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Abstract

We investigate the relationship between the third degree inverse
stochastic dominance criterion introduced in Muliere and Scarsini (1989)
and inequality dominance when Lorenz curves intersect. We propose
a new definition of transfer sensitivity aimed at strengthening the
Pigou-Dalton Principle of Transfers. Our definition is dual to that
suggested by Shorrocks and Foster (1987). It involves a regressive
transfer and a progressive transfer both from the same donor and
leaving the Gini index unchanged. We prove that finite sequences of
these transfers and/or progressive transfers characterize the third de-
gree inverse stochastic dominance criterion. This criterion allows to
make unanimous inequality judgements even when Lorenz curves in-
tersect. The Gini coefficient becomes relevant in these cases in order
to conclusively rank the distributions.
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1 Introduction

Since Kolm (1969), Atkinson (1970) and Sen (1973) the relevance of the
Lorenz dominance criterion for inequality comparisons of income distribu-
tions is widely recognized. An income distribution Lorenz dominates another
if and only if it shows less dispersion in income shares, or equivalently if shows
a reduction in inequality evaluated by all inequality averse and symmetric
indices (S-Convex).

There are many cases, however, in applied analysis, where Lorenz curves
intersect and therefore this result cannot be applied. Moreover, it is not
necessarily the case that income shares alone should be relevant for inequality
evaluations, income differentials (as argued in Kolm, 1976) could be relevant,
and possibly also combined evaluations of both.

When two Lorenz curves intersect only once, Shorrocks and Foster (1987)
show that one still obtains inequality dominance according to relative indices
whose ranking is consistent with the third degree stochastic dominance cri-
terion, provided the Lorenz curve of the distribution with the lower variance
intersects the other one from the above!. This result holds if the inequality
evaluation satisfies a Strong version of Kolm’s (1976) Principle of Transfer
Sensitivity?. This result provides an ethical role for the third degree stochas-
tic dominance criterion and the use of the variance in inequality comparisons.

However it is possible to approach the problem from a different perspec-
tive, instead of looking at standard stochastic dominance conditions, consider
the inverse stochastic dominance criterion introduced by Muliere and Scarsini
(1989). Both dominance criteria are equivalent for the first two degrees of
dominance but differ afterwards. As is well known the direct stochastic
dominance approach is linked to the concept of welfare dominance accord-
ing to utilitarian functions while the inverse approach is linked to welfare
dominance in terms of the linear rank-dependent Yaari dual social welfare

functions (YSWFs).?

IThe result holds for distributions with the same mean and population size. Davies
and Hoy (1995) provides a generalization of the result to the case of multiple intersections
which considers continuous distributions. See also Atkinson (1973).

2The principle requires that inequality reduces as the effect of a variance-preserving
combination of a transfer from a rich to a poor person at low income levels and a reverse
transfer at higher incomes.

3 As shown in Zoli (1999) when distributions with the same means are compared, inverse
stochastic dominance conditions are equivalent to welfare dominance in terms of YSWFs,
provided the weighting function applied to aggregate incomes satisfies appropriate restric-



In this paper we investigate the relationship between the third degree
1nwerse stochastic dominance and inequality dominance when Lorenz curves
intersect.

The respect of the Principle of Positional Transfer Sensitivity PPTS sug-
gested by Mehran (1976) and Kakwani (1980)*, has been shown in Zoli (1997,
1999) to be necessary in order to characterize inequality averse YSWF's con-
sistent with the third degree inverse dominance criterion®.

Following Zoli (1997) we show that the same restrictions on the Yaari
weighting function implied by the PPTS could be obtained if we general-
ize the principle allowing for transfers of different amounts from the same
donor to a poorer and a richer recipient, the only requirement being that
these transfers have to leave unchanged the Gini coefficient. Exploiting the
equivalence relation between welfare dominance for the obtained class of
YSWF's and third degree inverse stochastic dominance it is therefore pos-
sible to characterize classes of inequality indices consistent with the latter
dominance criterion. The main result of the paper is that the indices which
are consistent with third degree inverse dominance are S-Convex and satisty
the above mentioned Strong version of PPTS, without being restricted in
principle to belong to the linear inequality measures class in Mehran (1976).
These results are consistent with those in Chateauneuf and Wilthien (2000)
and Aaberge (2000). The intuitive argument providing the basis of the re-
sult was available in Zoli (1997), in this paper we provide a formal proof in
order to establish it rigorously. Instead of approaching the problem trying
to show directly the equivalence between third degree inverse dominance and
sequences of transfers, we exploit the equivalence between inverse dominance
and welfare dominance in terms of YSWFs and investigate which are the
set of transfers which are consistent with welfare dominance. This differ-
ent perspective allows us to provide an immediate and simple intuition of
why the Strong version of PPTS requires to leave unchanged the Gini in-
dex. Remember that the Gini index attaches equal weights to the impact

tions. This result applies, under analogous conditions, also to dominance associated to
the linear inequality measures in Mehran (1976) which could be considered the ethically
based inequality measures associated to the YSWFs.

