wkh �uvw lv wkh dgglwlyho| ghfrpsrvdeoh fodvv ri lqglfhv zklfk
djjuhjdwh dgglwlyho| lqglylgxdo lqglfdwruv ri sryhuw|/ wkdw lv ixqfwlrqv gh0
�qhg ryhu lqglylgxdo lqfrphv dqg sryhuw| olqhv1 Wkh rwkhu fodvv frpsulvhv
wkh udqn0ghshqghqw lqglfhv dvvrfldwh wr wkh sryhuw| olqh 5/ zkhuh hlwkhu wkh

63Vhh Fkdnudyduw|/ Fkdwwrsdgk|d| dqg Pdmxpgdu +4<<8,1
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lqfrphv ri srru lqglylgxdov +Vhq/ 4<:9, ru fhqvruhg lqfrphv %�
W ' 4�? E%�c 5�

+Fkdnudyduw|/ 4<;6, ru sryhuw| jdsv erwk devroxwh �}� ' 5 � %W� c dqg uhodwlyh
}� ' �}�*5 +Vkruurfnv/ 4<<8/ 4<<;,/ duh djjuhjdwhg dv zhljkwhg dyhudjhv zkhuh
wkh zhljkwv ghshqg rq wkhlu udqnlqj hlwkhu zlwklq wkh srsxodwlrq ri wkh srru
lqglylgxdov ru wkh zkroh srsxodwlrq164

Vrph sduwldo udqnlqj fulwhuld/ zklfk duh frqvlvwhqw zlwk xqdqlprxv hydo0
xdwlrq iru d odujh vhw ri lqglfhv/ duh dydlodeoh lq wkh sryhuw| phdvxuhphqw
frqwh{w1 Wkh prvw uhohydqw duh wkrvh dvvrfldwhg wr wkh fxuyhv djjuhjdwlqj
wkh sryhuw| jdsv dw hdfk shufhqwloh ri wkh srsxodwlrq vwduwlqj iurp wkh srru0
hvw lqglylgxdov/ +Vshqfhu dqg Ilvkhu/ 4<<5/ Vkruurfnv/ 4<<; dqg Mhqnlqv dqg
Odpehuw/ 4<<:,1 Xqiruwxqdwho| wkh fodvv ri lqglfhv lq Vhq +4<:9, lv qrw lq0
foxghg zlwklq wkh vhw ri lqglfhv zkrvh udqnlqj lv frqvlvwhqw zlwk wkh rqh
lqgxfhg e| wkhvh fxuyhv1

Pruhryhu/ dwwhpswv kdyh ehhq pdgh lq rughu wr vshfli| fulwhuld frqvlv0
whqw zlwk sryhuw| grplqdqfh iru d zlgh udqjh ri sryhuw| olqhv/ +Dwnlqvrq
4<;:/ Irvwhu dqg Vkruurfnv/ 4<;;/d/e/f/ ]khqj/ 4<<<,1 Doo wkhvh fulwhuld duh
dvvrfldwhg wr sryhuw| grplqdqfh dffruglqj wr wkh dgglwlyho| ghfrpsrvdeoh
lqglfhv1

Uhfhqwo| vrph dwwhpswv kdyh ehhq pdgh dovr wr lqfrusrudwh/ zlwklq wkh
sryhuw| hydoxdwlrq/ mxgjhphqwv frqfhuqlqj gl�huhqfhv lq qhhgv +Dwnlqvrq/
4<<5/ Mhqnlqv dqg Odpehuw/ 4<<6 dqg Fkdped} dqg Pdxulq/ 4<<;,1 Hyhq
lq wklv fdvh wkh uhvxowv dydlodeoh frqfhuq sryhuw| grplqdqfh dvvrfldwhg wr
dgglwlyho| ghfrpsrvdeoh sryhuw| lqglfhv1

Lw vhhpv wkhuhiruh lqwhuhvwlqj/ ru dw ohdvw wkhruhwlfdoo| fkdoohqjlqj/ wr
surylgh vrph uhvxowv frqfhuqlqj udqn0ghshqghqw sryhuw| lqglfhv1 Lq zkdw
iroorzv zh zloo glvfxvv wkh frqqhfwlrqv ehwzhhq zhoiduh grplqdqfh dvvrfldwhg
wr hlwkhu wkh \ddul VZI ru qhhgv edvhg zhoiduh ixqfwlrqv lq E�� dqg sryhuw|
grplqdqfh iru fodvvhv ri udqn0ghshqghqw sryhuw| lqglfhv1

Wkh qh{w vxevhfwlrq zh zloo glvfxvv grplqdqfh frqglwlrqv/ iru jlyhq sryhuw|
olqhv/ dvvrfldwhg wr d fodvv ri lqglfhv jhqhudol}lqj wkh Vhq lqgh{1 Lw zloo iro0
orz dq h{whqvlrq wr wkh fodvv ri uhylvhg Vhq lqglfhv vxjjhvwhg e| Vkruurfnv
+4<<8,1 Ilqdoo| d srvvleoh lpsolfdwlrq ri wkh uhvxowv lqwurgxfhg lq wkh lqlwldo
vhfwlrq ri wkh sdshu/ iru qhhgv edvhg sryhuw| grplqdqfh dvvrfldwhg wr udqn0
ghshqghqw lqglfhv lv glvfxvvhg1 Doo uhvxowv vshfli| grplqdqfh fulwhuld uhodwhg
wr wudqvirupdwlrqv ri wkh lqfrph jds fxuyhv1

64Iru vxuyh|v rq sryhuw| phdvxuhphqw vhh dprqj rwkhuv Vhq +4<:6,/ Irvwhu +4<;7,/ Vhlgo
+4<;;,/ Fkdnudyduw| +4<<3, dqg ]khqj +4<<;,1
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714 Jhqhudol}hg Vhq lqglfhv

Ohw 8 E%� wkh lqfrph glvwulexwlrq ixqfwlrq zlwk ghqvlw| sE%�/ ghqrwh e| 88 E5�

wkh glvwulexwlrq ri lqfrph ri srru lqglylgxdov dffruglqj wr wkh sryhuw| olqh 5c
wkdw lv 88 E5�E%� ' 8 E%�*8 E5�c li % � 5c 88 E5�E%� ' � li % : 5� Wkh dv|pswrwlf
yhuvlrq ri Vhq*v sryhuw| lqgh{ � E8c 5� fdq eh zulwwhq

� E8c 5� ' 2

] 5

f

5 � %

5

�
��

8 E%�

8 E5�

�
sE%�_%c

ru htxlydohqwo|/ uhduudqjlqj

� E8c 5� ' ME8c 5�
�
UE8c 5� n E�� UE8c 5��KE88 E5��

�
'

' ME8c 5�

�
��

>E88 E5��

5

�
�� KE88 E5��

��
�

Zkhuh ME8c 5� ' 8 E5� lv wkh Khdg frxqw udwlr/ wkh sursruwlrq ri srru lqgl0
ylgxdov zlwklq wkh vrflhw|/ UE8 � '

�
5 � >E88 E5��

�
*5 lv wkh Lqfrph jds udwlr/

wkh dyhudjh lqfrph jds +uhodwlyh, iru wkh glvwulexwlrq ri srru lqglylgxdov/
dqg KE88 E5�� lv wkh Jlql frh!flhqw hydoxdwhg ryhu wkh glvwulexwlrq ri srru lq0
glylgxdov1 Dv qrwlfhg e| Fodun hw do1 +4<;4, wkh Vhq lqgh{ frxog eh uhzulwwhq
dv d ixqfwlrq ri wkh Jlql frh!flhqw ri wkh glvwulexwlrq ri wkh sryhuw| jdsv1
Ohw

�3�
8c5ER� '

k
5 � 83�

8 E5�E�� R�
l
*5c

eh wkh uljkw frqwlqxrxv lqyhuvh glvwulexwlrq ri wkh +uhodwlyh, sryhuw| jdsv ri
glvwulexwlrq 8 frqglwlrqdo rq sryhuw| olqh 5/ zkhuh �8c5E}� ' ��88 E5�E5E��
}�� lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh sryhuw| jds }� Qrwlfh wkdw
wkh udqnlqj ri wkh sryhuw| jdsv +lq whupv ri shufhqwlohv, lv wkh frpsohphqw
wr � ri wkh udqnlqj ri wkh lqfrphv ri srru lqglylgxdov1 Lw iroorzv=

� E8c 5� ' ME8c 5�UE8c 5� d� n KE�8c5�o � +5:,

Ndnzdql +4<;3, surylghg d sdudphwul}hg yhuvlrq ri � E8c 5� zklfk frxog eh
frqqhfwhg wr wkh fodvv ri H{whqghg Jlql lqglfhv65/

�wE8c 5� ' Ew n ��

] 5

f

5 � %

5

�
��

8 E%�

8 E5�

�w
sE%�_%c w � f�

65Vhh Grqdogvrq dqg Zh|pdun +4<;3/ 4<;6, dqg \lw}kdnl +4<;6,1
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Prylqj iurp lqfrphv wr shufhqwlohv R ' 88 E5�E%� lq frqvlghulqj wkh lqwhjud0
wlrq yduldeoh/ wkh lqgh{ frxog eh uhzulwwhq dv

�wE8c 5� ' 8 E5� Ew n ��

] �

f

5 � 83�
8 E5�ER�

5
d�� Row _Rc w � f� +5;,

Ghqrwlqj ��3�
8c5ER� ' �58 ER� '

5383�
8E5�

ER�

5
' �3�

8c5E��R�c vr wkdw
��3�
8c5ER� lv wkh ohiw

frqwlqxrxv lqyhuvh glvwulexwlrq ri wkh sryhuw| jds udqnhg lq uhyhuvh rughu/
wkdw lv wkh sryhuw| jds lv qrw lqfuhdvlqj lq Rc lw iroorzv wkdw �wE8c 5� '
8 E5�swE��8c5�c wkdw lv/ wkh Ndnzdql sryhuw| lqgh{ lv rewdlqhg pxowlso|lqj
e| wkh Khdg frxqw udwlr wkh zhoiduh ixqfwlrq dvvrfldwhg wr wkh h{whqghg
Jlql lqgh{ ri wkh glvwulexwlrq ri wkh sryhuw| jdsv udqnhg lq uhyhuvh rughu1
Vlploduo|/ li zh frqvlghu wkh glvwulexwlrq ri sryhuw| jdsv/ zh kdyh lqvwhdg=

�wE8c 5� ' 8 E5� Ew n ��

] �

f

�3�
8c5ER�R

w_Rc w � fc +5<,

zklfk lv 8 E5� wlphv wkh zhoiduh ixqfwlrq �swE�8c5� dvvrfldwhg wr wkh h{0
whqghg Jlql lqgh{ ri wkh looiduh udqnhg shupxwhg glvwulexwlrq ri srru lq0
frphv lqwurgxfhg lq Grqdogvrq dqg Zh|pdun +4<;3/ 4<;6,661 Iru w ' �c

wkh lqgh{ ehfrphv ��E8c 5� ' ME8c 5�UE8c 5�
k
�� �K�E�8c5�

l
c zklfk lv dovr

��E8c 5� ' ME8c 5�UE8c 5� d� n KE�8c5�o ' � E8c 5�� Zkhq w 9' � wkh h{whqghg
sryhuw| lqgh{ fdqqrw eh h{suhvvhg lq whupv ri wkh zhoiduh udqnhg h{whqghg
Jlql lqgh{ ri wkh sryhuw| jds glvwulexwlrq/ rqo| wkh looiduh udqnhg yhuvlrq=

�wE8c 5� ' ME8c 5�UE8c 5�
k
�� �KwE�8c5�

l
+63,

lv uhohydqw1
Lw frxog eh dujxhg wkdw lq wkh vdph zd| dv wkh zhoiduh ixqfwlrqv edvhg

rq wkh looiduh udqnhg h{whqg Jlqlv duh d vxevhw ri wkh fodvv ri wkh \ddul Vrfldo
Zhoiduh Ixqfwlrqv +\VZIv,/ wkh fodvv ri lqglfhv �wE8c 5� frxog eh h{whqghg
wr wkh looiduh udqnhg \ddul VZIv ryhu wkh sryhuw| jdsv glvwulexwlrq1 Wklv
h{whqvlrq doorzv wr surylgh d jhqhudo yhuvlrq ri wkh Vhq lqgh{ zklfk frxog

66Vhh dovr Ervvhuw +4<<3, iru d glvfxvvlrq ri wkh phulwv ri wkh looiduh udqnhg h{whqghg
Jlqlv zlwk uhvshfw wr wkh zhoiduh udqnhg yhuvlrq hvshfldoo| lq wkh frqwh{w ri sryhuw| phd0
vxuhphqw1 Dv Ervvhuw srlqwhg rxw/ wkh looiduh dqg zhoiduh udqnhg h{whqghg Jlql fodvvhv gr
qrw frlqflgh/ pruhryhu wkh Jlql frh!flhqw ehorqjv wr wkh vhfrqg fodvv ri lqglfhv1
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eh frqvlvwhqw zlwk d zlghu vhw ri dvvxpswlrqv rq wkh vhqvlwlylw| wr wudqvihuv
ri wkh sryhuw| rughulqj1

Lq rughu wr kljkoljkw wkh vlplodulwlhv ehwzhhq wkh fkdudfwhul}dwlrq ri wkh
\VZI zhljkwv surylghg lq \ddul +4<;:/4<;;, dqg Phkudq +4<:9, dqg wkh
fkdudfwhul}dwlrq ri wkh zhljkwv ri wklv sryhuw| lqgh{/ zh frxog zulwh wkh
lqgh{

��E8c 5� ' 8 E5�

] �

f

�ER���3�
8c5ER�_Rc +64,

zkhuh ��3�
8c5ER� lv wkh ohiw frqwlqxrxv lqyhuvh glvwulexwlrq ixqfwlrq ri wkh sryhuw|

jdsv udqnhg lq uhyhuvh rughu +wkdw lv udqnhg dffruglqj wr wkh zhoiduh udqn0
lqj surfhgxuh,/ dqg �ER� lv wkh zhljkw ixqfwlrq hperg|lqj wkh qrupdwlyh
mxgjhphqwv ri wkh srolf| pdnhu z1u1w1 sryhuw| shufhswlrq1

