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Yroxqwdu| dssurdfkhv/ hplvvlrq wd{dwlrq dqg
wkh rujdql}dwlrq ri hqylurqphqwdo U)G

Mrdqqd Sr|djr0Wkhrwrn|�|

Pd| 5333
Uhylvhg= Rfwrehu 5333

Devwudfw

Lq wklv sdshu zh frqvlghu d vhwwlqj zkhuh �upv frpplw wr hqyl0
urqphqwdo U)G h{shqglwxuh wkdw uhgxfhv wkhlu hplvvlrq ohyhov ehiruh
wkh uhjxodwru vhwv wkh hplvvlrq wd{1 Zh h{dplqh wzr vfhqdulrv zlwk
uhvshfw wr wkh rujdql}dwlrq ri hqylurqphqwdo U)G= +l, lqghshqghqw
U)G dqg +ll, dq lqgxvwu|0zlgh hqylurqphqwdo U)G Fduwho +HUF,1 Lq
wkh �uvw vfhqdulr +4, �upv fkrrvh wkhlu hplvvlrq0uhgxflqj U)G qrq0
frrshudwlyho|/ +5, wkh uhjxodwru vhwv wkh hplvvlrq wd{ dqg +6, �upv
frpshwh lq wkh pdunhw e| fkrrvlqj txdqwlwlhv1 Lq wkh vhfrqg vfhqdulr
erwk wkh vhfrqg dqg wklug vwdjhv uhpdlq wkh vdph/ krzhyhu/ lq wkh �uvw
vwdjh �upv irup dq lqgxvwu|0zlgh HUF wkdw frrshudwlyho| xqghuwdnhv
hqylurqphqwdo U)G1 Wkxv/ lq erwk U)G vfhqdulrv wkh uhjxodwru lv
xqdeoh wr frpplw fuhgleo| wr wkh hplvvlrq wd{1

Zh vkrz wkdw iru uhodwlyho| vpdoo gdpdjhv/ hqylurqphqwdo lqqryd0
wlrq lv kljkhu lq wkh fdvh ri dq HUF frpsduhg wr lqghshqghqw U)G/
zkloh iru uhodwlyho| odujh gdpdjhv wkh rssrvlwh lv wuxh1 Wkh vdph udqn0
lqj dssolhv wr wkh frpsdulvrq ri vrfldo zhoiduh1 Krzhyhu/ �upv dozd|v
kdyh dq lqfhqwlyh wr eh sduw ri dq lqgxvwu|0zlgh HUF dv wklv lqfuhdvhv
wkhlu sur�wdelolw|1

Nh|zrugv= Yroxqwdu| dssurdfkhv/hqylurqphqwdo lqqrydwlrq/ hq0
ylurqphqwdo srolf|/ hplvvlrq wd{hv/ U)G frrshudwlrq1

MHO Fodvvl�fdwlrq= T5;3/ R653/ K5<3/ G763/ O463

�Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp/ Xqlyhuvlw| Sdun/ Qrwwlqjkdp QJ:

5UG/ Hqjodqg/ XN1 Who1= .7704480<84879;/ h0pdlo= mswCqrwwlqjkdp1df1xn
|Wklv sdshu kdv ehqh�whg iurp wkh frpphqwv ri Ndwulq Ploorfn/ Qlfkrodv Dvkirug/

Fduor Fduudur/ Wkrpdv O|rq/ Mrkq Pd{zhoo dqg sduwlflsdqwv dw wkh lqwhuqdwlrqdo zrun0

vkrs rq �Yroxqwdu| Dssurdfkhv/ Frpshwlwlrq dqg Frpshwlwlyhqhvv�/ Pd| 58059/ 5333/

IHHP/ Plodq1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq

Lq uhfhqw |hduv wkhuh kdv ehhq dq lqfuhdvh lq wkh qxpehu ri yroxqwdu| djuhh0
phqwv dv dq hqylurqphqwdo srolf| wrro/ wkh pdmrulw| ri wkhvh dlplqj wr uhgxfh
FR2 hplvvlrqv lq uhodwlrq wr joredo zduplqj1 Wkh h{fhoohqw vxuyh| e| Eudx
dqg Fduudur +4<<<, surylghv d frpsuhkhqvlyh uhylhz ri uhfhqw uhvhdufk lq wkh
duhd1