4The PPTS requires a combination of a progressive transfer at low income levels and
a regressive transfer at higher income levels, both of the same amount, and occurring
between individuals with a given proportion of the population in between them, to be
welfare enhancing or inequality reducing.

5See also Chateauneuf, Gajdos and Wilthien (1999).



of a transfer, for a given distance in the income ranking between the donor
and the recipient, no matter what is their position in the ranking. Therefore
any composite transfer which is not affecting the index will be considered in-
equality reducing by all positional transfer sensitive indices attaching higher
weights to transfers occurring at the bottom of the income distribution. It
is exactly the dominance for all this measures which is equivalent to third
degree inverse dominance.

The paper is organized as follows. In the first section we build up the
set up, developing the analysis both for continuous and discrete income dis-
tributions. In the central part of the paper we will provide the main result
of characterization of third degree inverse stochastic dominance in terms of
sequences of transfers for discrete distributions®. We also generalize the class
of inequality indices consistent with third degree inverse dominance in or-
der to allow for intermediate inequality equivalence (Bossert and Pfingsten,
1990). Following Zoli (1997, 1999), we show that, because of the equivalence
between inequality dominance according to all indices belonging to this class
and third degree inverse stochastic dominance, when the intermediate Lorenz
curves intersect once, dominance for all the indices belonging to this class is
ensured simply checking that the distribution with the higher Lorenz curve
at the lowest percentiles exhibits a lower “Intermediate Gini coefficient” (the
Gini coefficient satisfying intermediate equivalence).

The results could be extended in order to take into account comparisons
involving multiple intersections of the Lorenz curves. The subgroup decom-
position of the intermediate Gini coefficient is still involved.

Finally in the last section, in order to highlight the link between inverse
dominance and the Gini index, following Muliere and Scarsini (1989) and
Yitzhaki (1982, 1983) we investigate the relationship between higher degrees
of inverse dominance and welfare dominance according to the parameterized
family of Extended Gini indices.

2 Preliminaries

It could be useful to consider the analogy between income distribution and
random variables. Let (€2, A, P) be a probability space. {2 could be seen as

6The proof will be provided in the appendix, and will be divided into two parts. The
first part is of immediate interpretation, because it relies on the simple intuition discussed
in the text. The second part is more technical and tedious.



a population of individuals, (either discrete or continuous) and Y is a non-
negative random variable, with finite expectation. In our framework Y (w)
is the income level of agent w € €, therefore Y is called income profile. If
Q ={wy,ws,.. wi,..wp}, and P attaches equal mass 1/n to each w;, we have
the n-dimensional empirical case, where Y (w;) = y;, and the income profile
is represented by the n-dimensional vector y = (y1, Y2, -Yi, -Un)-

Let F(y) denote the (discrete or continuous) cumulative income distri-
bution function of an income profile with support (0, 4+00) and finite mean
u(F) = 0+°oy dF'(y). Let F the set of all such cumulative distributions,
and X" and F", the set of n-dimensional income profiles and the set of the

associated distributions. Moreover, let
Fl(p)=inf{y: F(y) >p} with 0<p<1

be the left continuous inverse distribution function showing the income of
an individual at the 100p™® percentile of the distribution. It follows that
w(F) = fol F~Y(p)dp. Next, making use of Gastwirth (1971), the Lorenz
curve for F' is defined as:

p
F(t)
Lr(p) / () i

0
An income profile shows less dispersion than another, in terms of income
shares, if its Lorenz curve is nowhere below that of the other profile’. We
will say that distribution F' € F Lorenz dominates distribution G € F,
F = G, if and only if

Lp(p) 2 La(p) for all p € [0,1].