Qrwlfh wkdw ��E8c 5� vdwlv�hv wkh wudglwlrqdo sryhuw| d{lrpv ri Irfxv eh0
fdxvh lw lv lqghshqghqw iurp wkh glvwulexwlrq ri lqfrphv deryh wkh sryhuw|
olqh/ dqg Uhsolfdwlrq Lqyduldqfh ehfdxvh wkh zhljkwv ghshqg rq wkh uhodwlyh
udqnlqj ri srru shrsoh1 Pruhryhu ��E8c 5� lv Vfdoh Lqyduldqw vlqfh wkh +uho0
dwlyh, sryhuw| jds lv lqyduldqw z1u1w1 d fkdqjh lq wkh vfdoh ri phdvxuh ri wkh
lqfrphv1

Lq dgglwlrq wr wkhvh surshuwlhv zh zloo frqvlghu h{wud d{lrpv fkdudfwhul}0
lqj wkh sryhuw| lqgh{1

D{lrp : +P= Prqrwrqlflw| +Vhq/ 4<:9,, Jlyhq rwkhu wklqjv/ d uhgxf0
wlrq lq lqfrph ri d shuvrq ehorz wkh sryhuw| olqh pxvw lqfuhdvh sryhuw|1

Wkh lqwhusuhwdwlrq ri P lv vwudljkwiruzdug1 Wkh qh{w d{lrp lv d zhdnhu
yhuvlrq ri wkh Wudqvihu d{lrp vxjjhvwhg lq Vhq +4<:9,1 Lwv vfrsh lv wr lqwur0
gxfh lqhtxdolw| dyhuvlrq zlwklq wkh sryhuw| hydoxdwlrq/ zklfk fdswxuhv wkh
uhodwlyh ghsulydwlrq frqwhqw ri sryhuw|1 Zlghqlqj lqfrph gl�huhqfhv dprqj
srru shuvrqv/ ru lq rwkhu whupv/ wudqvihuulqj prqh| iurp pruh ghsulyhg shu0
vrq wr ohvv ghsulyhg/ pxvw ohdg wr dq lqfuhdvh lq wkh ryhudoo ghsulydwlrq1

D{lrp ; +ZW= Zhdn Wudqvihu +Grqdogvrq dqg Zh|pdun/ 4<;9, ,
Rwkhu wklqjv jlyhq/ d wudqvihu ri lqfrph iurp d shuvrq ehorz wkh sryhuw| olqh
wr dq|rqh ulfkhu/ zlwk qr rqh furvvlqj wkh sryhuw| olqh dv d frqvhtxhqfh ri
wkh wudqvihu/ pxvw qrw ghfuhdvh sryhuw|1

D{lrpZW lv zhdnhu wkdq wkh ruljlqdo rqh lq Vhq +4<:9, qrw rqo| ehfdxvh
lw grhv qrw frqvlghu vlwxdwlrqv lq zklfk wkh uhfhlyhu furvvhv wkh sryhuw| olqh
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dv wkh uhvxow ri wkh wudqvihu/ zklfk frxog ohdg wr vrph sureohp iru wkhvh
udqn0ghshqghqw lqglfhv/ exw dovr ehfdxvh lw grhv qrw uxoh rxw wkh fodvv ri
lqglfhv zklfk duh lqvhqvlwlyh wr wudqvihuv/ olnh wkh Khdg frxqw udwlr dqg wkh
Lqfrph jds udwlr1

Qh{w d{lrp vshfl�hv wkh zd| lq zklfk wudqvihuv frxog d�hfw sryhuw|1 Li
zh iroorz wkh uhodwlyh ghsulydwlrq lqwhusuhwdwlrq ri sryhuw| wkhq gl�huhqfhv
lq udqnlqj dovr ehfrph lpsruwdqw/ udwkhu wkdq rqo| lqfrph gl�huhqfhv1 Lw
vhhpv uhdvrqdeoh wkdw d wudqvihu frxog sod| d kljkhu h�hfw li h{shulhqfhg
dw wkh orzhu hqg ri wkh glvwulexwlrq/ zkhq wkh dprxqw ri wkh wudqvihu dqg
wkh glvwdqfh lq wkh udqnlqj ri wkh lqglylgxdov lqyroyhg lv qrw fkdqjhg1 Ohw
{� ERc 4c B� eh wkh lqfuhdvh lq sryhuw| gxh wr d wudqvihu ri lqfrph iurp d wlq|
iudfwlrq _R ri wkh srsxodwlrq dw wkh 433R|� shufhqwloh wr d iudfwlrq _R dw wkh
433ERn 4�|� shufhqwloh 4 � f1

D{lrp < +SWV= Srvlwlrqdo Wudqvihu Vhqvlwlylw| +Ndnzdql/ 4<;3,, Iru
doo Rc ^c 4 5 dfc �oc vxfk wkdw R n 4c ^ n 4 5 dfc �oc dqg B : fc li R 	 ^ wkhq
{� ERc 4c B� � {� E^c 4c B��

Frqvlvwhqwo| wr zkdw lv nqrz derxw \VZIv67/ lw lv vwudljkwiruzdug wr
fkhfn wkdw ��E8c 5� vdwlv�hv�c`A dqg �A7 li dqg rqo| li �ER� : fc �ER�� � f
dqg ���ER� � f uhvshfwlyho|1

Zh zloo frqvlghu qrz wkh sduwldo rughulqj dvvrfldwhg wr wkh vxjjhvwhg
fodvv ri sryhuw| lqglfhv vdwlvi|lqj wkhvh d{lrpv1 Rqo| wkh vx!flhqf| sduw
ri wkh surri zloo eh surylghg/ wkh qhfhvvlw| sduw frxog eh rewdlqhg dgdswlqj
dssursuldwho| wkh uhvxowv rq zhoiduh grplqdqfh dvvrfldwhg wr wkh \VZIv168

Vlqfh prvw uhvxowv surylgh d udwlrqdoh iru grplqdqfh fulwhuld uhodwhg wr
wudqvirupdwlrqv ri wkh sryhuw| jds sur�oh fxuyh lqwurgxfhg e| Vshqfhu dqg
Ilvkhu +4<<5,/ Mhqnlqv dqg Odpehuw +4<<:, dqg Vkruurfnv +4<<;,/ lw lv zruwk
wr lqwurgxfh lwv irupdol}dwlrq lq wkh suhvhqw frqwh{w1

Ohw lW

8 ERc 5� eh wkh sryhuw| jds sur�oh ri glvwulexwlrq 8 hydoxdwhg dw wkh
shufhqwloh �ffE�� R�|� ri wkh lqfrph glvwulexwlrq ri wkh wrwdo srsxodwlrq/
jlyhq d sryhuw| olqh 5� Qrwlfh wkdw lW

8 ERc 5� lv udqnhg lq ghfuhdvlqj rughu dqg
lW

8 ERc 5� ' f li R � 8 E5��

67Vhh Phkudq +4<:9,/ \ddul +4<;:, dqg ]rol +4<<<,1
68Vhh ]rol +4<<<,/ ru frqvlghu Sursrvlwlrqv 4/ 5/ 6 lq wkh �uvw vhfwlrq/ dgdswhg iru wkh

vshfldo fdvh lq zklfk wkh zkroh srsxodwlrq lv krprjhqhrxv lq qrq lqfrph hwklfdoo| uhohydqw
fkdudfwhulvwlfv1
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Gh�qlwlrq 7 +SJSF= Sryhuw| Jds Sur�oh Fxuyh,

SJ8 ERc 5� '

] R

f

lW

8 E^c 5�_^� +65,

Qrwlfh wkdw SJ8 E|c 5� ' SJ8 E8 E5�c 5� ' ME8c 5�UE8c 5� iru doo | � 8 E5��
Zh duh uhdg| qrz wr glvfxvv grplqdqfh frqglwlrqv dvvrfldwhg wr ��E8c 5��

Ohw l8 ERc 5� ' 8 E5���3�
8c5ER�c wkdw lv l8 E�*Zc 5� ' Z

6

53%�
5
c zkhuh %� � %�3�

dqg Z lv wkh qxpehu ri srru lqglylgxdov/ zkloh 6 lv wkh vl}h ri wkh zkroh
srsxodwlrq1 Wkdw lv l8 ERc 5� lv wkh zhoiduh udqnhg +uhodwlyh, sryhuw| jds dw
wkh shufhqwloh �ffE�� R�|� ri wkh lqfrph glvwulexwlrq ri srru lqglylgxdov/
zhljkwhg e| wkh Khdg frxqw udwlr1 Lw iroorzv wkdw

��E8c 5� '

] �

f

�ER�l8 ERc 5�_R� +66,

Sursrvlwlrq ; ��E8c 5� � ��ECc 5� jlyhq 5c iru doo ��E�c 5� vdwlvi|lqj P li
dqg rqo| li l8 ERc 5� � lCERc 5� iru doo R 5 dfc �o �

Surri1
��E8c 5� � ��ECc 5� � f #$

U �

f
�ER� dl8 ERc 5�� lCERc 5�o _R � f� Vlqfh/

jlyhq P/ �ER� : fc l8 ERc 5� � lCERc 5� iru doo R lv d vx!flhqw frqglwlrq iru
��E8c 5� � ��ECc 5�1

Sursrvlwlrq < ��E8c 5� � ��ECc 5� jlyhq 5c iru doo ��E�c 5� vdwlvi|lqj P dqg
ZW li dqg rqo| li

U R

f
dl8 E^c 5�� lCE^c 5�o _^ � f iru doo R 5 dfc �o �

Surri=
Ohw{lERc 5� ' dl8 ERc 5�� lCERc 5�o � Lqwhjudwlqj e| sduwv{�� ' ��E8c 5��

��ECc 5� lq E��� c zh jhw

{�� ' �E��

] �

f

{lERc 5�_R�

] �

f

��ER�

�] R

f

{lE|c 5�_|

�
_R� +67,

Vlqfh �ER�� � f frqvlvwhqwo| zlwk ZW/
U R

f
{lE|c 5�_| � f ;R lv d vx!flhqw

frqglwlrq iru {�� � f1
Qrwlfh wkdw

SJ�8 ERc 5� '

] R

f

l8 E^c 5�_^
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lv wkh +uhodwlyh, sryhuw| jds fxuyh iru wkh glvwulexwlrq ri srru lqglylgxdov
+wkh vxshuvfulsw Q vwdqgv iru qrupdol}hg wr wkh glvwulexwlrq ri wkh srru,/
vfdohg e| wkh Khdg frxqw udwlr1 SJ�8 ERc 5� gl�huv iurp wkh SJSF SJ8 ERc 5�
ehfdxvh lw lv hydoxdwhg rqo| ryhu wkh glvwulexwlrq ri wkh srru lqglylgxdov/
wkhuhiruh lw uhdfkhv lwv pd{lpxp zkhq R ' �c zklfk lv

U �

f
l8 E^c 5�_^ '

ME8c 5�UE8c 5� ' SJ�8 E�c 5�� Lw lv srvvleoh wr zulwh wkh grplqdqfh frqglwlrq
lq whupv ri lW

8 E^c 5�c vlpso| fkdqjlqj wkh yduldeoh ri lqwhjudwlrq/ prylqj
iurp wkh glvwulexwlrq ri lqfrphv ri srru lqglylgxdov wr wkh lqfrph glvwul0
exwlrq ri wkh zkroh srsxodwlrq1 Ohw ^ ' R8 E5� zkhuh �ff^ ghqrwhv wkh
shufhqwloh lq wkh zkroh glvwulexwlrq dvvrfldwhg wr wkh �ffR|� shufhqwloh lq
wkh glvwulexwlrq ri wkh srru lqglylgxdov1 Uhfdoolqj wkdw

U R

f
l8 ERc 5�_R '

8 E5�
U R

f
d�� 83�

8 E5�ER�*5o_Rc vxevwlwxwlqj zh jhw

SJ�8 ERc 5� '

] R

f

l8 E|c 5�_| '

] R8 E5�

f

lW
8 E^c 5�_^ ' SJ8 ER8 E5�c 5��

Lw iroorzv wkdw wkh suhylrxv grplqdqfh frqglwlrq uhtxluhv

] R8 E5�

f

lW
8 E^c 5�_^ �

] RCE5�

f

lW
CE^c 5�_^ iru doo R 5 dfc �o

zkloh wkh xvxdo grplqdqfh lq whupv ri SJSFv lv
U R

f
{lW

8 E^c 5�_^ � f iru doo
R 5 dfc �o �

Zh frqvlghu qrz wkh uh�qhphqw ri wkh suhylrxv fulwhulrq dvvrfldwhg wr
wkh ��E�c 5� vdwlvi|lqj lq dgglwlrq SWV1

Sursrvlwlrq 43 ��E8c 5� � ��ECc 5� jlyhq 5 iru doo ��E�c 5� vdwlvi|lqj P/
ZW dqg SWV li dqg rqo| li