Udwlrqdo �upv/ dqwlflsdwlqj d jryhuqphqw*v ru uhjxodwru*v dfwlrqv 0 xvxdoo|
lq wkh irup ri lqwurgxflqj ru lqfuhdvlqj hplvvlrq wd{dwlrq/ kdyh dq lqfhqwlyh
wr yroxqwdu| uhgxfh wkhlu hplvvlrq ohyhov vr wkdw wkhlu wd{ eloo jhwv uhgxfhg
+h1j1Frqudg +4<<;, dqg Shwudnlv dqg [hsdsdghdv +4<<<,,1 Frqudg +4<<;,
frqvlghuv d vwudwhjlf wudgh vhwwlqj zkhuh �upv frpplw wr dedwhphqw h�ruwv
wkdw zloo uhgxfh wkh srooxwlqj surgxfwlyh lqsxw lq dqwlflsdwlrq ri dq hplvvlrq
wd{ vhw e| frpshwlqj jryhuqphqwv1 Kh �qgv wkdw �upv vdful�fh sur�w dqg
uhgxfh surgxfwlrq dqg wkxv xvh ohvv ri wkh srooxwlqj lqsxw dqg duh uhzdughg
e| d ohvv vwulfw srolf| lq wkh irup ri orzhu hplvvlrq wd{hv +wklv frqvwlwxwhv d
xqlodwhudo yroxqwdu| dssurdfk,1 Shwudnlv dqg [hsdsdghdv +4<<<, dqdo|}h wkh
fdvh ri d srooxwlqj prqrsrolvw zkr idfhv d jryhuqphqw vhwwlqj dq hplvvlrq
wd{/ wdnlqj lqwr dffrxqw wkh g|qdplf lqfrqvlvwhqf| sureohp +d srolf| lv lq0
frqvlvwhqw lq d g|qdplf vhqvh li dq rswlpdo dfwlrq gh�qhg dw wlph | fhdvhv wr
eh rswlpdo dw wlph A +A : |� hyhq zlwk qr fkdqjh lq wkh lqirupdwlrq vwuxf0
wxuh,1 Wkh| vkrz wkdw wkh rswlpdo wlph frqvlvwhqw wd{ lv dozd|v orzhu wkdq
wkh rswlpdo wd{ lq wkh fdvh ri suh0frpplwphqw vr wkdw/ dv d frqvhtxhqfh/
yroxqwdu| hqylurqphqwdo lqqrydwlrq lv dozd|v kljkhu zkhq wkhuh lv qr jry0
huqphqw suh0frpplwphqw +exw zhoiduh pd| eh orzhu,1 Wklv phdqv wkdw lq wkh
fdvh ri qr0frpplwphqw/ yroxqwdu| dssurdfkhv +YD, zrxog eh pruh suhydohqw
ghvslwh d srvvleoh uhgxfwlrq lq vrfldo zhoiduh1 Lq erwk sdshuv wkh YD lv dfwlqj
dv d suh0frpplwphqw ghylfh zklfk vroyhv wkh g|qdplf lqfrqvlvwhqf| sureohp1
Lq wkh suhvhqw sdshu/ zh frqvlghu d vlplodu vhwwlqj doorzlqj iru roljrsrolvwlf
lqwhudfwlrq lq d forvhg hfrqrp| dqg frqfhqwudwh rq wkh fdvh ri d jryhuqphqw
ru uhjxodwru zkr srvvhvv yhu| olplwhg frpplwphqw srzhu wr fdswxuh wkh YD
hohphqw1 Wkh txhvwlrq zh dgguhvv uhodwhv wr wkh rujdql}dwlrqdo vwuxfwxuh ri
hqylurqphqwdo U)G/ frrshudwlyh yhuvxv lqghshqghqw/ dqg krz wklv uhodwhv
wr wkh uhodwlyh shuirupdqfh lq whupv ri hqylurqphqwdo lqqrydwlrq dqg vrfldo
zhoiduh1

Zh h{dplqh wzr vfhqdulrv zlwk uhvshfw wr wkh rujdql}dwlrq ri hqylurq0
phqwdo U)G= +l, lqghshqghqw U)G dqg +ll, dq lqgxvwu|0zlgh hqylurqphqwdo
U)G fduwho +HUF,1 4 Hqylurqphqwdo U)G d�hfwv wkh hplvvlrqv ri d �up lq

4Wklv whuplqrorj| lv dgdswhg iru wkh fdvh ri srooxwlqj hplvvlrqv iroorzlqj Ndplhq hw
do1 +4<<5, zkr kdyh surylghg d fodvvl�fdwlrq ri gl�huhqw U)G rujdql}dwlrqdo irupv lq wkh
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wkh vhqvh wkdw e| xqghuwdnlqj lw d �up fdq uhgxfh lwv srooxwlqj hplvvlrqv>
ixuwkhu/ zh srvlw wkdw wkhuh duh nqrzohgjh vslooryhuv lq wkh U)G surfhvv vr
wkdw d �up fdq ehqh�w iurp wkh U)G h{shqglwxuh ri lwv ulydo dw qr frvw wr
lwvhoi1 Lq wkh �uvw vfhqdulr wkh vwuxfwxuh ri wkh pxowl0vwdjh jdph lv dv iro0
orzv= +4, �upv fkrrvh wkhlu hplvvlrq0uhgxflqj U)G qrq0frrshudwlyho|/ +5,
wkh uhjxodwru +ru jryhuqphqw, vhwv wkh hplvvlrq wd{ dqg +6, �upv frpshwh
lq wkh pdunhw e| fkrrvlqj txdqwlwlhv1 Lq wkh vhfrqg vfhqdulr erwk wkh vhf0
rqg dqg wklug vwdjhv uhpdlq wkh vdph/ krzhyhu/ lq wkh �uvw vwdjh �upv irup
dq lqgxvwu|0zlgh U)G Fduwho wkdw frrshudwlyho| xqghuwdnhv hqylurqphqwdo
U)G1 Lq erwk vfhqdulrv/ hplvvlrqv duh uhgxfhg e| d �up*v rzq U)G h�ruw/ lq
dgglwlrq wr vrph vslooryhu iurp rwkhu �upv* U)G1 Lq wkh HUF wkh vslooryhu lv
qrw lqfuhdvhg ehfdxvh ri wkh fduwhol}dwlrq1 Qrwh wkdw lq erwk U)G vfhqdulrv/
wkh uhjxodwru iroorzv d wlph0frqvlvwhqw srolf|1 5

Zh vkrz wkdw/ frqwudu| wr wkh frqyhqwlrqdo suhvxpswlrq/ dq HUF fdq eh
ghwulphqwdo wr erwk hplvvlrq uhgxfwlrq dqg vrfldo zhoiduh1 Lq sduwlfxodu/ iru
uhodwlyho| vpdoo gdpdjhv/ hqylurqphqwdo lqqrydwlrq lv kljkhu lq wkh fdvh ri
dq HUF frpsduhg wr lqghshqghqw U)G/ zkloh iru uhodwlyho| odujh gdpdjhv
wkh rssrvlwh lv wuxh1 Wkh vdph udqnlqj dssolhv wr wkh frpsdulvrq ri vrfldo
zhoiduh1 Krzhyhu/ �upv dozd|v kdyh dq lqfhqwlyh wr eh sduw ri dq lqgxvwu|0
zlgh HUF dv wklv lqfuhdvhv wkhlu sur�wdelolw|16