If u(F) = pu(G) this condition is equivalent to second degree stochastic domi-
nance, which in turn is equivalent to Generalized Lorenz dominance obtained
comparing Generalized Lorenz curves GLp(p) = u(F)Lg(p).

The second degree stochastic dominance order is equivalent to welfare
dominance once we consider inequality averse welfare functions which are
not decreasing in income levels (see Kolm, 1969 and Shorrocks, 1983). When
Generalized Lorenz curves intersect Shorrocks and Foster (1987), Dardanoni

"See Atkinson (1970), Kolm (1969), Sen (1973), Dasgupta, Sen and Starrett (1973),
Rothschild and Stiglitz (1973) and Fields and Fei (1978).



and Lambert (1988), and Davies and Hoy (1994, 1995) provide a normative
justification for using the third degree stochastic dominance order®.
In this paper instead of looking at higher degree of stochastic dominance

we shift the attention to the concept of inverse stochastic dominance intro-
duced by Muliere and Scarsini (1989). For F' € F we denote

9

P
Fp) = F '(p), F,'(p)= / Fl(Mdt, 0<p<i

and define the k-th degrees inverse stochastic dominance 3=, as follows:

Definition 1 Given two income distributions F and G € F, F =.* G if
and only if F7'(p) > G (p) forallp,0<p<1.

As shown by Muliere and Scarsini (1989) direct and inverse stochastic
dominance are not equivalent for degrees higher than the second.

We will review results introduced in Zoli (1999), providing normative jus-
tification for the use of third degree inverse stochastic dominance (henceforth
3ISD) and we will investigate the implications of these results for inequality
comparisons, as well as for providing a characterization of 3ISD in terms of
transfers of incomes within an income profile.

We will denote by I(F) and W (F') respectively the inequality and welfare
indices associated to distribution F' € F. Since those indices are defined over
distribution functions they are symmetric and population invariant, that is
they depend only on the income distribution and are invariant w.r.t. repli-
cations. In the empirical case it means that the indices implicitly satisfy the
following properties:'”

Axiom 2 (Anonimity (An)) The evaluation is invariant w.r.t. permuta-
tions of the income profile (Y1, Y2, Yiy -Yn)-

Let y", r positive integer (r € I) be the distribution obtained from the
income profile y € X" replicating it r times, that isy” = (y,, ..y, ..,y) € A™.
—

r times

8See also Withmore (1980) and Menezes et al. (1980) for a discussions concerning
comparisons of risky prospects.

9Gee for instance Fishburn and Willig (1984).

10The anonymity property requires that the only factor relevant in inequality and welfare
comparisons is the level of income. Therefore we can restrict our attention to ordered
distributions.



Axiom 3 (Population Principle (PP)) Income profilesy € X", and y" €
X receives the same evaluation for all ryn € 1.

This axiom suggested by Dalton (1920) (see also Dasgupta, Sen and Star-
rett, 1973) allows to compare distributions with different population size!l.
In this paper we will restrict attention to both inequality and welfare indices
satisfying An and PP.

Following the ethical approach to inequality measurement, social welfare
and inequality judgements are supposed to be consistent, i.e. they must

produce the same rankings over distributions with equal means'?.

Definition 4 An inequality indez I(.) and a social welfare function W (.) are
consistent if for any F and G € F such that u(F) = u(G), I(F) < I(G)
whenever W(F) > W(G).

The consistency property will allow us to interpret the results we will
discuss for welfare dominance in terms of inequality dominance when distri-
butions with equal means are compared.

The following properties of welfare and inequality indices allow to in-
troduce inequality aversion in the evaluation. We consider n-dimensional
empirical income profiles. We define a progressive transfer as a transfer of
income from a rich to a poor individual which is not affecting their positions
in the income ranking'?; the transfer is called regressive if it goes in the
opposite direction.

Axiom 5 (Principle of Transfers (PT)) Given two distributions F and

G € F" such that F 1s obtained from G through a progressive transfer then
W(F) > W(G).

1 According to PP the evaluation considers only relative frequencies or sample weights
attached to each household receiving a given income. Following Yaari (1988) the termi-
nology PP allows to restrict our attention to normalized income profiles with a population
of unit mass.

12The consistency condition has been discussed in Blackorby and Donaldson (1984),
Ebert (1987), Dutta and Esteban (1992), and Ben Porath and Gilboa (1994).