U R

f

�
SJ�8 E|c 5��SJ

�
C E|c 5�

�
_| � f iru doo R 5

dfc �o dqg SJ�8 E�c 5� � SJ
�
C E�c 5� El1h1 ME8c 5�UE8c 5� � MECc 5�UECc 5���

Surri=
Ghqrwh {SJ� E|c 5� ' SJ�8 E|c 5� � SJ

�
C E|c 5�� Lqwhjudwlqj e| sduwv E�e�

zh jhw

{�� ' �E��{SJ� E�c 5�� ��E��

] �

f

{SJ� ERc 5�_R

n

] �

f

���ER�

�] R

f

{SJ� E|c 5�_|

�
_R�
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Jlyhq SWV ���ER� � fc wkhuhiruh {SJ� E�c 5� � f dqg
U R

f
{SJ� E|c 5�_| � f

iru doo R duh vx!flhqw frqglwlrqv iru sryhuw| grplqdqfh1
Wkdw lv/ dw hyhu| shufhqwloh wkh duhd xqghu wkh qrupdol}hg sryhuw| jds

fxuyhv lv frpsduhg/ dqg grplqdqfh iru wkh sryhuw| lqgh{ ME�c 5�UE�c 5� lv
uhtxluhg1 Wkh �uvw frqglwlrq frxog eh vhhq dv d uhvxow ri wkh lqhtxdolw|
dyhuvlrq lqwurgxfhg zlwklq wkh hydoxdwlrq ri sryhuw|/ wkh vhfrqg frqglwlrq lv
frqqhfwhg wr wkh uhodwlyh h{whqw ri wkh sryhuw| zlwklq wkh srsxodwlrq/ zkdw
Mhqnlqv dqg Odpehuw +4<<:, fdoo wkh Lqwhqvlw| ri wkh sryhuw|1 Qrwlfh wkdwU �

f
SJ�8 ERc 5�_| '

�
2
� E8c 5� wkdw lv rqh kdoi ri wkh Vhq sryhuw| lqgh{� Wklv

frxog eh vkrzq zulwlqj
U �

f
SJ�8 ERc 5�_| ' 8 E5�

U �

f
i
U R

f
d�� d83�

8 E5�E|�*5oo_|j_R�

Xvlqj lqwhjudwlrq e| sduwv zh rewdlq
U �

f
SJ�8 ERc 5�_| '

�
2
8 E5�s�E��8c5� zklfk

lv gh�qhg lq E2b� c iurp zklfk iroorzv wkh htxlydohqfh zlwk Vhq sryhuw| lqgh{1
Wkh dqdorjlhv zlwk wkh grplqdqfh frqglwlrqv ydolg iru doo lqfuhdvlqj dqg

lqhtxdolw| dyhuvh \VZIv vdwlvi|lqj wkh Sulqflsoh ri Srvlwlrqdo Wudqvihu Vhq0
vlwlylw| lv hylghqw1

Wkh iroorzlqj uhpdun lv wkhuhiruh vwudljkwiruzdug/ dqg frxog eh suryhg
iroorzlqj wkh vdph olqh ri uhdvrqlqj dv lq wkh surri ri Sursrvlwlrq 71 +Vhh
dovr ]rol/ 4<<<,1 Uhfdoo wkdw C "- 8 ghqrwhv oh{lplq grplqdqfh ri C ryhu
8�

Uhpdun 6 Li SJ�8 ERc 5� dqg SJ
�
C ERc 5� furvv rqfh/ C "- 8c dqgME8c 5�UE8c 5�

' MECc 5�UECc 5�c wkhq ��E8c 5� � ��ECc 5�c jlyhq 5c iru doo ��E�c 5� vdwlvi|lqj
P/ ZW dqg SWV li dqg rqo| li KE�8c5� � KE�Cc5��

Djdlq wkh Jlql frh!flhqw dvvrfldwhg wr wkh glvwulexwlrq ri wkh sryhuw|
jdsv zlwklq wkh srsxodwlrq ri srru lqglylgxdov ehfrphv qrupdwlyho| uhohydqw1
Lq wkh jhqhudo fdvh zkhqME�c 5�UE�c 5� gl�huv ehwzhhq glvwulexwlrqv/ lv wkh Vhq
lqgh{ zklfk ehfrphv uhohydqw +lw lv rqo| d vx!flhqw frqglwlrq, exw zh kdyh
wr uhvwulfw wkh vhw ri sryhuw| lqglfhv lq rughu wr holplqdwh wkh ohvv lqhtxdolw|
dyhuvh1

Zh zloo glvfxvv qrz eulh | wkh lpsolfdwlrq ri wkhvh uhvxowv dssolhg wr wkh
h{whqvlrq ri wkh Vhq lqgh{ vxjjhvwhg lq Vkruurfnv +4<<8,1

715 Jhqhudol}hg Vkruurfnv lqglfhv

Wkh Vhq lqgh{ vkrzv d vhulrxv gudzedfn= lw idlov lq vdwlvi|lqj wkh Sulqflsoh
ri Wudqvihuv zklfk vwdwhv wkdw udqn suhvhuylqj wudqvihuv iurp ulfk wr srru
shuvrqv vkrxog qrw lqfuhdvh sryhuw|1 Wkh uhdvrq lv wkdw dv d uhvxow ri d
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wudqvihu wkh lqfrph ri wkh uhflslhqw frxog furvv wkh sryhuw| olqh> vlqfh wkh
udqnlqj ri lqglylgxdov lv edvhg rq wkh glvwulexwlrq ri srru/ wklv dfwlrq frxog
ohdg wr d fkdqjh lq wkh udqnlqjv dqg d uhgxfwlrq lq sryhuw| lv qrw jxdudq0
whhg dv d uhvxow ri wkh wudqvihu1 Lq rughu wr frqirup wkh Vhq lqgh{ wr wkh
Sulqflsoh ri Wudqvihuv +SW,/ Vkruurfnv +4<<8, vxjjhvwv d prgl�fdwlrq ri wkh
lqgh{1 Kh frqvlghuv wkh glvwulexwlrq ri wkh lqfrph jdsv exw lq wklv fdvh wkh
zhljkwv dvvrfldwhg wr wkhp duh gh�qhg lq whupv ri wkh udqnlqj lq wkh lqfrph
glvwulexwlrq ri wkh zkroh srsxodwlrq1 Wkh lqgh{ frxog wkhuhiruh eh zulwwhq
dv

� WE8c 5� ' 2

] 7%

f

5 � %W

5
d�� 8 E%�o sE%�_%c

zkhuh %W duh fhqvruhg lqfrphv/ l1h1 %W ' 5 li % � 5c rwkhuzlvh %W ' %�
Dowhuqdwlyho| zh fdq zulwh

� WE8c 5� ' ME8c 5�UE8c 5�
�
� n KE�W

8c5�
�
' s�E��

W
8c5�c

zkhuh �W
8c5 lv wkh glvwulexwlrqv ri sryhuw| jds sur�ohv iru doo wkh srsxod0

wlrq/ dqg ��W
8c5 lv wkh vdph glvwulexwlrq udqnhg lq uhyhuvh rughu/ qrwlfh wkdw

��W3�

8c5 E^� ' lW
8 E^c 5�� Wkh frqqhfwlrq zlwk wkh Vhq lqgh{ lv hylghqw/ wkh rqo|

gl�huhqfh lv wkdw/ iru wkh � WE8c 5� lv wkh Jlql lqgh{ ri wkh jdsv +frpsulvlqj
wkhuhiruh dovr wkh }hur ydoxhv dvvrfldwhg wr doo qrq srru lqglylgxdov, zklfk
ehfrphv uhohydqw1 Qrwlfh wkdw wkh prgl�hg Vhq lqgh{ frxog eh dovr uhzulwwhq
dv

� WE8c 5� ' 2

] �

f

E�� R�lW
8 ERc 5�_R�

Iroorzlqj wkh vdph olqh ri uhdvrqlqj dv iru Vhq lqgh{ zh frqvlghu wkh jhqhu0
dol}dwlrq ri � WE8c 5�c

� W
� E8c 5� '

] �

f

�ER�lW
8 E^c 5�_Rc +68,

zkhuh �ER� lv frqwlqxrxv wzlfh gl�huhqwldeoh dqg � W
� E8c 5� lv vxssrvhg wr

vdwlvi| Prqrwrqlflw| �ER� : f / Sulqflsoh ri Wudqvihuv ��ER� � f dqg Srvlwlrqdo
Vhqvlwlylw| ���ER� � f�69

Dv glvfxvvhg lq Vkruurfnv +4<<;, +dqg frxog eh fkhfnhg dssursuldwho|
prgli|lqj wkh Sursrvlwlrq <, wkh grplqdqfh iru doo � W

� E�c 5� vdwlvi|lqj �

69D vlplodu lqgh{ kdv ehhq dovr glvfxvvhg lq Kdjhqdduv +4<;9,1 Gxforv dqg Juìjrluh
+4<<<, frqvlghu wkh h{whqghg Jlqlv yhuvlrq1

7:



dqg �A lv erwk qhfhvvdu| dqg vx!flhqw iru hqvxulqj grplqdqfh lq whupv
ri SJSFv SJERc 5�� Wklv lv frqvlvwhqw zlwk wkh uhvxow lq Mhqnlqv dqg Odp0
ehuw +4<<:, zklfk suryhv wkdw grplqdqfh lq whupv ri SJSFv lv htxlydohqw
wr sryhuw| grplqdqfh iru wkh zlghu fodvv ri sryhuw| lqglfhv vdwlvi|lqj P dqg
SW +frpsulvlqj wkhuhiruh dovr prvw ri wkh dgglwlyho| ghfrpsrvdeoh lqglfhv/
dqg ri frxuvh dovr � W

� E�c 5�,1 Wkh h{whqvlrq ri Sursrvlwlrq 43 wr wkh sryhuw|
grplqdqfh iru � W

� E�c 5� zkhuh �
��ER� � f lv vwudljkwiruzdug +wkh surri lv rplw0

whg,

Sursrvlwlrq 44 � W
� E8c 5� � � W

� ECc 5� jlyhq 5 iru doo � W
� E�c 5� vdwlvi|lqj P/

SW dqg SWV li dqg rqo| li
U R

f
dSJ8 E|c 5�� SJCE|c 5�o _| � f iru doo R 5 dfc �o

dqg ME8c 5�UE8c 5� � MECc 5�UECc 5��

Wklv uhvxow uhtxluhv frpsdulvrqv ri wkh duhdv xqghu wkh SJSFv dw hdfk
shufhqwloh1 Qrwlfh wkdw/ dv srlqwhg rxw e| Vkruurfnv +4<<;,/

U �

f
SJ8 E|c 5�_| '

� WE8c 5�*2� Wkh iroorzlqj uhpdun lv htxlydohqw wr Uhpdun 6 zkhq sryhuw| lv
hydoxdwhg lq whupv ri � W

� E�c 5�

Uhpdun 7 Li SJ8 ERc 5� dqg SJCERc 5� furvv rqfh/ C "- 8c dqgME8c 5�UE8c 5� '
MECc 5�UECc 5�c wkhq � W

� E8c 5� � � W
� ECc 5�c jlyhq 5c iru doo � W

� E�c 5� vdwlvi|lqj
P/ SW dqg SWV li dqg rqo| li KE�W

8c5� � KE�W
Cc5��

Lq wklv fdvh wkh Jlql frh!flhqw ri wkh glvwulexwlrq ri sryhuw| jdsv ryhu wkh
zkroh srsxodwlrq lv qrupdwlyho| uhohydqw1 ZkhqME8c 5�UE8c 5� 9' MECc 5�UECc 5�
wkhq � WE8c 5� ehfrphv uhohydqw lq rughu wr surylgh d sryhuw| udqnlqj ri wkh
glvwulexwlrqv�

Pruhryhu wkh fodvvhv ri sryhuw| lqglfhv � E8c 5� dqg � WE8c 5� frxog eh xvhg
lq rughu wr vshfli| sryhuw| grplqdqfh frqglwlrqv ryhu glvwulexwlrqv zkhuh
lqglylgxdov gl�hu lq qhhgv1 Li djjuhjdwlqj frqglwlrqv glvfxvvhg lq wkh suhylrxv
vhfwlrqv krog/ lw frxog eh srvvleoh wr surylgh dq lqwhusuhwdwlrq lq whupv ri
sryhuw| shufhswlrq ri Surshuwlhv D/ D4 dqg D5 glvfxvvhg lq wkh �uvw vhfwlrq1

Lq wklv fdvh wkh h{whqvlrq ri wkh uhvxowv lq wkh �uvw vhfwlrqv wr sryhuw|
phdvxuhphqw lv vwudljkwiruzdug1 Frqvlghu wkh ryhudoo sryhuw| hydoxdwlrq
ixqfwlrq

SE8c 3� '
?[
�'�

w8�

�]
f

��ER�l
W
8�
ERc 5��_Rc

zkhuh 3 lv wkh yhfwru ri dssursuldwh sryhuw| olqhv 5� ri hdfk vxejurxs/ zklfk
pd| gl�hu/ dqg w8� lv wkh zhljkw dvvrfldwhg wr wkh sryhuw| lq jurxs � zlwk

7;



wkh djjuhjdwh hydoxdwlrq6:1 Zh zloo surylgh/ zlwkrxw surri/ +zklfk frxog eh
rewdlqhg uhduudqjlqj wkrvh ri Sursrvlwlrq 5, wkh grplqdqfh frqglwlrq iru doo
SE8c 3� vdwlvi|lqj wkh sryhuw| htxlydohqw ri surshuwlhv D/ D41 Zh ghqrwh wklv
fodvv ri sryhuw| lqglfhv S�1

Sursrvlwlrq 45 Jlyhq wzr glvwulexwlrqv 8 dqg Cc jlyhq 3c wkhq SE8c 3� �
SECc 3� iru doo SE8c 3� lq S� li dqg rqo| li