5 Wkh Prgho

Zh frqvlghu d gxrsro| zkhuh �upv surgxfh d krprjhqhrxv jrrg xqghu d
olqhdu ghpdqg vshfl�fdwlrq R ' @ � 'c ' ' ^� n ^�c � 9' �c �c � ' �c 2/
zkhuh @ lv d phdvxuh ri pdunhw vl}h1 Surgxfwlrq jhqhudwhv srooxwlrq zklfk
lv wd{hg dw wkh udwh | rq hplvvlrqv zkloh �up � fdq uhgxfh lwv wd{ exughq e|
xqghuwdnlqj hqylurqphqwdo lqqrydwlrq 5� +ru hqylurqphqwdo U)G 0 zh zloo
xvh wkhvh whupv lqwhufkdqjhdeo|, wr uhgxfh lwv hplvvlrqv1 Wkh frvw ixqfwlrq

iru �up � lv jlyhq e| SE^�c 5�� ' S^�n
�52

�

2
zkhuh S lv wkh xqlw frvw ri surgxfwlrq

E@ : S�/ l1h1 wkhuh duh frqvwdqw uhwxuqv wr vfdoh dqg � fdswxuhv wkh h!flhqf|

devhqfh ri srooxwlrq h�hfwv iru wkh fdvh ri frvw0uhgxflqj U)G1
5Vfrww +4<<9, uhsruwv wkdw U)G frrshudwlrq wdnhv sodfh lq uhvsrqvh wr erwk dfwxdo dqg

dqwlflsdwhg uhjxodwlrq1
6Xvlqj qxphulfdo vlpxodwlrqv/ Ndwvrxodfrv hw do1 +4<<<, lq d frpsohphqwdu| dqdo|vlv

rewdlq d vlplodu uhvxow iru wkh fdvh ri d uhvhdufk mrlqw yhqwxuh1 Krzhyhu/ wkhlu prgho
irfxvhv rq wkh lvvxh ri lqirupdwlrq0vkdulqj dqg wkh rswlpdo qxpehu ri uhvhdufk oderudwrulhv
zlwklq hqylurqphqwdo uhvhdufk mrlqw yhqwxuhv zkhq wkh rxwfrph ri U)G lv vxehfw wr U)G
rxwsxw vslooryhuv dqg xqfhuwdlqw| zkhuhdv +dv zloo ehfrph fohdu lq wkh iroorzlqj vhfwlrqv,
rxu prgho frqfhqwudwhv rq wkh fdvh ri U)G fkdudfwhulvhg e| U)G lqsxw vslooryhuv zkloh
nhhslqj fohdu iurp wkh lvvxh ri lqirupdwlrq0vkdulqj1
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ri wkh U)G whfkqrorj|1 Qrwlfh wkdw hqylurqphqwdo U)G lv fkdudfwhul}hg
e| ghfuhdvlqj uhwxuqv dv zh dvvxph � : f1 Ilup �*v hplvvlrqv duh jlyhq e|
e�E^�c 5�� ' ^� � 5� � q5�/ f � q � � / l1h1 wkhuh duh nqrzohgjh vslooryhuv
lq hqylurqphqwdo U)G lq wkdw d �up ehqh�wv qrw rqo| iurp lwv rzq U)G
h�ruw exw dovr iurp lwv ulydo*v h�ruw e| dq dprxqw q17 Wkxv/ e| lqyhvwlqj

dqg dprxqw
�52

�

2
lq hqylurqphqwdo U)G �up � fdq uhgxfh lwv hplvvlrqv e|

5� n q5� 0 wklv odwwhu whup uhsuhvhqwv wkh h�hfwlyh U)G iru �up �1 Jlyhq
srooxwlrq/ wkh h{whqw ri gdpdjh lv fdswxuhg yld d txdgudwlf gdpdjh ixqfwlrq/
( ' �

2
_.2/ zkhuh . ' e� n e� lv wrwdo hplvvlrqv dqg _ lv sursruwlrqdo wr

pdujlqdo gdpdjh1 Wr jxdudqwhh dq lqwhulru vroxwlrq iru hqylurqphqwdo U)G
zh dvvxph wkdw _ : �

2
1 Lq wkh vhtxho zh frpsduh wkh wzr dowhuqdwlyh U)G

vfhqdulrv= lqghshqghqw U)G dqg hqylurqphqwdo U)G fduwho +HUF,1

514 Qrq0frrshudwlyh U)G

51414 Rxwsxw Fkrlfh +Vwdjh 6,

Lq wkh wklug vwdjh/ �up � fkrrvhv rxwsxw wr pd{lpl}h sur�w

4@ 
^�

dE@� ^� � ^��^� � S^� �
�52�
2

� |E^� � 5� � q5��o

Wkh uhohydqw i1r1f1 |lhogv ^� ' E� � | � ^��*2/ zkhuh � � @ � S1 Lpsrvlqj
v|pphwu|/ ^� ' ^� ' ^W/ zh rewdlq htxloleulxp rxwsxw shu �up/ ^W ' �3|

�
/

dqg htxloleulxp sur�w ZW� ' ^W
2

n|E5�nq5���
�

2
�52� 1 Qrwh wkdw d �up*v rxwsxw

ghfuhdvhv lq wkh hplvvlrq wd{1

51415 Uhjxodwru*v fkrlfh ri hplvvlrq wd{ +Vwdjh 5,

Lq wkh vhfrqg vwdjh/ wkh uhjxodwru vhwv wkh hplvvlrq wd{/ |/ wr pd{lpl}h
vrfldo zhoiduh/ h{suhvvhg dv wkh vxp ri surgxfhu dqg frqvxphu vxusoxv plqxv
hqylurqphqwdo gdpdjhv/

4@ 
|

%]
2^W

f

E@� S� %�_%�
�

2
_d2^W � E� n q�

[
�

5�o
2 �

�

2
�E
[
�

52� �

&

ru htxlydohqwo|

4@ 
|

%
2�^W �

�

2
E2^W

2

��
�

2
_E2^W � E� n q�

[
�

5��
2 �

�

2
�E
[
�

5��
2

&

7Wklv w|sh ri vslooryhu lv dq U)G lqsxw vslooryhu1
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Wkh �uvw0rughu frqglwlrq lv