13The definition of progressive transfer and related Principle of Transfers is due to Fields
and Fei (1978). The Principle of Transfers has been introduced in the literature by Pigou
(1912) and Dalton (1920). For a discussion of different versions of the Principle of Transfers
in inequality and welfare measurement see Mosler and Muliere (1998).



Welfare does not decrease (equivalently inequality is not increased I(F) <
I(G) for a consistent index I(.)) as the effect of a progressive transfer. More
formally, assuming individuals are ranked in ascending order according to
their incomes, let AW ,;(6) denote the change in social welfare due to
a transfer § of income from the (i + p)" individual to the i individual,
that leaves unchanged their rank in the distribution. According to PT
AVVHM(&) > 0.

It is well known that the properties An and PT correspond to impos-
ing S-Concavity on the equality ordering induced by the indices (therefore
S-Convexity on the consistent inequality counterpart), and that over distribu-
tions of same total income and population dimension the inequality ordering
is equivalent to the Lorenz ranking.

The Pigou-Dalton Principle of Transfers (PT) has been strengthened re-
quiring to social welfare to be more sensitive to transfers that take place
lower down in the distribution'?. In this paper we concentrate on a version
of the transfer sensitivity axiom, discussed in Mehran (1976) and Kakwani
(1980) which place attention on the positions of the individuals in the income
ranking.'®

Definition 6 (Principle of Positional Transfer Sensitivity, PPTS) For
any pair of individuals © and j, if j > 1 then AWy, :(6) > AWi, ;(6).

This formulation of PPTS implies that a combination of a progressive
transfer and a regressive transfer of the same amount and involving individ-
uals with the same distance in the income ranking is not reducing welfare if
the progressive transfer takes place at lower income levels than the regressive
transfer.

For the purpose of investigating the relationship between welfare and
inequality dominance and inverse stochastic dominance, we restrict our at-
tention to rank-dependent evaluation functions.

14This is the so-called Principle of Transfer Sensitivity, which requires that a progressive
transfer between persons with given income difference is valued more if these incomes are
lower than if they are higher (Kolm, 1976, p. 87).

15Notice that while for inequality aversion considerations, putting enphasis on ranks of
the individuals or on their income level is irrelevant, once we specify transfer sensitivity the
two perspectives lead to different results. Chateauneuf, Gajdos and Wilthien (1999) dis-
cuss a combined approach reconciling PPTS and Kolm’s PTS, obtaining characterizations
valid for general rank-dependent utilitarian functions.



A Yaari dual Social Welfare Function (YSWF) W (.) is an additive eval-
uation function according to which the social evaluation of an income profile
is a weighted average of the incomes, which are linearly aggregated, and

weighted according to their position in the income ranking, that is, following
Yaari (1987, 1988):16

W(F) = / F(p)o(p)dp, 1)

where v(p) > 0 (which is independent from F(y)) is the weight attached to
the income of the fraction of the population ranked p. Throughout the paper
we will suppose that v(p) is a continuous and twice differentiable function'”.
The family of Extended Gini based welfare functions'® Zy(.) is obtained for
v(p) = 0(1 — p)’~! where > 1. For § = 2 we get the Gini based welfare
function'® Z5(F) = u(F) [1 — T'(F)] where T'(F) is the Gini coefficient

2 ! .
M) = 1-—= [ 1=nF o). @)

Within Yaari’s evaluation framework the effect of a progressive transfer
could be checked as follows (see Mehran, 1976). Each income unit represents
a fraction of the total population dp, since (1) is defined over distribution
functions, it is invariant w.r.t. replications of the population, therefore dp
could be arbitrarily small. We consider therefore a small transfer 6 > 0 from
a tiny fraction dp > 0 of the population at the 100(i + p)"* percentile of the
distribution to a fraction dp > 0 of poorer individuals at the 100i" percentile,
where ¢ > 0 is such that the ranking of the income units considered is not

16See also Weymark (1981), Ebert (1988), Quiggin (1993), Ben Porath and Gilboa (1994)
and Safra and Segal (1998).

1"Within the appendix we will consider also cases in which v(p) is not differentiable.
Notice that for the empirical case W (F) reduces to

Wy (y) =) e (VIi/n] = Vi —1)/n])

where y;y < y41) and V (t) = fgv(p)dp.

18See Donaldson and Weymark (1983) and Yitzhaki (1983).