&[
�'�

�
w8� SJ8�

ERc 5��� wC� SJC�
ERc 5��

�
� f

iru dq| & ' �c 2c ���? dqg hyhu| R 5 dfc �o�

Zh jhw wkhuhiruh vhtxhqwldo grplqdqfh lq whupv ri zhljkwhg dyhudjhv ri
wkh SJSFv ri hdfk vxejurxs1 Li zh frqvlghu frpsdulvrq ri djjuhjdwh lqglfhv
ri sryhuw| edvhg rq devroxwh sryhuw| jdsv/ wkhq lw lv srvvleoh wr surylgh dq
lpphgldwh lqwhusuhwdwlrq ri surshuwlhv D dqg D41 Surshuw| D uhtxluhv wkdw
iru wkh lqglfhv vdwlvi|lqj P/ dw dq| shufhqwloh d ghfuhdvh lq wkh sryhuw| jds
ri d srru lqglylgxdo kdv d eljjhu lpsdfw rq sryhuw| hydoxdwlrq wkh qhhglhu lv
wkh lqglylgxdo1 Zkloh Surshuw| D4/ jlyhq SW/ lv rewdlqhg lpsrvlqj wkdw lq
frpsdulqj wkh h�hfw ri d Surjuhvvlyh Wudqvihu rffxuulqj ehwzhhq lqglylgxdov
dw jlyhq shufhqwlohv lq wkh lqfrph glvwulexwlrqv/ wkh qhhglhu lv wkh uhihuhqfh
jurxs wr zkrp wkh| ehorqj wkh kljkhu lv wkh lpsdfw ri vxfk wudqvihu rq
sryhuw| uhgxfwlrq1 Qrwlfh wkdw vlqfh wkh zhljkwv ��ER� duh vxssrvhg qrw wr
ghshqg rq wkh lqfrph glvwulexwlrq/ wkhq/ lq rughu wr vdwlvi| wkh suhylrxv
uhtxluhphqwv/ wkh zhljkwv vkrxog eh fkdudfwhul}hg dv lq wkh udqn0ghshqghqw
zhoiduh hydoxdwlrq iudphzrun/ zlwkrxw wdnlqj lqwr dffrxqw wkh lqirupdwlrq
rq wkh sryhuw| olqh1 Zlwklq wklv iudphzrun wkh sryhuw| grplqdqfh fulwhuld
rewdlqhg duh edvhg rq vhtxhqwldo frpsdulvrq ri dyhudjhg Devroxwh Sryhuw|
Jds Sur�ohv1

Doo wkh uhvxowv htxlydohqw wr wkrvh glvfxvvhg lq wkh �uvw vhfwlrq iroorz
lqwxlwlyho|/ dv zhoo dv doo wkrvh dvvrfldwhg wr grplqdqfh lq whupv ri jhqhudol}hg
Vhq lqglfhv1

6:Gxforv dqg Juìjrluh +4<<<, vxjjhvw d vlplodu djjuhjdwh sryhuw| lqgh{ edvhg rq h{0

whqghg Jlqlv yhuvlrq ri yl+s, lqghshqghqw iurp l1

7<



8 Frqfoxvlrqv

Lq wklv sdshu zh kdyh glvfxvvhg d vlpsoh h{whqvlrq ri wkh udqn ghshqghqw
zhoiduh uhsuhvhqwdwlrq prgho wr hydoxdwlrqv ryhu glvwulexwlrqv ri lqglylgxdov
gl�hulqj lq qhhgv1 Wkh pdmru srlqw ri zhdnqhvv ri wkh dssurdfk lv wkdw jlyhq
lwv rzq qdwxuh wkh udqn0ghshqghqw prgho lv qrw dgglwlyho| ghfrpsrvdeoh
ryhu vxejurxsv1 Lw ehfrphv wkhuhiruh qhfhvvdu| wr vshfli| vrph djjuhjdwlqj
dvvxpswlrqv ri wkh jurxsv hydoxdwlrq1 Zkdw lv vxjjhvwhg lv d yhu| vlpsoh dg0
glwlylw| frqglwlrq/ zklfk lv idu iurp ehlqj lqglvsxwdeoh1 Qhyhuwkhohvv/ hyhq
lq d yhu| vlpsol�hg frqwh{w wkh uhvxow rewdlqhg vhhpv wr pdwfk wkh lqwxlwlrq
zlwk wkh vwdqgdug Dwnlqvrq0Erxujxljqrq grplqdqfh frqglwlrq dvvrfldwhg wr
wkh xwlolwduldq iudphzrun1 Zkdw lv rewdlqhg lv d gxdo yhuvlrq ri wkh deryh
phqwlrqhg vhtxhqwldo grplqdqfh fulwhuld= lqvwhdg ri frqvlghulqj gluhfw grp0
lqdqfh/ wkh uhvxowv rewdlqhg duh edvhg rq lqyhuvh vhtxhqwldo grplqdqfh ri
gl�huhqw ghjuhhv1

Dq lqwhusuhwdwlrq lq whupv ri uhodwlyh ghsulydwlrq ri wkh lpsrvhg zhoiduh
fkdudfwhul}dwlrq lv surylghg1 Vhtxhqwldo rughulqjv dvvrfldwhg wr jhqhudol}hg
vdwlvidfwlrq fxuyhv ru ghsulydwlrq fxuyhv duh lqwurgxfhg1 Ilqdoo|/ wkh lpsol0
fdwlrqv iru sryhuw| phdvxuhphqw/ edvhg rq jhqhudo fodvvhv ri udqn0ghshqghqw
lqglfhv duh glvfxvvhg1 Vrph vlpsoh h{whqvlrqv ri h{lvwlqj uhvxowv duh surylghg
dv zhoo dv d srvvleoh vshfl�fdwlrq ri udqnlqj fulwhuld ryhu glvwulexwlrqv zlwk
lqglylgxdov h{klelwlqj gl�huhqw qhhgv frqvlvwhqw zlwk udqn0ghshqghqw sryhuw|
rughulqjv1

9 Dsshqgl{

914 Surri Sursrvlwlrq 5=

Qhfhvvlw| Sduw= Pdnlqj xvh ri uhgxfwlrq wr devxug dujxphqwv zh zloo vkrz
wkdw lw lv lpsrvvleoh wkdw

S&

�'� ��ER� ehlqj qhjdwlyh iru vrph & zkhq{` � f
iru dq| ` 5 \��

Ghqrwh zlwk [&ER� '
S&

�'� ��ER�c wkhq +<, ehfrphv

{` ' �

�]
f

?[
�'�

E��

�ER�[�ER�� _Rn

?[
�'�

E��E��[�E��� +69,

Vxssrvh wkhuh h{lvwv d & vxfk wkdw [&ER� 	 f iru vrph R 5 dfc �o wkhq/
iroorzlqj Ohppd 4/ wkhuh h{lvw dq lqwhuydo M � dfc �o dqg d vhw ri ixqfwlrqv
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	0�ER�c ��	0�ER�c ���	0?ER� 5 T n( vxfk wkdw
S?

�'� 	0�ER�[�ER� 	 f iru dq| R 5 M �
Iroorzlqj Ohppd 5 zh rewdlq=

�]
f

5ER�

#
?[
�'�

	0�ER�[�ER�

$
_R 	 f� +6:,

Ghqrwh ��ER� zlwk=

��ER� '

?[
�'�

5
7 �]
f

	0�ER�5ER�_R�

R]
f

	0�ER�5ER�_Rn l�

6
8 ' +6;,

'

?[
�'�

�]
R

	0�ER�5ER�_Rn

?[
�'�

l�

zkhuh 5ER� 5 T nc l� � f dqg 	0�ER� 5 T n ;� ' �c 2c ��?c wkhq ��ER� � f� Jlyhq
Surshuw| D=

��ER�� ��n�ER� ' ��ER� '

�]
R

	0�ER�5ER�_Rn l� � fc +6<,

wkxv ��

�ER� ' �	0�ER�5ER�� Wkh rewdlqhg ��

�ER� vdwlvi| Surshuw| D4/ pruhryhu
qrwlfh wkdw ��E�� ' l� � f1 Vxevwlwxwlqj iru ��

�ER� lqwr +69, zh rewdlq=

{` '

�]
f

5ER�

#
?[
�'�

	0�ER�[�ER�

$
_Rn

?[
�'�

El�[�E��� � +73,

Uhfdoo wkdw {` � f iru dq| ` 5 \� lpsolhv wkdw wkh lqwhjudo lq +73, lv qrw
qhjdwlyh1

Wkh qhfhvvlw| sduw ri wkh surri lv rewdlqhg iroorzlqj wkh vdph olqh ri
uhdvrqlqj ri wkh qhfhvvlw| sduw ri Sursrvlwlrq 4 surri1 Qrwlfh wkdw l� lv
lqghshqghqw iurp wkh fkrlfh ri 5ER� dqg 	0�ER� ;�c Rc wkhq wkh| frxog eh fkrvhq
vxfk wkdw li [&ER� 	 f iru vrph R 5 dfc �o dw ohdvw rqh ri wkh hohphqwv lq wkh
u1k1v1 ri +73, lv qhjdwlyh1 Vlqfh l� lv lqghshqghqw iurp 5ER� dqg 	0�ER� lw frxog
dozd|v eh vhw lq vxfk d zd| wr frqwudglfw +73,1
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915 Surri Sursrvlwlrq 6=

Qhfhvvlw| Sduw= Pdnlqj xvh ri uhgxfwlrq wr devxug dujxphqwv zh zloo vkrz
wkdw lw lv lpsrvvleoh wkdw [�E��c dqg ru C�ER� ehlqj qhjdwlyh iru vrph � zkhq
{` � f iru dq| ` 5 \2� Frqvlghu +4<,=

{` '

?[
�'�

d��E��[�E��� ��

�E��C�E��o n

�]
f

?[
�'�

E���

� ER�C�ER�� _R +74,

Vxssrvh wkhuh h{lvwv d & vxfk wkdw C&ER� 	 f iru vrph R 5 dfc �o wkhq/ iroorz0
lqj Ohppd 4/ wkhuh h{lvw dq lqwhuydo M � dfc �o dqg d vhw ri �e�ER�c ���e�ER�c ����e?ER� 5
T n( vxfk wkdw

S?

�'� �e�ER�C�ER� 	 f iru dq| R 5 M � Iroorzlqj Ohppd 5 zh
rewdlq=

�]
f

5ER�

#
?[
�'�

�e�ER�C�ER�

$
_R 	 f� +75,

Zh iroorz wkh vdph olqh ri uhdvrqlqj dv lq wkh surri ri wkh suhylrxv sursrvl0
wlrq1 Dv lq +6;, zh ohw

��ER� '
?[
�'�

5
7 �]
R

3
C �]

^

�0�E|�5E|�_|

4
D _^ n E�� R��0� n i�

6
8 +76,

zkhuh 5ER� 5 T n dqg �0�ER� 5 T n ;� ' �c 2c ��?c �0� � fc i� � fc qrwlfh wkdw

��E�� '
?S
�'�

i�� Zh qrz kdyh wr fkhfn wkdw wkh uhsuhvhqwdwlrq ri ��ER� lq +76,

vdwlv�hv surshuwlhv D/ D4 dqg D51 Dffruglqj wr Surshuw| D=

��ER�� ��n�ER� ' ��ER� '

�]
R

3
C �]

^

�0�E|�5E|�_|

4
D _^ n E�� R��0� n i�c +77,

lw lv hylghqw wkdw ��ER� � fc dqg ��ER� uhdfkhv lwv plqlpxp iru R ' � G
��E�� ' i�� Wdnlqj wkh ghulydwlyh ri ��ER� zh rewdlq

��

�ER� ' �

�]
R

�0�E|�5E|�_|� �0�c +78,
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zklfk lv frqvlvwhqw zlwk D4 ehfdxvh ��

�ER� � fc ��

�E�� ' ��0� � f� Frqvlghu
qrz wkh vhfrqg ghulydwlyh/ ���

� ER� ' �0�ER�5ER� � fc wkhuhiruh ��ER� lq +76, lv
frqvlvwhqw zlwk surshuwlhv D/ D4 ) D51 Diwhu vxevwlwxwlqj iru ��E��c �

�

�E��
dqg ���

� ER� lqwr +74, zh rewdlq=

{` '

?[
�'�

i�[�E�� n

?[
�'�

�0�C�E�� n

�]
f

5ER�

#
?[
�'�

�0�ER�C�ER�

$
_R� +79,

Vxssrvh qrz wkdw {` � f iru dq| ` 5 \2� Wklv lpsolhv wkdw doo wkuhh
whupv vkrxog qrw eh qhjdwlyh/ li hyhq rqh ri wkhp lv qhjdwlyh/ lw zloo dozd|v
eh srvvleoh wr vhohfw dssursuldwh ydoxhv iru i�c�0� dqg iru wkh ixqfwlrqv 5ER�
dqg �0�ER� fkdudfwhul}lqj wkh wzr uhpdlqlqj whupv +zklfk duh lqghshqghqw hdfk

rwkhu,/ lq rughu wr rewdlq {` 	 f� Wkhuhiruh {` � f lpsolhv
?S
�'�

i�[�E�� �

fc
?S
�'�

�0�C�E�� � fc dqg
�U
f

5ER�

�
?S
�'�

�0�ER�C�ER�

�
_R � fc iurp zklfk lw iroorzv

wkdw [�E�� � fc C�ER� � f iru doo �c R� Rwkhuzlvh i�c�0�c 5ER� dqg �0�ER� frxog
eh fkrvhq vxfk wkdw wr rewdlq dw ohdvw d qhjdwlyh whup lq +79,1

916 Surri Sursrvlwlrq 8=

Sursrvlwlrq GE)� dqg VE)� lq E22� vdwlvi| OK dqg SU li dqg rqo| li wkhuh h{lvw
qrw0ghfuhdvlqj ixqfwlrqv K� G ]?

� $ Unc T
� G ]� $ Unc c dqg frqvwdqw

k 5 U vxfk wkdw

GE)� '
?[
�'�

K�E^�6k
�

[6�

&'�

�
T �E&*6��� T �EE& � ��*6��

�
_�E&�E)�c

dqg vlploduo|

VE)� '
?[
�'�

K�E^�6k
�

[6�

&'�

�
T �E&*6��� T �EE& � ��*6��

�
r�E&�E)��

Lq rughu wr suryh Sursrvlwlrq D zh iroorz d vhtxhqfh ri vwhsv uhsuhvhqwhg
e| wkh iroorzlqj ohppdwd1

Ohppd 6 Li E22� vdwlv�hv OK wkhq=
d, F�Ef(6�c62c ��6?� ' f dqg
e, F�EG�E)�(6�c62c ��6?� ' I �E6�c62c ��6?�G�E)� li G�E)� : f�
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Surri=
Dffruglqj wr wkh lqlwldo gh�qlwlrq ri djjuhjdwh ghsulydwlrq zh fdq zulwh

lw dv lq E22�=

GE)� '
?[
�'�

F�EG�E)�(6�c62c ��6?�c +7:,

Ohw/ iru frqyhqlhqfh/ 4 wkh yhfwru ri fduglqdolwlhv ri doo uhihuhqfh jurxsv
l1h1 4 ' E6�c62c ��6�c �6?�c zh ghqrwh wkh vhw ri doo ?|�0glphqvlrqdo yhf0
wruv 4 vxfk wkdw hdfk hohphqw lv hlwkhu d srvlwlyh lqwhjhu ru }hur/ dqg dw
ohdvw d 6� lv srvlwlyh e| P?1 Lq rughu wr dsso| OK zh frqvlghu (Eb)� 'S?