2

%
�� 2^W � _E2^W � E� n q�

[
�

5��

&
_^W

_|
' f

zklfk/ diwhu vrph pdqlsxodwlrq |lhogv

|W '
E2_� ���� �_E� n q�

S
�
5�

2E� n _�
+4,

Iurp +4, qrwlfh wkdw _|
W

_5�
' ��_E�nq�

2E�n_�
	 f / vr wkdw d juhdwhu lqyhvwphqw

lq U)G zloo ohdg wr d orzhu hplvvlrq wd{> wklv h�hfw fdswxuhv wkh yroxqwdu|
dssurdfk hohphqw lq wkh prgho1 Xvlqj +4, lq wkh h{suhvvlrq iru rxwsxw dqg
sur�w zh rewdlq

^W '
�n _E� n q�E5� n 5��

2E� n _�
+5,

dqg

ZW

� '
d�n _E� n q�E5� n 5��o

2

eE� n _�2
n +6,

E2_� ���� �_E� n q�E5� n 5��

2E� n _�
E5� n q5���

�

2
�52�

51416 Hqylurqphqwdo U)G vhohfwlrq +Vwdjh 4,

Lq wkh �uvw vwdjh ri wkh jdph wkh wzr �upv fkrrvh wkhlu hqylurqphqwdo U)G
dqwlflsdwlqj wkh fkrlfh ri wd{ e| wkh uhjxodwru dqg wkh vxevhtxhqw surgxfw
pdunhw frpshwlwlrq1 Hdfk �up pd{lpl}hv vhfrqg0vwdjh sur�wv dv jlyhq e|
+6,/ vr wkdw wkh uhohydqw �uvw0rughu frqglwlrq lv

YZW

�

Y5�
'

2_E� n q�d�n _E� n q�E5� n 5��o

eE� n _�2

n
E2_� ���� �_E� n q�d25� n E� n q�5�o

2E� n _�
� �5�

Lq wkh v|pphwulf htxloleulxp/ 5� ' 5� ' 5?S/ wkh vroxwlrq ri wkh i1r1f1 |lhogv
wkh htxloleulxp ohyho ri hqylurqphqwdo U)G

5?S '
dE� n _�E2_� �� n _E� n q�o�

2�E� n _�2 n _E� n q�d�E� n q� n _E. n q�o
+7,
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Xvlqj +7, lqwr +4, dqg +5, zh rewdlq wkh htxloleulxp hplvvlrq wd{ dqg txdqwlw|
shu �up uhvshfwlyho|

|?S '
_E2_� ��E� n q�2 n 2�E2_2 n _� ��

2_E� n q�d�E� n q� n _E. n q�o n e�E� n _�2
� +8,

^?S '
2E� n _�� n _E� n q�E. n e_n �q�

2_E� n q�d�E� n q� n _E. n q�o n e�E� n _�2
� +9,

Ixuwkhu/

Z?S ' ^2?S n |?SE� n q�5?S �
�

2
�52?S +:,

dqg
A`?S ' 2�^?S � 2^2?S � 2_E^?S � E� n q�5?S�

2 � �52?S +;,

Wklv frqfoxghv wkh dqdo|vlv ri wkh qrq0frrshudwlyh U)G vfhqdulr1

515 Frrshudwlyh U)G 0 Hqylurqphqwdo U)G Fduwho

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ vwdjhv 5 dqg 6 uhpdlq wkh vdph1 Krzhyhu/
lq wkh �uvw vwdjh wkh wzr �upv fkrrvh wkhlu hqylurqphqwdo U)G frrshudwlyho|/
l1h1 wkh| frruglqdwh wkhlu U)G dfwlylwlhv/ l1h1 fkrrvh 5�c � ' �c 2/ wr pd{lpl}h
wkh vxp ri wkhlu ryhudoo sur�w1 Qrwlfh wkdw wklv lv dq hqylurqphqwdo U)G
fduwho +HUF, dv lw rshudwhv zlwk wkh vdph vslooryhu dv wkh lqghshqghqw �upv/
l1h1 �upv frruglqdwh wkhlu U)G exw gr qrw vkduh lqirupdwlrq ixoo| 0 lq
wkh fdvh zkhuh �upv zrxog vkduh lqirupdwlrq frpsohwho| zh zrxog kdyh dq
hqylurqphqwdo uhvhdufk mrlqw yhqwxuh +HUMY,/ l1h1 q ' ��8

Wkxv/ lq vwdjh 4 �upv pd{lpl}h

�eoS '
[
�

Z� �
�

2
�
[
�

52�

zkhuh Z� uhihuv wr wkh vhfrqg0vwdjh sur�w dv jlyhq e| +6,1 Wkh �uvw0rughu
frqglwlrqv uhtxluh wkdw YZeoS

Y5�
' f ' YZeoS

Y5�
> ghulylqj wkh i1r1f1 dqg wkhq vhwwlqj

5� ' 5� ' 5eoSc |lhogv wkh v|pphwulf htxloleulxp ydoxhv 9 /

5eoS '
dE� n _�E2_� �� n 2_oE� n q��

2E� n _�2� n e_E� n 2_�E� n q�2
+<,

8Ndplhq hw do1 +4<<5, uhihu wr dq UMY vfhqdulr +uhvhdufk mrlqw yhqwxuh fduwho lq wkhlu
whuplqrorj|, dv d vlwxdwlrq zkhuh �upv frruglqdwh wkhlu U)G dfwlylwlhv vr dv wr pd{lpl}h
wkh vxp ri wkhlu ryhudoo sur�w zkloh dw wkh vdph wlph wkh| vkduh U)G h�ruwv dqg dyrlg
gxsolfdwlrq ri U)G dfwlylwlhv1 Ixuwkhu/ wkh vslooryhu lv lqfuhdvhg wr lwv pd{lpdo ohyho1