19The welfare index Z5(.) can be interpreted as the equally-distributed-equivalent income
measure for the Gini coeflicient if we apply the method of deriving social welfare functions
from inequality indices suggested in Blackorby and Donaldson (1978).



affected as a consequence of the transfer. If welfare is evaluated according to
(1) then:

AWiypi(8) = —6v(i + p)dp + bv(i)dp (3)

It follows that a YSWEF satisfies PT, if and only if v/(p) < 0 (See Mehran
1976, Yaari, 1987, 1988), and also PPTS if and only if v”(p) > 0 (See Mehran,
1976, Kakwani, 1980 and Zoli, 1999).2°

As shown in Wang and Young (1998) and Zoli (1999) welfare dominance
in terms of YSWF's corresponds to the criterion of inverse stochastic domi-
nance.?! Particularly, once we restrict attention to YSWFs where v/'(p) < 0
and v”(p) > 0, welfare dominance is equivalent to 3ISD for income distribu-
tions with equal means, and generally:

Proposition 7 (Zoli (1999)) For any YSWF satisfying PT and PPTS:
W(F) > W(G) if and only if F =3" G and u(F) > u(G).

That is, if we consider inequality orderings consistent with the YSWF
ordering then for comparisons of distributions with the same mean 3ISD
replace Lorenz dominance.

The relevance of the Gini index I'(F') as an inequality summary statistic
will become clear from the following result.

We specify the Rawlsian leximin criterion making use of the inverse dis-
tribution functions of F' and G; F >, G means that F' dominates GG ac-
cording to the leximin criterion, that is, there exists an interval (0,p*) on
which F~!(p) # G™*(p) and F~(p) > G~'(p).*2

Proposition 8 (Zoli (1999)) If the Lorenz curves for F' and G cross once,
w(F) = p(G), and F = G, then W(F) > W(G) for all YSWFs satisfying
PT and PPTS if and only if I'(F) < T'(G).

This result, if combined with that in the previous proposition, shows
that when it is impossible to compare distributions unanimously in terms
of S-Concave evaluation functions, once we consider 3ISD as an ethically
acceptable criterion, then in the most common case of single crossing, only
the leximin and Gini index information is sufficient for providing a clear-cut
judgement.

20Chateauneuf et al. (1999) show that the same result holds for generalized rank-
dependent utilitarian functions without imposing inequality aversion.

21See also Aaberge (2000).

220bviously F = pmin G could be expressed equivalently making use of F}, L(p) and Ggl (p)
for any £k =1,2, ..

10



3 Inequality comparisons

Until now we have discussed the relationship between welfare dominance
and PPTS. If we restrict our attention to a Strong version of PPTS it is also
possible to obtain results for inequality dominance. The Strong version of
PPTS involves the definition of a generalization of the positional transfers
covering situations in which both the amount of the transfer and the distance
between the pairs of individuals involved may change. In order to formalize
this principle we need to introduce the concept of Favourable Composite Po-
sitional Transfer (FCPT). We call this composite transfer favourable because
its net effect is assumed to be inequality reducing, and positional because it
is sensitive to changes in distances in the income ranking of the individuals
involved.

Definition 9 (FCPT) A Favourable Composite Positional Transfer is a
combination of a rank-preserving progressive transfer and regressive trans-
fer from the same donor, such that the Gini index is left unchanged.

Formally, consider empirical distributions F, F' € F”, then F is obtained
from F through a FCPT?? if it is obtained from a progressive transfer of
a small amount 6 > 0 from a tiny fraction dp > 0 of the population at
the 1005 percentile of the distribution to a poorer fraction dp > 0 at the
100i*" percentile, and a regressive transfer of a small amount > 0 from the
fraction dp of the population at the 1005 percentile of the distribution to a,
richer fraction dp of individuals at the 100{"*, where [ > j > i and such that
[(F) =T(F).

We can now formalize the Strong version of PPTS.

Definition 10 An inequality index obeys the Strong Principle of Positional
Transfer Sensitivity (SPPTS) if and only if I(F) < I(F) whenever F is
obtained from F' applying a FCPT.

This condition implies that if we apply a sequence of progressive trans-
fers and/or favourable composite positional transfers, we obtain a distribu-
tion which must be considered more equal according to any inequality index
satisfying the PT and SPPTS.

23 Placing attention to F, F € F™ we can restate the definition considering rank-
preserving transfers of amounts 6, > 0 involving individuals at the j*, i*" and I* posi-
tions in the illfare ranked income distribution, where { > j > i and such that I'(F) = I'(F").