�'� F
�EG�Eb)�(4�( dqg b(E)� ' b

S?

�'� F
�EG�E)�(4�c zkhuh iru doo lqglfhv

lq E2�� G�Eb)� ' bG�E)�� Dffruglqj wr OK diwhu vxevwlwxwlqj iru G�E)� lq
E2�� zh jhw/

?[
�'�

F�EbG�E)�(4� ' b
?[
�'�

F�EG�E)�(4� ;b : fcG�E)� � fc4 5P? +7;,

zklfk lv htxlydohqw wr

F�EbG�E)�(4� ' bF�EG�E)�(4� iru doo b : fc �cG�E)� � fc4 5P?� +7<,

Wklv frqglwlrq lpsolhv EeH� c wkh uhyhuvh frxog eh fkhfnhg pdnlqj xvh ri d
frxqwhu0h{dpsoh1 Frqvlghu iru lqvwdqfh d glvwulexwlrq zkhuh zlwklq doo wkh
uhihuhqfh jurxsv lqfrph lv vkduhg htxdoo|/ lw iroorzv wkdw ghsulydwlrq lv 3 lq doo
uhihuhqfh jurxsv1 Dffruglqj wr EeH� zh kdyh

S
� F

�Ebf(4� ' b
S

� F
�Ef(4�c

zklfk lv vdwlv�hg l�
S

� F
�Ef(4� ' f� Jlyhq wkdw F�E�(4� � fc lw iroorzv

F�Ef(4� ' f iru doo � dqg doo 4 5 P?c zklfk jlyhv vwdwhphqw d, lq wkh
ohppd�

Frqvlghu qrz dq lqfrph glvwulexwlrq lq zklfk lq jurxs � lqfrph lv vkduhg
xqhtxdoo|/ zkloh zlwklq doo wkh rwkhu vxejurxsv lqfrph lv htxdoo| glvwulexwhg1
Iurp EeH� zh kdyh

S
� �'� F

�Ebf(4� n F�EbG�E)��(4� ' b
S

� �'� F
�Ef(4� n

bF�EG�E)��(4� lw iroorzv F�EbG�E)��(4� ' bF�EG�E)��(4� iru doo b :
fc �cG�E)�� : fc4 5P?c zklfk wrjhwkhu zlwk F�Ef(4� ' f jlyhv Eeb� �

Wkh vroxwlrq ri wkh ixqfwlrqdo htxdwlrq lq Eeb� frxog eh rewdlqhg ohwwlqj
G�E)� ' �c wkhq F�Eb(4� ' bF�E�(4�c iurp zklfk vhwwlqj G�E)� ' b : f G

F�EG�E)�(4� ' G�E)�F�E�(4� ' G�E)�I �E4�c

dv lq vwdwhphqw e,1 Lw iroorzv

GE)� '
?[
�'�

I �E4�G�E)�c VE)� '
?[
�'�

I �E4�V �E)�� +83,
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Surri ri Sursrvlwlrq 8 +frqwlqxhg,1
Ohw Ln wkh vhw ri srvlwlyh lqwhjhuv/ ]n wkh vhw ri srvlwlyh udwlrqdov frq0

vlghulqj dovr }hur/ ]?
n lv wkh q0wk irog Fduwhvldq surgxfw ri ]nc dqg ]� '

i% 5 ]n G f � % � �j� Pruhryhu/ uhfdoo wkdw P? ' i4 5 L
?
n*fjc ghqrwh

]? ' i^ 5 ]
?
n*fjc zkloh ]

?
� ' i^ 5 ]? G

S
� ^� ' �j wkh vhw ri doo yhfwruv lq

]? zkrvh hohphqwv vxp wr 41

Ohppd 7 Li EDf� vdwlv�hv SU wkhq=
D, Wkhuh h{lvw ixqfwlrqv= �� G Ln $ Unc zkhuh �

�E6�� G' ��E6�c6�� dqg
'� G ]� $ Unc zlwk '�E�� ' �c vxfk wkdw

��E&c6�� ' '�E
&

6�

���E6��

iru doo &c6� 5 Lnc & � 6�c � ' �c 2c ��?�
E,Wkhuh h{lvwv d ixqfwlrq K� G ]?

� $ Un vxfk wkdw

I �E4� ' K�E^�I �
fE6��c

zkhuh ^ '4*
S

�6�c dqg I �
fE6�� G' I �Efc fc fc ��6�c ��fc f��

F, Ixqfwlrqv �Eo�c I �
fE6��c �

�E6�� vkrxog vdwlvi| wkh frqglwlrqv= I �
fEo6���

�Eo6�� '
�Eo�I �

fE6���
�E6�� iru doo oc6� 5 Lnc dqg �Eo|� ' �Eo��E|� iru doo oc | 5 Ln�

Surri=
Sduw D, Dsso| SU wr EDf� c lw ghulyhv

(E)o� '
?[
�'�

I �Eo4�G�E)o� ' �Eo�(E)�

' �Eo�

?[
�'�

I �E4�G�E)��

Vxssrvh G�E)� ' f iru doo � 9' �c wkhq iru dq| � zh kdyh

I �Eo4�G�E)o� ' �Eo�I �E4�G�E)�� +84,

Uhfdoolqj wkdwG�E)� '
S6�

&'� d�
�E&c6��� ��E& � �c6��o _

�
E&�E)� zkhuh _

�
E&�E)� '

�
6�

�S
�D& +E�� � +E&�

�
/ qrwlflqj wkdw _�E&�E)� ' _�E��E)o� iru doo � ' oE& � �� n

�c oE& � �� n 2c ��o&c lw iroorzv

G�E)o� '

6�[
&'�

�
��Eo&c o6��� ��EoE& � ��c o6��

�
_�E&�E)��
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Iurp zklfk ED�� ehfrphv

I �Eo4�

6�[
&'�

�
��Eo&c o6��� ��EoE& � ��c o6��

�
_�E&�E)�

' �Eo�I �E4�

6�[
&'�

�
��E&c6�����E& � �c6��

�
_�E&�E)��

Ohw _�E&�E)� ' f iru doo & � ,c zlwk , � 6� dqg _�E&�E)� ' % : f iru doo & 	 ,c
frqvlghu , ' 2c wkhq

I �Eo4�
�
��Eo�c o6��� ��Eofc o6��

�
' �Eo�I �E4�

�
��E�c6�����Efc6��

�
c

wkdw lv/ vlqfh ��Efc6� ' fc

I �Eo4���Eo�c o6�� ' �Eo�I �E4���E�c6���

Qrz/ vxssrvh wkdw , ' �c wkhq

I �Eo4�

2[
&'�

�
��Eo&c o6��� ��EoE& � ��c o6��

�
%

' �Eo�I �E4�

2[
&'�

�
��E&c6��� ��E& � �c6��

�
%

zklfk wrjhwkhu zlwk wkh suhylrxv frqglwlrq ohdgv wr

I �Eo4�
�
��Eo2c o6��� ��Eo�c o6��

�
' �Eo�I �E4�

�
��E2c6�����E�c6��

�
�

Iroorzlqj wkh vdph olqh ri uhdvrqlqj zh jhw

I �Eo4�
�
��Eo&c o6�����EoE& � ��c o6��

�
+85,

' �Eo�I �E4�
�
��E&c6��� @�E& � �c6��

�
iru doo & 	 6�� Zh qrz fkhfn wkdw wkh frqglwlrq frxog eh h{whqghg dovr wr
& ' 6��

Uhfdoo wkdw surshuw| SU krogv dovr iru vdwlvidfwlrq lqglfhv/ wkdw lv SU
vkrxog eh vdwlv�hg dovr li zh vxevwlwxwh r�E&�E)� wr _�E&�E)�� Frqvlghu d glv0
wulexwlrq zkhuh wrwdo lqfrph lv htxdoo| vkduhg ehwzhhq lqglylgxdov/ wkhq
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r�E&�E)� ' >E)��c vlqfh dyhudjh lqfrph lv uhsolfdwlrq lqyduldqw/ SU uhtxluhv iru
wklv glvwulexwlrq

I �Eo4�

6�[
&'�

�
��Eo&c o6��� ��EoE& � ��c o6��

�
>E)��

' �Eo�I �E4�

6�[
&'�

�
��E&c6��� ��E& � �c6��

�
>E)���

Jlyhq ED2�/ wkh frqglwlrq erlov grzq wr

I �Eo4�
�
��Eo6�c o6�����EoE6� � ��c o6��

�
' �Eo�I �E4�

�
��E6�c6�����E6� � �c6��

�
�

Qrwlfh wkdw ��E&c6�� lv lqghshqghqw iurp wkh vl}h ri doo wkh uhihuhqfh
jurxsv gl�huhqw iurp �1 Ohw 4�

f' Efc fc fc6�c fc fc f�c dqg ghqrwh I �E4�
f� '

I �
fE6��c wkhq

I �
fEo6��

�
��Eo&c o6��� ��EoE& � ��c o6��

�
' �Eo�I �

fE6��
�
��E&c6�����E& � �c6��

�
iru doo & � 6�� Ohwwlqj & ' � zh jhw

I �
fEo6���

�Eoc o6�� ' �Eo�I �
fE6���

�E�c6��c

iurp zklfk/ li ��E�c6�� dqg I �
fE6�� duh gl�huhqw iurp f iru doo 6� 5 Ln G

��Eoc o6��

��E�c6��
' �Eo�

I �
fE6��

I �
fEo6��

�

Vxevwlwxwlqj lqwr wkh suhylrxv ixqfwlrqdo htxdwlrq=�
��Eo&c o6�����EoE& � ��c o6��

�
+86,

'
��Eoc o6��

��E�c6��

�
��E&c6��� ��E& � �c6��

�
c

zklfk/ diwhu uhduudqjlqj jlyhv

��Eo&c o6��

��Eoc o6��
�
��E&c6��

��E�c6��

'
��E& � �c6��

��E�c6��
�
��EoE& � ��c o6��

��Eoc o6��

8:



iru doo &c oc6� 5 Ln dqg iru doo jurxsv �1 Iurp wklv frqglwlrq lw lv hylghqw

wkdw ��Eo&co6��
��Eoco6��

� ��E&c6��
��E�c6��

lv lqghshqghqw iurp & iru doo � � & � 6�c Ohwwlqj

& ' � zh kdyh ��E&3�c6��
��E�c6��

� ��EoE&3��co6��
��Eoco6��

' fc wkhuhiruh

��Eo&c o6��

��Eoc o6��
'
��E&c6��

��E�c6��
+87,

iru doo &c oc6� 5 Lnc & � 6� dqg doo ��
Ohw & ' 6�c dqg ghqrwh ��E6�� G' ��E6�c6��c wkhq wkh ixqfwlrqdo htxd0

wlrq lq EDe� ehfrphv
��Eo6��

��Eoc o6��
'

��E6��

��E�c6��

wkdw lv li ��Eoc o6�� : fc dqg ��Eo6�� : fc iroorzv ��Eoco6��
��E�c6��

' ��Eo6��
��E6��

c zklfk

vxevwlwxwhg lqwr EDe� ohdgv wr

��Eo&c o6��

��Eo6��
'
��E&c6��

��E6��
�

Lw vkrxog eh kljkoljkwhg wkdw ��E6�� : f iru doo 6�c lv d qhfhvvdu| frqglwlrqv
iru dyrlglqj @�E&c6�� ' f iru doo & � 6�� Lqghhg li ��E6�� ' fc wkhq e| wkh
gh�qlwlrq ri @�E&c6��c vlqfh �

�Efc6�� ' fc lw iroorzv wkdw
S6�

&'� @
�E&c6�� ' f

zklfk/ vlqfh zh frqvlghu @�E&c6�� � fc uhtxluhv @�E&c6�� ' f iru doo & � 6�

lq rughu wr eh vdwlv�hg1 Pruhryhu/ jlyhq ��E6�� : f dovr ��Eoc o6�� : f lv
qhfhvvdu| iru dyrlglqj @�E&c6�� ' f iru doo & � 6�c iurp ED�� wkh frqglwlrq
��Eoc o6�� ' f jlyhv ��Eo&c o6�� ' ��EoE&���c o6�� ' f iru doo & zklfk ohdgv
wr @�E&c6�� ' f iru doo &�

Ghqrwh zlwk ~�E&c6�� G'
��E&c6��
��E6��

c wkh suhylrxv frqglwlrq lv wkhuhiruh

~�Eo&c o6�� ' ~�E&c6���

Zh qrz iroorz Grqdogvrq dqg Zh|pdun +4<;3, lq rughu wr vkrz wkdw wkh
vroxwlrq ri wkh ixqfwlrqdo htxdwlrq lpsolhv wkdw ~�E&c6�� frxog eh gh�qhg dv
d ixqfwlrq ryhu qrqqhjdwlyh udwlrqdo qxpehuv�

Gh�qh # ' .E&c6�� dv wkh odujhvw frpprq glylvru ri & dqg 6�c iru doo
&c6� 5 Lnc & � 6� � Lw iroorzv