9Wkh vhfrqg0rughu frqglwlrqv duh vdwlv�hg1
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Xvlqj +<, lqwr wkh uhohydqw h{suhvvlrqv iru wkh hplvvlrq wd{ dqg wkh txdqwlw|
surgxfhg zh rewdlq

|
eoS

'
d_E2_� ��E� n q�2 n �E2_2 n _� ��o�

2E� n _�2� n e_E� n 2_�E� n q�2
+43,

^
eoS

'
d_ED n 2_�E� n q�2 n �E� n _�o�

2d� n 2_E� n �� n _2Ee n ��o
+44,

Ixuwkhupruh/ sur�wv shu �up dqg wrwdo zhoiduh duh h{suhvvhg dv

Z
eoS

' ^2
eoS

n |
eoS
E� n q�5

eoS
�

�

2
�52

eoS
+45,

dqg
A`

eoS
' 2�^

eoS
� 2^2

eoS
� 2_E^

eoS
� E� n q�5

eoS
�2 � �52

eoS
+46,

Kdylqj ghvfulehg wkh frrshudwlyh U)G vfhqdulr zh surfhhg wr d frpsdulvrq
ri wkh wzr gl�huhqw irupv ri U)G rujdql}dwlrq1

516 D Frpsdulvrq= Lqghshqghqw U)G yhuvxv HUF

Iluvw/ zh frpsduh wkh U)G ohyhov/ 5eoS dqg 5?S1 Iurp +<, dqg +7, zh rewdlq

5eoS � 5?S '
�_E� n _�2)

K{
+47,

zkhuh ) � _E��2_�E�nq�2E��q�n2�E2_2qn2_q�qn_�c K � 2�E�n_�2n
_E�nq�d�E�nq�n_E.nq�o : f dqg { � 2�E�n_�2ne_E�n2_�E�nq�2 : f1
Ixuwkhu/ iurp +43, dqg +8, zh kdyh

|eoS � |?S '
���E� n _�E� n q�)

2K{
+48,

Zh wkhq vwdwh dqg suryh wkh iroorzlqj=

Sursrvlwlrq 4 Iru q 5 dfc �oc � : f dqg _ : �
2

+l, zkhq �
2
	 _ 	 �

2
wkh htxloleulxp U)G lq wkh HUF lv dozd|v juhdwhu wkdq

wkh qrq0frrshudwlyh htxloleulxp U)G/ 5eoS : 5?S / zkloh wkh rswlpdo hplvvlrq
wd{ lq wkh fdvh ri dq HUF lv orzhu wkdq wkh rswlpdo hplvvlrq wd{ lq wkh qrq0
frrshudwlyh htxloleulxp/ |eoS 	 |?S>
+ll, iru d jlyhq _/ _ : �

2
/ wkhuh h{lvwv d fulwlfdo ydoxh iru wkh U)G h!flhqf|

sdudphwhu/ �/ vxfk wkdw 5eoS : 5?S li dqg rqo| li � : � dqg 5eoS 	 5?S li dqg
rqo| li � 	 � 1 Ixuwkhu/ iru � : � / |eoS 	 |?S dqg iru � 	 �c |eoS : |?S1
Wkh fulwlfdo ydoxh � lv ghfuhdvlqj lq wkh vslooryhu/ q/ dqg lqfuhdvlqj lq wkh

:



gdpdjh sdudphwhu/ _1
+lll, iru _ : �

2
dqg iru d jlyhq �/ wkhuh lv d fulwlfdo ydoxh: _ vxfk wkdw

iru _ : _/ wkh htxloleulxp dedwhphqw lq wkh HUF lv orzhu wkdq wkh qrq0
frrshudwlyh htxloleulxp dedwhphqw/ 5eoS 	 5?S dqg iru _ 	 _/ 5eoS : 5?S1
Ixuwkhu/ iru _ : _/ |eoS : |?S zkloh iru _ 	 _/ |eoS 	 |?S1

Surri Iurp +47, dqg +48,/ 5eoS I 5?S dqg |eoS 0 |?S uhvshfwlyho|/ li dqg rqo|
li ) I f/ ) � _E�� 2_�E� n q�2E�� q� n 2�E2_2q n 2_q � q n _�1
+l, Wkh vhfrqg whup lq wkh deryh h{suhvvlrq iru ) lv srvlwlyh iru doo
dgplvvleoh ydoxhv ri _ dqg q1 Wkh �uvw whup lv srvlwlyh li dqg rqo| li
_ 	 �

2
+uhfdoo wkdw _ : �

2
e| dvvxpswlrq, dqg wkxv/ ) : f1

+ll, Ohw _ : �
2
1 Qh{w gh�qh � � i� m ) ' fj ' �

2
_E2_3��E�nq�2E�3q�

2_2qn2_q3qn_
: f/

dv wkh fulwlfdo U)G h!flhqf| sdudphwhu1 Qrwh wkdw Y)*Y� ' 2E2_2qn
2_q � q n _� : f vr wkdw ) � f li dqg rqo| li � � � dqg ) 	 f li dqg
rqo| li � 	 �1 Pruhryhu/ Y�*Yq � �dE_� �� n qE� n _� n 2_2E�� q� n
q2Ee_2 n e_� 2�o 	 f dqg Y�*Y_ � 2_2 n qE�f_2 � e_n �� : f1
+lll, Ohw _ : �

2
1 Qh{w/ gh�qh _ � i_ m ) ' fj dv wkh fulwlfdo hqylurq0

phqwdo sdudphwhu1 Iru q ' f/ ) ' _E� � 2_ n 2�� I f dqg jlyhq �
wkhuh h{lvwv _/ _ ' � n �

2
: f/ vxfk wkdw li _ : _/ wkhq 5eoS 	 5?S dqg

li _ 	 _ wkhq 5eoS : 5?S1 Iru q ' �/ ) ' 2�d_E� n 2_�� �o : f vr wkdw
5eoS : 5?S1 Wkhq/ e| frqwlqxlw|/ iru q 5 Efc �� wkhuh h{lvwv d fulwlfdo
ydoxh _ vxfk wkdw iru _ : _/ 5eoS 	 5?S zkloh iru _ 	 _ / 5eoS : 5?S1 Lw
fdq eh vkrzq wkdw _ lv lqfuhdvlqj lq q1 Wkh dujxphqw iru wkh hplvvlrq
wd{ lv lghqwlfdo h{fhsw iru d uhyhuvdo lq wkh lqhtxdolwlhv/ vhh +48,1�

Fruroodu| 4 Zkhq q ' �/ l1h1 wkhuh lv dq hqylurqphqwdo uhvhdufk mrlqw
yhqwxuh +HUMY, zlwk ixoo lqirupdwlrq0vkdulqj/ lw zloo vshqg pruh lq hqyl0
urqphqwdo U)G +dqg khqfh zloo idfh d orzhu hplvvlrq wd{, iru dq| ydoxh ri
_1

Surri Iurp +47,/ 5eoS : 5?S li dqg rqo| li ) : f1 Iru q ' �/ ) ' 2�d_E� n
2_���o : f1 Wkh dujxphqw iru wkh hplvvlrq wd{ lv dqdorjrxv dqg khqfh
rplwwhg1 �

Wkxv/ dffruglqj wr Sursrvlwlrq 4/ iru uhodwlyho| vpdoo hqylurqphqwdo gdp0
djhv +�

2
	 _ 	 �

2
, hqylurqphqwdo U)G lv kljkhu zlwk wkh HUF luuhvshfwlyh ri

wkh h{whqw ri U)G h!flhqf| +sduw l,1 Krzhyhu/ zkhq hqylurqphqwdo gdp0
djhv duh odujhu/ _ : �

2
/ wkh frpsdulvrq ehwzhhq wkh wzr gl�huhqw irupv ri

U)G rujdql}dwlrq lv ohvv fohdu0fxw1 Iru d jlyhq _ lw klqjhv rq wkh h!flhqf| ri

:Wkh h{dfw vroxwlrq iru wkh fulwlfdo ydoxh g lv dydlodeoh xsrq uhtxhvw1

;



U)G= iru uhodwlyho| h!flhqw U)G +� 	 �,/ hqylurqphqwdo lqqrydwlrq lv orzhu
zlwk wkh hqylurqphqwdo U)G fduwho zkloh wkh rssrvlwh lv wuxh iru lqh!flhqw
U)G +� : �,/ dv h{shfwhg lqwxlwlyho|1 Ixuwkhu/ dv wkh vslooryhu lqfuhdvhv wkh
fulwlfdo ydoxh iru wkh U)G h!flhqf| sdudphwhu ghfuhdvhv vr wkdw wkh HUF
rxwshuirupv wkh lqghshqghqw U)G vhw0xs lq d zlghu fodvv ri fdvhv +sduw ll,1
Pruh lqwhuhvwlqjo|/ iru d jlyhq �/ iru uhodwlyh odujh gdpdjhv +_ : _ : �

2
,

hqylurqphqwdo lqqrydwlrq lv orzhu zlwk wkh hqylurqphqwdo U)G fduwho zkloh
wkh rssrvlwh lv wuxh iru vpdoo gdpdjhv +�

2
	 _ 	 _, +sduw lll,1 Wkh rssrvlwh

uhvxowv krog iru wkh rswlpdo hplvvlrq wd{ 0 wklv lv d gluhfw lpsolfdwlrq ri wkh
yroxqwdu| dssurdfk hohphqw/ Y5

Y|
	 f1

Rxu lqwxlwlrq iru sduw +lll, ri sursrvlwlrq 4 surfhhgv dv iroorzv= Frqvlghu
wkh fdvh ri qr vslooryhuv iru jlyhq U)G h!flhqf| +�{hg �,1 Lq rughu wr uhgxfh
lwv wd{ eloo/ d �up zloo lqfuhdvh lwv hqylurqphqwdo U)G vr dv wr lqgxfh d orzhu
hplvvlrq wd{ iurp wkh uhjxodwru> krzhyhu/ jlyhq wkh sxeolf jrrg qdwxuh ri
hplvvlrq uhgxfwlrq/ hdfk �up zloo uhdvrq wklv zd| dqg zloo h{shfw lwv ulydo
�up wr gr wkh mre uhvxowlqj lq xqghulqyhvwphqw lq U)G1 Zkhq �upv frrugl0
qdwh wkhlu U)G zlwklq dq HUF/ wklv iuhh0ulglqj dvshfw ehfrphv lqwhuqdol}hg
dqg �upv zloo vshqg pruh uhodwlyh wr wkh fdvh ri lqghshqghqw U)G dqg zloo
jhqhudwh pruh hplvvlrq uhgxfwlrq1 Krzhyhu/ dv gdpdjh lqfuhdvhv/ lqghshq0
ghqw �upv vwdqg wr orrvh uhodwlyho| pruh iurp d kljkhu hplvvlrq wd{ dqg wkxv
iru kljk ydoxhv ri _ zh revhuyh wkdw wkh| zloo gr pruh U)G wkdq �upv lq wkh
HUF1 Wdnlqj dffrxqw ri wkh vslooryhu/ lq wkh fdvh ri lqghshqghqw U)G wkhuh
lv ixuwkhu xqghulqyhvwphqw gxh wr wkh dssursuldelolw| sureohp 0 wklv h{sodlqv
zk| dv wkh vslooryhu lqfuhdvhv wkh �upv lq dq HUF zloo xqghuwdnh pruh U)G
wkdq wkh lqghshqghqw �upv1

Iljxuh 4 looxvwudwhv wkh deryh sursrvlwlrq dqg wkh fruroodu|1

^Iljxuh 4`

Qh{w/ zh frpsduh htxloleulxp sur�wv shu �up1 Xvlqj +:, dqg +45, diwhu
vrph pdqlsxodwlrq zh rewdlq

ZeoS � Z?S '
�2E� n _�2V2

e{K2
: f +49,

zkhuh V � _E�� 2_�E�� q�E�n q�2n2�d_n qE2_2n2_� ��o1 Zh wkhq vwdwh

Sursrvlwlrq 5 Ilup sur�wdelolw| lv kljkhu lq dq hqylurqphqwdo U)G fduwho
+HUF, wkdq lq U)G frpshwlwlrq/ Z

eoS
: Z

?S
1

<



Lw lv reylrxv wkdw lw lv sulydwho| sur�wdeoh iru d �up wr sduwlflsdwh lq dq
hqylurqphqwdo U)G fduwho zkdwhyhu wkh hqylurqphqwdo gdpdjh +dqg hplv0
vlrq wd{,> l1h1 d �up kdv d fohdu lqfhqwlyh wr sduwlflsdwh lq dq HUF1; Wklv lv
h{shfwhg jlyhq wkdw zlwklq dq HUF hdfk �up lv pd{lpl}lqj mrlqw sur�wv e|
fkrlfh ri lwv hqylurqphqwdo U)G1