~�E&c6�� ' ~�

�
#
&

#
c #
6�

#

�
' ~�

�
&

#
c
6�

#

�

' ~�

�
&

.E&c6��
c

6�

.E&c6��

�
;6� : & 5 Ln� +88,
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Qrwlfh wkdw.E&c6�� lv krprjhqhrxv ri ghjuhh 4/ wkhuhiruh ~
�
�

&
.E&c6��

c 6�

.E&c6��

�
lv krprjhqhrxv ri ghjuhh 3 lq & dqg 6��Zh frxog wkhuhiruh gh�qh d ixqfwlrq
'� G ]n $ Un +zkhuh ]n lv wkh vhw ri srvlwlyh udwlrqdo qxpehuv lqfoxglqj
}hur�c vxfk wkdw

'�E
&

6�

� G ' ~�E&c6�� li � 	 & � 6�

'�Ef� G ' f li & ' f� +89,

Iurp zklfk ��E&c6�� ' '�E &
6�

���E6��c wkxv/ jlyhq wkh gh�qlwlrq ri �
�E6��c

iroorzv '�E�� ' ��
Sduw E, Diwhu vxevwlwxwlqj iru EDS� lqwr ED2� zh jhw

I �Eo4���Eo6��

�
'�E

o&

o6�

��'�E
oE& � ��

o6�

��

�

' �Eo�I �E4���E6��

�
'�E

&

6�

��'�E
E& � ��

6�

��

�
c

wkdw lv/ hlwkhu '�E &
6�

� ' '�E E&3��
6�

� iru doo & � 6�c zklfk lv uxohg rxw ehfdxvh

lq wklv fdvh @�E&c6�� ' f iru doo & � 6�c ru

I �Eo4���Eo6�� ' �Eo�I �E4���E6��� +8:,

Frqvlghu I �
fE6��c zh kdyh wkdw

I �
fEo6���

�Eo6�� ' �Eo�I �
fE6���

�E6��c +8;,

wkdw lv/ li I �
fE6�� : fc dqg ��E6�� : f iru doo 6� 5 Lnc wkhq vxevwlwxwlqj lq

wkh suhylrxv ixqfwlrqdo htxdwlrq zh jhw

I �E4�

I �
fE6��

'
I �Eo4�

I �
fEo6��

�

Ohw 5�E4�

5�

f
E6��

G' N�E4�c wkhq wkh suhylrxv frqglwlrq lv

N�E4� ' N�Eo4�

iru doo 4 5P?c o 5 Ln�
Ohw f 	 ?n � ? wkh qxpehu ri doo wkh jurxsv � vxfk wkdw 6� 5 Ln� Gh�qh

#?n ' .?nE4� wkh odujhvw frpprq glylvru ri doo wkh jurxs vl}hv6�c62c ��6�c �

8<



dqg 6? ehorqjlqj wr Lnc iru doo 4 5 P?� Wkdw lv lq .?nE4� zh frqvlghu
rqo| wkh jurxsv zlwk dw ohdvw rqh lqglylgxdo1 Lw iroorzv

N�E4� ' N�

�
#?n

6�

#?n
c #?n

62

#?n
c ��#?n

6?

#?n

�

' N�

�
6�

#?n
c
62

#?n
c ��

6?

#?n

�
' N�

�
4

.?nE4�

�
;�c 4 5P?�

Lw iroorzv wkdw N� lv krprjhqhrxv ri ghjuhh 31 Iurp zklfk zh frxog gh�qh
K� G ]?

� $ Un +zkhuh ]?
� lv wkh q|�0glphqvlrqdo Fduwhvldq surgxfw ri wkh

vhw ri srvlwlyh udwlrqdo qxpehuv lqfoxglqj }hur vxfk wkdw wkh| vxp wr 4,/ d
ixqfwlrq ri wkh srsxodwlrq vkduhv ri hdfk jurxs zkhuh ^� ' 6�*

S
�6� '

6�*6c dqg ^ lv wkh q|�0glphqvlrqdo yhfwru ri ^�c vxfk wkdw=

N�E4� G ' K�E^� iru doo 4 5P? vxfk wkdw 6� 9' f

N�E4� G ' f iru doo 4 5P? vxfk wkdw 6� ' f�

Lw iroorzv
I �E4� ' K�E^�I �

fE6���

Sduw F, Vxevwlwxwlqj lqwr wkh suhylrxv frqglwlrqv zh jhw

I �
fEo6���

�Eo6�� ' �Eo�I �
fE6���

�E6�� +8<,

zklfk lv wkh �uvw sduw ri vwdwhphqw F lq wkh ohppd1 Wkh vhfrqg sduw ri wkh
�qdo vwdwhphqw lv lqghshqghqw irup wkh suhylrxv vwdwhphqwv lq sduwv D )
E1 Wkhuhiruh zh uhfryhu lw zlwkrxw lpsrvlqj wkh uhvwulfwlrqv rewdlqhg lq wkh
suhylrxv sduwv1 Ohw I �E4� d��E&c6��� ��E& � �c6��o ' C�E43�c&c6�� iurp
ED2� h{whqghg wr wkh fdvh lq zklfk dovr & ' 6�c iroorzv

C�Eo4co&c o6�� ' �Eo�C�E4c&c6��

iru doo & � 6�c iru doo �c dqg iru doo o 5 Ln� Frqvlghu

�Eo|�C�E4c&c6�� ' C�Eo|4co|&c o|6��

' �Eo�C�E|4c|&c |6��

' �Eo��E|�C�E4c&c6��

iurp zklfk li C�E4c&c6�� : fc zh jhw wkh frqglwlrq

�Eo|� ' �Eo��E|� +93,
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iru doo oc | 5 Ln�
Surri ri Sursrvlwlrq 8 +frqwlqxhg,
Zh qrz �qg wkh vroxwlrq iru ESf� G

Ohppd 8 D zhdno| prqrwrqlf ixqfwlrq � G Ln $ofcn4d vdwlv�hv

�Eo|� ' �Eo��E|�

iru doo oc | 5 Ln l� �Eo� ' ok zkhuh k 5 -c iru doo o 5 Ln�

Surri=
Qrwlfh wkdw

�Eo|� ' �Eo��E|�

lv d Fdxfk| ixqfwlrqdo htxdwlrq/ vlqfh �E�� lv gh�qhg ryhu Lnc zh fdqqrw pdnh
xvh ri wkh vroxwlrq ydolg iru ixqfwlrqv gh�qhg ryhu ghqvh vhwv +vhh Df}ìo 4<99,
exw zh zloo iroorz wkh uhvxowv lq Grqdogvrq dqg Zh|pdun +4<;3, lq rughu wr
suryh rxu fodlp1

Wkh qh{w uhvxow iroorzv iurp Ohppd 4 lq Grqdogvrq dqgZh|pdun +4<;3,=

Ohppd 9 +Grqdogvrq dqg Zh|pdun +4<;3,, Wkh ixqfwlrq � G Ln $
ofcn4d vdwlv�hv �Eo�� ' �Eo��E�� iru doo oc � 5 Ln li dqg rqo| li

�E|� '
\
�MLn

S?�

� c

zkhuh S� 5 U lv dq duelwudu| frqvwdqw dqg ?� lv wkh qxpehu ri wlphv wkh �|�

sulph qxpehu �� E�� ' 2c �2 ' �c �� ' Dc �e ' .c ��� rffxuv lq wkh xqltxh
idfwrul}dwlrq ri | lqwr sulphv1

Vlqfh �E��� ' �E���E��c lw lv hylghqw wkdw �Eo� uhtxluhv dovr �E�� ' ��
Zh iroorz qrz wkh surri ri Wkhruhp 5 lq Grqdogvrq dqg Zh|pdun +4<;3, lq
rughu wr suryh wkdw jlyhq �Eo� lv srvlwlyh dqg zhdno| prqrwrqlf/ wkh vroxwlrq
lv �Eo� ' okc k 5 U� Wkhruhp 5 lq Grqdogvrq dqg Zh|pdun +4<;3, vkrzv
wkdw li �Eo� lv prqrwrqlfdoo| qrq0ghfuhdvlqj wkhq �Eo� ' oqc q � f� Vlqfh zh
uhvwulfw �Eo� ehlqj zhdno| prqrwrqlf/ zh duh ohiw zlwk wkh fdvh lq zklfk �Eo� lv
prqrwrqlfdoo| qrq0lqfuhdvlqj1 Iroorzlqj h{dfwo| wkh vdph orjlfdo dujxphqwv
dv lq wkh surri ri Wkhruhp 5 lq Grqdogvrq dqg Zh|pdun +4<;3,/ zh suryh
wkh vhfrqg sduw ri rxu vwdwhphqw1
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Vlqfh �Eo� : f wkhq S� : f iru doo � 5 Ln lw iroorzv wkdw zh fdq zulwh

S� ' �
q
�

� c q� 5 U� Zh qhhg wr suryh wkdw li �Eo� lv qrq lqfuhdvlqj wkhq q� ' q
iru doo � 5 Ln� Vxssrvh wkh frqwudu|1 Vlqfh Ln kdv d frxqwdeoh qxpehu ri
hohphqwv/ wkhq wkhuh h{lvw wzr uhdo qxpehuv qu 	 qM c dqg d glvmrlqw sduwlwlrq
ri Ln ' ELunc L

M
n � vxfk wkdw= � 5 L

u
n / q� � quc dqg � 5 L

M
n / q� � qM �

Frqvlghu qrz d qxpehu 7o 5 Lnc 7o : �c vxfk wkdw ?� ' f iru doo � 5 L
M
n c

wkdw lv 7o lv idfwrul}hg e| doo wkh sulph qxpehuv lq Lun� Wkhuhiruh �E7o� � 7oqu c
dv zhoo dv �E7oA � � 7oAqu iru doo A 5 Ln� Frqvlghu qrz 7on�c ru pruh jhqhudoo|
7oA n �c qr qxpehu �� zlwk lqgh{ � 5 L

u
n lv d sulph idfwru ri

�
7oA n �

�
c vr�

7oA n �
�
frxog eh ghfrpsrvhg lqwr wkh surgxfw ri sulph idfwruv �� zkhuh

� 5 L
M
n � Lw iroorzv �

�
7oA n �

�
�
�
7oA n �

�q
M � Sxwwlqj wklv wrjhwkhu zlwk wkh

lqhtxdolw| rewdlqhg ehiruh zh jhw

�
�
7oA n �

�
�E7oA �

�

�
7oA n �

�q
M

7oAqu
c

zklfk frxog eh uhduudqjhg dv

�
�
7oA n �

�
�E7oA �

�

�
7oA n �

7oA

�q
M �

7oA
�Eq

M
3q

u
�
�

Iurp wkh suhylrxv lqhtxdolw| iroorzv

*�4
A<"

�
�
7oA n �

�
�E7oA �

� *�4
A<"

�
7oA n �

7oA

�q
M �

7oA
�Eq

M
3q

u
�
'4c

zklfk frqwudglfwv wkh idfw wkdw �E�� lv qrq0lqfuhdvlqj1 Lw iroorzv wkdw qhf0
hvvdulo| q� ' q iru doo � 5 Lnc lq zklfk fdvh �Eo� ' oq� Lq rughu wr vdwlvi|
qrq0lqfuhdvlqjqhvv ri �Eo� zh qhhg wr frqvlghu q � f� Lw iroorzv wkdw zhdn
prqrwrqlflw| ri �Eo� uhtxluhv �Eo� ' oqc q 5 U�

Lq rughu wr frpsohwh wkh surri ri wkh sursrvlwlrq zh qhhg wr pdnh xvh ri
wkh vroxwlrq �Eo� ' okc k 5 U dqg vroyh iru sduw F lq wkh suhylrxv Ohppd/
wkdw lv I �

fEo6���
�Eo6�� ' okI �

fE6���
�E6�� iru doo oc6� 5 Ln dqg iru dq|

jurxs ��
Ohw I �

fE6���
�E6�� G' E

�E6��c lw iroorzv wkdw

E�Eo6�� ' okE�E6��

iru doo oc6� 5 Ln� Ohw 6� ' �c lw ghulyhv E�Eo� ' okE�E�� iru doo o 5 Lnc iurp
zklfk

E�E6�� ' 6k
� S� zkhuh S� ' E

�E��1 +94,
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Vxevwlwxwlqj zh jhw I �
fE6���

�E6�� ' 6k
� I

�
fE���

�E�� ' 6k
� S�� Wkdw lv I

�
fE6��

dqg ��E6�� duh qrw xqltxho| gh�qhg1
Vxevwlwxwh qrz wkh uhvxowv iurp suhylrxv ohppdwd lqwr wkh gh�qlwlrq

ri GE)� dqg VE)�� Frqvlghu �uvw GE)�c zh kdyh iurp Ohppd � GE)� 'S?

�'�I
�E4�G�E)�c wkdw lv

GE)� '
?[
�'�

I �E4�
[6�

&'�

�
��E&c6��� ��E& � �c6��

� �

6�

#[
�D&

+E�� � +E&�

$
c

IurpOhppd e zh kdyh=��E&c6�� ' '�E &
6�

���E6��c dqgI �E4� ' K�E^�I �
fE6���

Dffruglqj wr ES�� I �
fE6���

�E6�� ' 6k
� S�� Wkhuhiruh

I �E4���E6�� ' K
�E^�6k

� S��

Ohw S�'
�E &
6�

� G' T �E &
6�

�c lw iroorzv wkdw T �E�� ' S� lv lqghshqghqw ehwzhhq

jurxsv/ dqg jlyhq wkdw '�E�� dqg S� frxog eh fkrvhq duelwudulo| gl�huhqw
ehwzhhq wkh jurxsv/ lw iroorzv wkdw T �E &

6�

� lv lqghshqghqw ehwzhhq jurxsv
iru doo &*6��

Vxevwlwxwlqj zh jhw=

GE)� '
?[
�'�

K�E^�6k3�
�

[6�

&'�
@�E&c6��

#[
�D&

+E�� � +E&�

$
c

zkhuh
@�E&c6�� ' T �E&*6��� T �EE& � ��*6��

dqg VE)� '
S?

�'�K
�E^�6k3�

�

S6�

&'� @
�E&c6��

kS
& +& �

�S
�D& +E�� � +E&�

�l
�

Wkh vx!flhqf| sduw ri wkh surri lv hdvlo| hvwdeolvkhg fkhfnlqj wkdw wkh
vroxwlrqv vdwlvi| OK dqg SU1

917 Surri Sursrvlwlrq 9=

Frqvlghu E2�� c vxevwlwxwlqj iru B�8 ER� '
U �

R
i83�� E|��83�� ER�j_|c ohwwlqj > E8�� 'U �

f
83�� ER�_R wkh dyhudjh lqfrph ri jurxs �c lw iroorzv

B�8 ER� ' > E8���

] R

f

83�� E|�_|� E�� R�83�� ER�� +95,
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Ghqrwh zlwk (�E8 � '
U �

f
��ER�B

�
8 ER�_Rc wkh dyhudjh ghsulydwlrq zlwklq jurxs

�c wkhuhiruh

(�E8 � ' > E8��

�]
f

��ER�_R�

�]
f

d��ER�E�� R�o83�� ER�_R� +96,

�

�]
f

��ER�

] R

f

83�� E|�_|_R�

Ohw ��ER� '
U R
f
��E|�_| +wkhuhiruh �

�E�� '
�U
f

��E|�_|�/ lqwhjudwlqj e| sduwv wkh

odvw whup lq ES�� zh rewdlq

�]
f

��ER�

] R

f

83�� E|�_|_R '

�] R

f

��E|�_|

] R

f

83�� E|�_|

��
f

�

�]
f

�] R

f

��E|�_|

�
83�� ER�_R

' ��E��> E8���

�]
f

��ER�83�� ER�_R�

Vxevwlwxwlqj lqwr ES�� dqg vlpsoli|lqj zh rewdlq

(�E8 � '

�]
f

��ER�83�� ER�_R�

�]
f

d��ER�E�� R�o83�� ER�_R

'

�]
f

�
��ER�� ��ER�E�� R�

�
83�� ER�_R

'

�]
f

��ER�8
3�
� ER�_Rc

zkhuh ��ER�� ��ER�E�� R� ' ��ER�� Vxevwlwxwlqj lqwr E2�� zh jhw E2e� �

Uhihuhqfhv

^4` Df}ìo M1 +4<99,= Ohfwxuhv rq ixqfwlrqdo Htxdwlrqv dqg Wkhlu Dssolfd0
wlrqv1 Qhz \run/ Orqgrq= Dfdghplf Suhvv1
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^5` Dwnlqvrq/ D1 E1 +4<:3,= Rq wkh phdvxuhphqw ri lqhtxdolw|1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 5/ 57705961

^6` Dwnlqvrq/ D1 E1 +4<;:,= Rq wkh phdvxuhphqw ri sryhuw|1 Hfrqrphwulfd
88/ :7<0:971

^7` Dwnlqvrq/ D1 E1 +4<<5,= Phdvxulqj sryhuw| dqg gl�huhqfhv lq idplo|
frpsrvlwlrq1 Hfrqrplfd/ 8</ 40491

^8` Dwnlqvrq/ D1 E1 dqg Erxujxljqrq/ I1 +4<;5,= Wkh frpsdulvrq ri pxowlgl0
phqvlrqhg glvwulexwlrq ri hfrqrplf vwdwxv1 Uhylhz ri Hfrqrplf Vwxglhv/
7</ 4;605341

^9` Dwnlqvrq/ D1 E1 dqg Erxujxljqrq/ I1 +4<;:,= Lqfrph glvwulexwlrq dqg
gl�huhqfhv lq qhhgv1 Lq Ihlzho +hg1,= Duurz dqg wkh Irxqgdwlrqv ri wkh
Wkhru| ri Hfrqrplf Srolf|/ 68306:31 Orqgrq= Pdfploodq1

^:` Dwnlqvrq/ D1 E1 dqg Erxujxljqrq/ I1 +4<;<,= Wkh ghvljq ri gluhfw wd{0
dwlrq dqg idplo| ehqh�wv1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 605<1

^;` Ehq Srudwk/ H1 dqg Jloerd/ L1 +4<<7,= Olqhdu phdvxuhv/ wkh Jlql lqgh{/
dqg wkh lqfrph0htxdolw| wudgh0r�1 Mrxuqdo ri Hfrqrplf Wkhru|/ 4;/ 8<0
;31

^<` Elvkrs1 M1 D1/ Fkdnuderuwl/ V1 dqg Wklvwoh/ S1G1 +4<<4,= Uhodwlyh ghsul0
ydwlrq dqg hfrqrplf zhoiduh= d vwdwlvwlfdo lqyhvwljdwlrq zlwk Jlql0edvhg
zhoiduh lqglfhv1 Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ <6/ 754076:1

^43` Eodfnrue|/ F1 dqg Grqdogvrq/ G1 +4<:;,= Phdvxuhv ri uhodwlyh lqhtxdo0
lw| dqg wkhlu phdqlqj lq whupv ri vrfldo zhoiduh1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 97/ 776079:1

^44` Eodfnrue|/ F1 dqg Grqdogvrq/ G1 +4<;3e,= Hwklfdo lqglfhv iru wkh phd0
vxuhphqw ri sryhuw|1 Hfrqrphwulfd/ 7;/ 4386043931

^45` Eodfnrue|/ F1 dqg Grqdogvrq/ G1 +4<;7,= Vrfldo fulwhuld iru hydoxdwlqj
srsxodwlrq fkdqjh1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/ 460661

^46` Eodfnrue|/ F1/ Grqdogvrq/ G dqg Dxhuvshuj/ P1 +4<;4,= D qhz sur0
fhgxuh iru wkh phdvxuhphw ri lqhtxdolw| zlwklq dqg dprqj srsxodwlrq
vxejurxsv1Fdqdgldq Mrxuqdo ri Hfrqrplfv/ 47/ 9980;81
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^47` Eodfnrue|/ F1/ Ervvhuw/ Z1/ dqg Grqdogvrq/ G +4<<8,= Lqwhuwhpsrudo
srsxodwlrq hwklfv= fulwlfdo ohyho xwlolwduldq sulqflsohv1 Hfrqrphwulfd/ 96/
4636046531

^48` Ervvhuw/ Z1 +4<<3,= Dq d{lrpdwl}dwlrq ri wkh vlqjoh0vhulhv Jlqlv1 Mrxuqdo
ri Hfrqrplf Wkhru|/ 83/ ;50<51

^49` Erxujxljqrq/ I1 +4<;<,= Idplo| vl}h dqg vrfldo xwlolw|= lqfrph glvwulex0
wlrq grplqdqfh fulwhuld1 Mrxuqdo ri Hfrqrphwulfv/ 75/ 9:0;31

^4:` Fkdnudyduw|/ V1 U1 +4<;6,= Hwklfdoo|  h{leoh phdvxuhv ri sryhuw|1 Fdqd0
gldq Mrxuqdo ri Hfrqrplfv/ 49/ :70;81

^4;` Fkdnudyduw|/ V1 U1 +4<;6d,= D qhz lqgh{ ri sryhuw|1Pdwkhpdwlfdo Vrfldo
Vflhqfhv/ 9/ 63:06461

^4<` Fkdnudyduw|/ V1 U1 +4<;;,= H{whqghg Jlql lqglfhv ri lqhtxdolw|1 Hxurshdq
Hfrqrplf Uhylhz/ 5</ 47:04891

^53` Fkdnudyduw|/ V1 U1 +4<<3,= Hwklfdo Vrfldo Lqgh{ Qxpehuv1 Ehuolq=
Vsulqjhu0Yhuodj1

^54` Fkdnudyduw|/ V1 U1 +4<<:,= Uhodwlyh ghsulydwlrq dqg vdwlvidfwlrq rughu0
lqjv1 Nhlr Hfrqrplf Vwxglhv/ 67/ 4:0641

^55` Fkdnudyduw|/ V1 U1/ Fkdnuderuwl/ D1 E1 +4<;7,= Rq lqglfhv ri uhodwlyh
ghsulydwlrq1 Hfrqrplfv Ohwwhuv/ 47/ 5;605;:1

^56` Fkdnudyduw|/ V1 U1/ Fkdwwrsdgk|d|/ Q1 +4<<7,= Dq hwklfdo lqgh{ ri uho0
dwlyh ghsulydwlrq1 Lq Uhvhdufk rq Hfrqrplf Lqhtxdolw|/ 8/ 56405731

^57` Fkdnudyduw|/ V1 U1/ Fkdwwrsdgk|d|/ Q1 dqg Pdmxpghu/ D1 +4<<8,= Lq0
frph lqhtxdolw| dqg uhodwlyh ghsulydwlrq1 Nhlr Hfrqrplf Vwxglhv/ 65/
4048

^58` Fkdnudyduw|/ V1 U1 dqg Pxnkhumhh/ G1 +4<<<,= Phdvxuhv ri ghsulydwlrq
dqg wkhlu phdqlqj lq whupv ri vrfldo zhoiduh1 Wkhru| dqg Ghflvlrq/ 7:/
;<04331

^59` Fkdped}/ F1 dqg Pdxulq/ H1 +4<<;,= Dwnlqvrq dqg Erxujxljqrq*v grp0
lqdqfh fulwhuld= h{whqghg dqg dssolhg wr wkh phdvxuhphqw ri sryhuw| lq
Iudqfh1 Uhylhz ri Lqfrph ) Zhdowk/ 77/ 7<:08481
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^5:` Fkhz/ V1 K1 dqg Hsvwhlq/ O1 J1 +4<;<,= D{lrpdwlf udqn0ghshqghqw
phdqv1 Dqqdov ri Rshudwlrqv Uhvhdufk/ 4</ 5<<063<1

^5;` Fodun/ V1U1> Khpplqj/ U1 dqg Xosk/ G1 +4<;4,= Rq lqglfhv iru wkh
phdvxuhphqw ri sryhuw|1 Hfrqrplf Mrxuqdo/ 6/ 54805841

^5<` Gdowrq/ K1 +4<53,= Wkh phdvxuhphqw ri wkh lqhtxdolw| ri lqfrphv1 Hfr0
qrplf Mrxuqdo/ 53/ 67;06941

^63` Gdugdqrql/ Y1 dqg Odpehuw/ S1 M1 +4<;;,= Zhoiduh udqnlqjv ri lqfrph
glvwulexwlrqv= d uroh iru wkh yduldqfh dqg vrph lqvljkwv iru wd{ uhirup1
Vrfldo Fkrlfh dqg Zhoiduh/ 8/ 404:1

^64` Gdvjxswd/ S1/ Vhq/ D1 N1 dqg Vwduuhww/ G1 +4<:6,= Qrwhv rq wkh phd0
vxuhphqw ri lqhtxdolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 4;304;:1

^65` Grqdogvrq/ G1 dqg Zh|pdun/ M1 D1 +4<;3,= D vlqjoh0sdudphwhu jhqhu0
dol}dwlrq ri wkh Jlql lqglfhv ri lqhtxdolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/
55/ 9:0;91

^66` Grqdogvrq/ G1 dqg Zh|pdun/ M1 D1 +4<;6,= Hwklfdoo|  h{leoh Jlql lq0
glfhv iru lqfrph glvwulexwlrqv lq wkh frqwlqxxp1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 5</ 686068;1

^67` Grqdogvrq/ G1 dqg Zh|pdun/ M1 D1 +4<;9,= Surshuwlhv ri �{hg srsxod0
wlrq sryhuw| lqglfhv1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 5:/ 99:09;;1

^68` Gxforv/ M1 \1 +5333,= Jlql lqglfhv dqg wkh uhglvwulexwlrq ri lqfrph1
Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/ :/ 47404951

^69` Gxforv/ M1 \1 dqg Juìjrluh/ S1 +4<<<,= Devroxwh dqg uhodwlyh ghsulydwlrq
dqg wkh phdvxuhphqw ri sryhuw|1 OLV zrunlqj sdshu q1 5462<<1

^6:` Hehuw/ X1 +4<;;,= Phdvxuhphqw ri lqhtxdolw|= dq dwwhpsw dw xql�fdwlrq
dqg jhqhudol}dwlrq1 Vrfldo Fkrlfh dqg Zhoiduh/ 8/ 47:049<1

^6;` Hehuw/ X1 +4<<:,= Vrfldo zhoiduh zkhq qhhgv gl�hu= dq d{lrpdwlf ds0
surdfk1 Hfrqrplfd/ 97/ 56605771

^6<` Hehuw/ X1 +5333,= Vhtxhqwldo jhqhudol}hg Oruhq} grplqdqfh dqg wudqvihu
sulqflsohv1 Exoohwlq ri Hfrqrplf Uhvhdufk/ 85=5/ 44604561
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^73` Hehuw/ X1 +5333d,= Vrfldo zhoiduh/ lqhtxdolw|/ dqg sryhuw| zkhq qhhgv
gl�hu= udqn0ghshqghqw hydoxdwlrq ixqfwlrqv1 Xqlyhuvlw| ri Roghqexuj/
Glvfxvvlrq Sdshu Y 5332331

^74` Hehuw/ X1 dqg Pr|hv/ S1 +4<<;,= Dq d{lrpdwlf fkdudfwhul}dwlrq ri
\lw}kdnl*v lqgh{ ri lqglylgxdo ghsulydwlrq1 Xqlyhuvlw| ri Roghqexuj/ Glv0
fxvvlrq Sdshu Y 4<62<; Iruwkfrplqj Hfrqrplfv Ohwwhuv1

^75` Ilvkexuq/ S1 F1 dqg Zloolj/ U1 G1 +4<;7,= Wudqvihu sulqflsohv lq lqfrph
uhglvwulexwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/ 656065;1

^76` Irvwhu/ M1 +4<;7,= Rq hfrqrplf sryhuw|= d vxuyh| ri djjuhjdwh phdvxuhv1
Lq Dgydqfhv lq Hfrqrphwulfv/ Yro1 6/ +Edvpdq/ U1 O1 h Ukrghv/ J1 I1
hg1,/ 54805841 Orqgrq= MDL Suhvv Lqf1