Ilqdoo|/ zh frpsduh wrwdo zhoiduh xqghu wkh wzr irupv ri U)G rujdql}d0
wlrq1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh uhvxowv1

Sursrvlwlrq 6 Iru jlyhq � / q 5 dfc �o dqg _ : �

2

+l, zkhq �

2
	 _ 	 �

2
wrwdo zhoiduh lq wkh HUF lv dozd|v juhdwhu wkdq lq wkh

qrq0frrshudwlyh htxloleulxp/ A`
eoS

: A`
?S

>
+ll, zkhq _ : �

2
/ wkhuh lv d _ vxfk wkdw iru doo _ : _/ wrwdo zhoiduh lv orzhu

lq dq hqylurqphqwdo U)G fduwho uhodwlyh wr hqylurqphqwdo U)G frpshwlwlrq
A`

eoS
	 A`

?S
dqg iru doo �

2
	 _ 	 _/ wkh rssrvlwh lv wuxh/ A`

eoS
: A`

?S
1

Surri Iurp +;, zlwk +46, zh rewdlq diwhu vrph pdqlsxodwlrqv

A`
eoS

� A`
?S

'
�2E� n _�2l)

eg2\2
+4:,

zkhuh l : f / l � 2_2E� n q�e/� n _E� n q�2/2 n 2E� n _�2/� : fc dqg
/� � d�E. n q� n _ED� n ��q n _E2S n Sq��o/
/2 � d2b n .q n _ E�S n 2Hq n _ E2b n DDq n 2_ E. n ��q���o �/
dqg /� � d2 n q n _E2_q � ��o �21 Ixuwkhu/ g � S_ n e_2 n �2_q n H_2q n
S_q2 n e_2q2 n � n 2_� n _2�/ \ � b_n ._2 n �2_q n H_2q n �_q2 n _2q2 n
2� n e_� n 2_2� dqg ) kdv ehhq gh�qhg suhylrxvo|1 Lw lv wkhq reylrxv wkdw
r�}?dA`

eoS
� A`

?S
o ' r�}?E)�1 Zh fdq wkhq xvh wkh irupdo vlplodulw| zlwk

wkh surri ri Sursrvlwlrq 4 +sduwv +l, dqg +lll,, wr rewdlq wkh uhvxow1 �
Dffruglqj wr Sursrvlwlrq 6/ dq hqylurqphqwdo U)G fduwho fdq eh ghwul0

phqwdo wr vrfldo zhoiduh ghvslwh ehlqj ghvludeoh iurp wkh �upv* srlqw ri ylhz>
wklv lv vr iru uhodwlyh odujh hqylurqphqwdo gdpdjhv dqg h!flhqw U)G1 Krz0
hyhu/ iru uhodwlyho| vpdoo gdpdjhv/ wkh HUF uhvxowv lq kljkhu zhoiduh wkdq
lqghshqghqw U)G1 Wklv odwwhu uhvxow lv lq frqwudvw zlwk wkh jhqhudo uhvxow
rewdlqhg lq wkh frvw0uhgxflqj U)G olwhudwxuh/ zkhuh dq U)G fduwho lv wkh
zruvw irup ru U)G rujdql}dwlrq lq whupv ri vrfldo zhoiduh uhodwlyh wr lqgh0
shqghqw U)G dqg d uhvhdufk mrlqw yhqwxuh +zklfk lv wkh prvw forvhu wr wkh

;
Lq wkh fdvh ri d q �up roljrsro| wklv lqfhqwlyh zrxog eh suhvhqw lq d vlwxdwlrq ri

dq lqgxvwu|0zlgh HUF1 Krzhyhu/ doorzlqj n �upv lq dq HUF +n ? q, 0 ru jhqhudoo| lq
ydulrxv w|shv ri U)G frrshudwlrq/ zrxog qhfhvvlwdwh d fduhixo h{dplqdwlrq ri wkh suri0
lwdelolw|2lqfhqwlyhv wr mrlq iru wkh rxwvlgh �upv1 Wkhvh lvvxhv olh rxwvlgh wkh vfrsh ri wkh
suhvhqw sdshu1
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vrfldo rswlpxp,/ vhh h1j1 Ndplhq hw do1 +4<<5,1 Lqwurgxflqj srooxwlrq h�hfwv
uhvxowv lq d fkdqjh lq wkh zhoiduh udqnlqj ri U)G rujdql}dwlrqdo irupv1 Wkh
lqwxlwlrq iru wkhvh uhvxowv lv d gluhfw lpsolfdwlrq ri wkh uhvxowv rq wkh uhodwlyh
udqnlqj ri hqylurqphqwdo U)G/ frqwdlqhg lq sursrvlwlrq 41 Qrwh dovr/ zkhq
q ' �/ wkh HUF +zklfk lq wklv fdvh frlqflghv zlwk dq HUMY, rxwshuirupv
wkh lqghshqghqw U)G fdvh iru dq| ghjuhh ri hqylurqphqwdo gdpdjh 0 wklv
lv ehfdxvh lw lqwhuqdol}hv wrwdoo| erwk wkh iuhh0ulghu dqg wkh dssursuldelolw|
sureohpv1<