^77` Irvwhu/ M1> Juhhu/ M1 dqg Wkruehfnh/ G1 +4<;7,= D fodvv ri ghfrpsrvdeoh
sryhuw| phdvxuhv1 Hfrqrphwulfd/ 85/ :940:991

^78` Irvwhu/ M1 dqg Vkruurfnv/ D1 I1 +4<;;d,= Sryhuw| rughulqjv1 Hfrqrphw0
ulfd/ 89/ 4:604::1

^79` Irvwhu/ M1 dqg Vkruurfnv/ D1 I1 +4<;;e,= Sryhuw| rughulqjv dqg zhoiduh
grplqdqfh1 Vrfldo Fkrlfh dqg Zhoiduh/ 8/ 4:<04<;1

^7:` Irvwhu/ M1 dqg Vkruurfnv/ D1 I1 +4<;;f,= Lqhtxdolw| dqg sryhuw| rughu0
lqjv1 Hxurshdq Hfrqrplf Uhylhz/ 65/ 98709951

^7;` Irvwhu/ M1 dqg Vkruurfnv/ D1 I1 +4<<4,= Vxejurxs frqvlvwhqw sryhuw|
lqglfhv1 Hfrqrphwulfd/ 8</ 9;:0:3<1

^7<` Jdvwzluwk/ M1 O1 +4<:4,= D jhqhudo gh�qlwlrq ri wkh Oruhq} fxuyh1 Hfrqr0
phwulfd/ 6</ 436:0436<11

^83` Kdjhqdduv/ D1 M1 P1 +4<;9,= Wkh Shufhswlrq ri Sryhuw|1 Dpvwhugdp=
Qruwk0Kroodqg1

^84` Kh|/ M1 G1 h Odpehuw/ S1 M1 +4<;3,= Uhodwlyh ghsulydwlrq dqg wkh Jlql
frh!flhqw= frpphqw1Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <8/ 89:0:61

^85` Mhqnlqv/ V1 dqg Odpehuw/ S1 M1 +4<<6,= Udqnlqj lqfrph glvwulexwlrqv
zkhq qhhgv gl�hu1 Uhylhz ri Lqfrph ) Zhdowk 6</ 66:06891
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^86` Mhqnlqv/ V1 dqg Odpehuw/ S1 M1 +4<<:,= Wkuhh L*v ri sryhuw| fxuyhv/ zlwk
dq dqdo|vlv ri XN sryhuw| wuhqgv1 R{irug Hfrqrplf Sdshuv 7</ 64:065:1

^87` Mhqnlqv/ V1 dqg Odpehuw/ S1 M1 +4<<;d,= Wkuhh L*v ri sryhuw| fxuyhv dqg
sryhuw| grplqdqfh= WLSv iru sryhuw| dqdo|vlv1 Lq Uhvhdufk rq Hfrqrplf
Htxdolw|/ Yro ;1

^88` Mhqnlqv/ V1 dqg Odpehuw/ S1 M1 +4<<;e,= Udqnlqj sryhuw| jds glvwul0
exwlrqv= ixuwkhu WLSv iru sryhuw| dqdo|vlv1 Lq Uhvhdufk rq Hfrqrplf
Htxdolw|/ Yro ;1

^89` Ndnzdql/ Q1 F1 +4<;3,= Rq d fodvv ri sryhuw| phdvxuhv1 Hfrqrphwulfd/
7;/ 76:07791

^8:` Ndnzdql/ Q1 F1 +4<;7,= Wkh uhdowlyh ghsulydwlrq fxuyh dqg lwv dssolfd0
wlrqv1 Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 5/ 6;707381

^8;` Ndufkhu/ W1/ Pr|hv/ S1 dqg Wudqqr|/ D1 +4<<8,= Wkh vwrfkdvwlf grpl0
qdqfh rughulqj ri lqfrph glvwulexwlrqv ryhu wlph= wkh glvfrxqwhg vxp ri
h{shfwhg xwlolw| ri lqfrphv1 Lq +Eduqhww/ Z1D1 hw do1 hgv1, Vrfldo Fkrlfh
Zhoiduh dqg Hwklfv/ 6:8073;1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^8<` Nrop/ V1 F1 +4<9<,= Wkh rswlpdo surgxfwlrq ri vrfldo mxvwlfh1 Lq Sxe0
olf Hfrqrplfv +Pdujrolv/ M1 h Jxwwrq/ K1 hg1,/ ss1 47805331 Orqgrq=
Pfploodq1

^93` Nrop/ V1 F1 +4<:9d,= Xqhtxdo lqhtxdolwlhv1 L1 Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 45/ 74907751

^94` Nrop/ V1 F1 +4<:9e,= Xqhtxdo lqhtxdolwlhv1 LL1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 46/ ;504441

^95` Odpehuw/ S1 M1 +4<;8,= Vrfldo zhoiduh dqg wkh Jlql frh!flhqw uhylvlwhg1
Pdwkhpdwlfdo Vrfldo Vflhqfh/ </ 4<0591

^96` Odpehuw/ S1 M1 +4<<6,= Wkh Glvwulexwlrq dqg Uhglvwulexwlrq ri Lqfrph=
d Pdwkhpdwlfdo Dqdo|vlv1 Pdqfkhvwhu= Pdqfkhvwhu Xqlyhuvlw| Suhvv1

^97` Odpehuw/ S1 M1 dqg Udprv/ [1 +5333,= Zhoiduh frpsdulvrqv= vhtxhqwldo
surfhgxuhv iru khwhurjhqhrxv srsxodwlrqv1 Plphr1
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^98` Phkudq/ I1 +4<:9,= Olqhdu phdvxuhv ri lqfrph lqhtxdolw|1 Hfrqrphwulfd/
77/ ;380;3<1

^99` Prvohu/ N1 dqg Pxolhuh/ S1 +4<<;,= Zhoiduh phdqv dqg htxdol}lqj wudqv0
ihuv1 Phwurq/ 89/ 430851

^9:` Pxolhuh/ S1 dqg Vfduvlql/ P1 +4<;<,= D qrwh rq vwrfkdvwlf grplqdqfh
dqg lqhtxdolw| phdvxuhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 7</ 64706561

^9;` Rn/ H1 dqg Odpehuw/ S1 M1 +4<<<,= Rq hydoxdwlqj vrfldo zhoiduh e| vh0
txhqwldo jhqhudol}hg Oruhq} grplqdqfh1 Hfrqrplfv Ohwwhuv/ 96/ 780861

^9<` Sdxo/ V1 +4<<4,= Dq lqgh{ ri uhodwlyh ghsulydwlrq1 Hfrqrplfv Ohwwhuv1
69/ 66:06741

^:3` Shudjlqh/ Y1 +4<<;,= Uhvsrqvlelolw|/ frpshqvdwlrq dqg lqfrph glvwulex0
wlrq1 Xqlyhuvlw| ri \run/ Glvfxvvlrq Sdshu <;2461 Lq Orjlf/ Jdph Wkhru|
dqg Vrfldo Fkrlfh +Gh Vzduw hg1,1 Wloexuj Xqlyhuvlw| Suhvv= Wloexuj1

^:4` Txljjlq/ M1 +4<<6,= Jhqhudol}hg H{shfwhg Xwlolw| Wkhru|1 Wkh Udqn0
Ghshqghqw Prgho1 Gruguhfkw= Noxzhu1

^:5` Urhphu/ M1 H1 +4<<;,= Htxdolw| ri Rssruwxqlw|1 Fdpeulgjh PD= Kduydug
Xqlyhuvlw| Suhvv1

^:6` Uxqflpdq/ Z1 J1 +4<99,= Uhodwlyh Ghsulydwlrq dqg Vrfldo Mxvwlfh1 Orq0
grq= Urxwohgjh1

^:7` Vdsrvqln/ U1 +4<;4,= Udqn0grplqdqfh lq lqfrph glvwulexwlrqv1 Sxeolf
Fkrlfh/ 69/ 47:0841

^:8` Vdiud/ ]1 dqg Vhjdo/ X1 +4<<;,= Frqvwdqw ulvn dyhuvlrq1 Mrxuqdo ri Hfr0
qrplf Wkhru|/ ;6/ 4<0751

^:9` Vhlgo/ F1 +4<;;,= Sryhuw| phdvxuhphqw= d vxuyh|1 Lq Zhoiduh dqg H!0
flhqf| lq wkh Sxeolf Vhfwru +Eùv G1/ Urvh P1 dqg Vhlgo F1 hgv1, :4047:1
Khlghovehuj= Vsulqjhu0Yhuodj1

^::` Vhq/ D1 N1 +4<:6,= Rq Hfrqrplf Lqhtxdolw|1 R{irug= Foduhgrq Suhvv1
+4<<:, h{sdqghg hglwlrq zlwk wkh dqqh{h �Rq Hfrqrplf Lqhtxdolw| Diwhu
d Txduwhu Fhqwxu|� e| Irvwhu/ M1 Dqg Vhq/ D1N11
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^:;` Vhq/ D1 N1 +4<:9,= Sryhuw|= dq ruglqdo dssurdfk wr phdvxuhphqw1
Hfrqrphwulfd/ 77/ 76:07791

^:<` Vkruurfnv/ D1 I1 +4<;6,= Udqnlqj lqfrph glvwulexwlrqv1 Hfrqrplfd/ 83/
604:1

^;3` Vkruurfnv/ D1 I1 +4<<8,= Uhylvlwlqj wkh Vhq sryhuw| lqgh{1 Hfrqrphw0
ulfd/ 96/ 4558045631

^;4` Vkruurfnv/ D1 I1 +4<<;,= Ghsulydwlrq sur�ohv dqg ghsulydwlrq lqglfhv1 Lq
Wkh Glvwulexwlrq ri Zhoiduh dqg Krxvhkrog Surgxfwlrq= Lqwhuqdwlrqdo
Shuvshfwlyhv/ Mhqnlqv/ V1 D1/ Ndswhlq/ V1 D1 dqg ydq Suddj/ E1 hgv1 5830
59:1 Orqgrq= Fdpeulgjh Xqlyhuvlw| Suhvv1

^;5` Vkruurfnv/ D1 I1 dqg Irvwhu/ M1 H1 +4<;:,= Wudqvihu vhqvlwlyh lqhtxdolw|
phdvxuhv1 Uhylhz ri Hfrqrplf Vwxglhv/ 47/ 7;807<:1

^;6` Vshqfhu/ E1 G1 dqg Ilvkhu/ V1 +4<<5,= Rq frpsdulqj glvwulexwlrqv ri
sryhuw| jdsv1 Vdqn|d/ 87E/ 44704591

^;7` Wkrq/ G1 +4<:<,= Rq phdvxulqj sryhuw|1 Uhylhz ri Lqfrph dqg Zhdowk/
58/ 75<07731

^;8` Zdqj/ V1 V1 dqg \rxqj/ Y1 U1 +4<<;,= Rughulqj ulvn= h{shfwhg xwlolw|
wkhru| yhuvxv \ddul*v gxdo wkhru| ri ulvn1 Lqvxudqfh= Pdwkhpdwlfv dqg
Hfrqrplfv/ 55/ 47804941

^;9` Zh|pdun/ M1 D1 +4<;4,= Jhqhudol}hg Jlql lqhtxdolw| lqglfhv1 Pdwkhpdw0
lfdo Vrfldo Vflhqfhv/ 4/ 73<07631

^;:` Zh|pdun/ M1 D1 +4<<8,= Dq dowhuqdwlyh surri ri Ehq Srudwk dqg Jloerd*v
jhqhudol}hg Jlqlv fkdudfwhul}dwlrq wkhruhp1 Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 99/ 8:608;31

^;;` \ddul/ P1 H1 +4<;:,= Wkh gxdo wkhru| ri fkrlfh xqghu ulvn1 Hfrqrphwulfd/
88/ <<04481

^;<` \ddul/ P1 H1 +4<;;,= D frqwuryhuvldo sursrvdo frqfhuqlqj lqhtxdolw| phd0
vxuhphqw1 Mrxuqdo ri Hfrqrplf Wkhru|/ 77/ 6;406<:1

^<3` \lw}kdnl/ V1 +4<:<,= Uhodwlyh ghsulydwlrq dqg wkh Jlql frh!flhqw1 Txdu0
whuo| Mrxuqdo ri Hfrqrplfv/ <6/ 65406571
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^<4` \lw}kdnl/ V1 +4<;5,= Uhodwlyh ghsulydwlrq dqg hfrqrplf zhoiduh1 Hxur0
shdq Hfrqrplf Uhylhz/ 4:/ <<04461

^<5` \lw}kdnl/ V1 +4<;6,= Rq dq h{whqvlrq ri wkh Jlql lqhtxdolw| lqgh{1 Lq0
whuqdwlrqdo Hfrqrplf Uhylhz/ 57/ 94:095;1

^<6` ]khqj/ E1 +4<<:,= Djjuhjdwh sryhuw| phdvxuhv1 Mrxuqdo ri Hfrqrplf
Vxuyh|v/ 44/ 45604951

^<7` ]khqj/ E1 +4<<<,= Rq wkh srzhu ri sryhuw| rughulqjv1 Vrfldo Fkrlfh dqg
Zhoiduh/ 4:/ 1

^<8` ]rol/ F1 +4<<:,= Lqwhuvhfwlqj jhqhudol}hg Oruhq} fxuyhv dqg wkh Jlql
lqgh{1 Txdghuql gho Glsduwlphqwr gl Hfrqrpld Sxeeolfd h Whuulwruldoh
Xqlyhuvlwã gl Sdyld q1 524<<:1

^<9` ]rol/ F1 +4<<<,= Lqwhuvhfwlqj jhqhudol}hg Oruhq} fxuyhv dqg wkh Jlql
lqgh{1 Vrfldo Fkrlfh dqg Zhoiduh/ 49/ 4;604<91
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