6 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh kdyh dgguhvvhg wkh txhvwlrq ri wkh lpsruwdqfh ri wkh ru0
jdql}dwlrq ri hqylurqphqwdo U)G lq uhodwlrq wr hplvvlrq uhgxfwlrq dqg wkh
dvvrfldwhg vrfldo zhoiduh1 Zh kdyh h{dplqhg wklv lq wkh frqwh{w ri d xqlodw0
hudo yroxqwdu| dssurdfk irupxodwlrq fdswxuhg e| wkh lqdelolw| ri wkh uhjxod0
wru2jryhuqphqw wr frpplw wr wkh hqylurqphqwdo srolf| lqvwuxphqw +lq wklv
fdvh dq hplvvlrq wd{, fuhgleo|1 Zh kdyh vkrzq wkdw/ iru uhodwlyho| vpdoo
gdpdjhv/ hqylurqphqwdo lqqrydwlrq lv kljkhu lq wkh fdvh ri dq hqylurqphqwdo
U)G fduwho +HUF, frpsduhg wr lqghshqghqw U)G/ zkloh iru uhodwlyho| odujh
gdpdjhv wkh rssrvlwh lv wuxh1 Wkh vdph udqnlqj dssolhv wr wkh frpsdulvrq
ri vrfldo zhoiduh1 Lq dgglwlrq/ wkh wlph0frqvlvwhqw wd{ lv orzhu iru dq HUF
frpsduhg wr lqghshqghqw U)G lq wkh fdvh ri vpdoo gdpdjhv dqg wkh uhyhuvh
krogv iru odujh gdpdjhv1 Lw zrxog vhhp wkhq/ lq vxppdu|/ wkdw HUFv shuirup
ehwwhu wkdq d qrq0frrshudwlyh U)G rujdql}dwlrq rqo| zkhq hqylurqphqwdo
gdpdjh lv orz1 Krzhyhu/ zh vkrxog eh dzduh wkdw wklv whqwdwlyh frqfoxvlrq
kdv ehhq uhdfkhg iru wkh fdvh zkhuh wkh hqylurqphqwdo srolf| wrro lv d wd{
rq d �up*v hplvvlrqv1 E| xvlqj d gl�huhqw srolf| lqvwuxphqw/ iru h{dpsoh
dq dpelhqw wd{ +lpsrvhg rq wrwdo hplvvlrqv,/ wkh uhjxodwru pljkw eh deoh
wr lqgxfh �upv wr lqwhuqdol}h wkhlu dfwlrqv rq rwkhu �upv1 Wklv revhuydwlrq
ohdgv xv wr vxjjhvw vwxg|lqj wkh lpsdfw ri d fkdqjh lq wkh wd{ ghvljq wr
h{dplqh krz wkh srvvleoh zhoiduh gl�huhqfhv ehwzhhq lqghshqghqw U)G dqg
dq HUF ghshqg rq wkh lqvwuxphqw xvhg e| wkh uhjxodwru1 Ixuwkhu/ dqg lq
uhodwlrq wr wkh uhvxow derxw wkh vxshulrulw| ri dq HUMY +xqghu zklfk �upv
vkduh lqirupdwlrq ixoo|, iru dq| ghjuhh ri gdpdjh/ wkh uroh ri srolf| pljkw eh

<Wklv lv lq frqwudvw zlwk wkh uhvxow rewdlqhg e| Ndwvrxodfrv hw do1 +4<<<,/ zkhuh dq
HUMY zdv vkrzq wr rxwshuirup lqghshqghqw U)G iru wkh fdvh ri vpdoo gdpdjhv rqo| lq
wkh frqwh{w ri U)G rxwsxw vslooryhuv wkrxjk1 Qrwh wkdw lq rxu prgho/ lw lv dvvxphg wkdw
zlwklq dq HUMY ixoo lqirupdwlrq0vkdulqj wdnhv sodfh> lq d frqwh{w ri frvw0uhgxflqj U)G/
Sr|djr0Wkhrwrn| +4<<<, kdv vkrzq wkdw wkh fkrlfh ri � @ 4 lv wkh xqltxh htxloleulxp
rxwfrph ri d jdph zkhuh +lqsxw, vslooryhuv duh hqgrjhqrxv xqghu wkh lq xhqfh ri �upv1
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wr idflolwdwh lqirupdwlrq h{fkdqjh ehwzhhq �upv lq rughu wr wudqvirup dq|
yroxqwdu| HUF lqwr d zhoiduh0lpsurylqj HUMY1

Lq dgglwlrq/ zh vkrxog qrwh wkdw wkhvh uhvxowv kdyh ehhq rewdlqhg lq
wkh frqwh{w ri d gxrsrolvlwlf pdunhw1 H{whqglqj wkh dqdo|vlv wr dq ?0�up
roljrsro| zrxog h{dfhuedwh wkh iuhh0ulghu sureohp vr wkdw frrshudwlrq lq
wkh irup ri dq hqylurqphqwdo U)G fduwho zrxog suredeo| uhvxow lq kljkhu
hqylurqphqwdo lqqrydwlrq dqg zhoiduh lq d zlghu fodvv ri fdvhv> krzhyhu/ zlwk
pruh wkdq wzr �upv zh zrxog kdyh wr frqvlghu frrshudwlrq hqfrpsdvvlqj
ohvv wkdq wkh wrwdo qxpehu ri �upv lq wkh pdunhw dqg h{dplqh wkh h�hfwv rq
lqvlghuv +frrshudwlqj �upv, dqg rxwvlghuv +qrq0frrshudwlqj �upv, dqg krz
wkh lqwhusod| ri wkhvh vhwv ri �upv d�hfwv wrwdo zhoiduh dqg vr rq1 Pruhryhu/
lvvxhv ri pxowlsoh/ frpshwlqj HUFv zrxog qhhg wr eh dgguhvvhg143 Zh ohdyh
wkhvh lqwhuhvwlqj wrslfv iru ixwxuh uhvhdufk1

43Rq wklv vhh Ndplhq dqg ]dqj +4<<6, iru wkh fdvh ri frvw0uhgxflqj U)G lq wkh devhqfh
ri srooxwlrq h�hfwv1
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Uhihuhqfhv

^4` Eudx/ U1 dqg F1 Fduudur/ 4<<</ Yroxqwdu| dssurdfkhv/ pdunhw vwuxfwxuh
dqg frpshwlwlrq/ IHHP Qrwd gl Odyrur/ 861<<1

^5` Frqudg/ N1/ 4<<;/ Yroxqwdu| Hqylurqphqwdo Djuhhphqwv/ Hplvvlrq Wd{hv
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Figure 1

Environmental R&D (emission reduction)
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Note:  The white area in each cell corresponds to

zerc > znc and the black area represents zerc < znc.

zerc: environmental R&D per firm in the ERC

znc: environmental R&D per firm under

independent R&D