11



Moreover any welfare function W (.) consistent with such indices should
satisfy W(F) > W(F). As we will show?!, SPPTS is equivalent to PPTS
when social welfare is evaluated according to YSWFs such that v'(p) < 0
and v”(p) > 0, but generally speaking it is a stronger condition than PPTS.
It does not impose any restriction concerning the extent of the transfers and
the distances between the individuals involved. Moreover, although FCPT
restricts attention to the case in which the donor is the same both for the
progressive and regressive transfer, this simplification is not weakening the
impact of the SPPT. Any composite transfer where the two donors have
incomes between those of the recipients can be obtained through a sequence
of FCPTs.?

The following is the main proposition in the paper, it highlights the nor-
mative implications of making inequality or welfare comparisons using the
3ISD criterion. The result is dual to that presented in Shorrocks and Foster
(1987)2¢ concerning standard third degree stochastic dominance.

Proposition 11 Given two income distributions F and F € F" with equal
means, the distribution F' can be obtained from F' through a finite sequence of

progressive transfers and/or favourable composite positional transfers if and
only if F =3" F.

Proof: See appendix.

This result has been hinted at in Zoli (1997). Chateauneuf and Wilthien
(2000) independently obtain a similar characterization of 3ISD for the n-
dimensional empirical case?”. An interesting aspect which differentiate this
result from those of Shorrocks and Foster (1987) and Chateauneuf and Wilth-
ien (2000) is that in order to prove the equivalence between 3ISD and the
sequence of progressive transfers and FCPTs, instead of concentrating on
the effects of such transfers on the income profiles we exploit the result of
equivalence between 3ISD and welfare dominance in Proposition 7. We there-
fore look at the restrictions on the set of transfers which are consistent with
welfare dominance for all inequality averse YSWFs satisfying PPTS. This
approach makes clear the intuition behind the result?®. First notice that the

24Gee the only if part of the proof of Proposition 11.

25Gee Lemma 23 in the appendix.

26See also Menezes et al. (1980).

27See also Aaberge (2000) where similar results are hinted at.

28Gee Steps 1 and 2 in the proof. These are conceptually the most relevant steps of the
proof and are particularly simple. They look at restrictions on simple composite transfers

12



FCPT is set such that it only concentrates on comparisons of effects of the
progressive and regressive transfer, because these involve the same individ-
ual as the donor. Since the Gini based welfare function is the least transfer
sensitive indicator within the class of welfare functions considered, then at
least any welfare improving combination of transfers should not increase the
Gini index. Any evaluator who is inequality averse but neutral w.r.t. trans-
fer sensitivity, will consider the progressive transfer to the poor individual
sufficient to offset the negative impact of the regressive transfer. Since this is
an extreme position, then all evaluators minimally concerned with transfer
sensitivity will give to the progressive transfer higher value compared to the
regressive, then the FCPT will be considered welfare enhancing or inequality
reducing.?’

It is well known that given two distributions with equal means F and F,
the former Lorenz dominates the latter if and only if it is more equal accord-
ing to any inequality index satisfying PT. The third order inverse stochastic
dominance criterion extends the Lorenz dominance criterion over distribu-
tions with equal means when we refine the notion of inequality requiring
that the inequality indices also satisfy SPPTS. In other words, we obtain:

Corollary 12 If u(F) = u(F), then I(F) < I(F) for any inequality index

satisfying PT and SPPTS if and only if F =3 F.

This implies that, over distributions with equal means, when the Lorenz
curves of the two distributions cross once, we can apply the result in Propo-
sition 8 for inequality comparisons.

If we want to extend the inequality comparisons to distributions with dif-
fering means it is necessary to specify the Inequality Equivalence Criterion
applied. The inequality equivalence criterion specifies income transforma-
tions which leaves inequality unchanged®’. In what follows we will consider

involving only a progressive and a regressive transfer. The remaining part of the proof,
which is more technical, is devoted to show that any multiple transfer, involving more
than one progressive and regressive transfer, in order to be welfare enhancing should be
obtained through sequences of FCPTs and progressive transfers.

29 A similar intuition could be applied for interpreting Shorrocks and Foster (1987) re-
sult, concerning composite transfers leaving the variance unchanged, within an utilitarian
framework.

301f inequality is considered in terms of comparisons of relative differentials in income
then scaling an income profile by a positive constant will leave the inequality unchanged.
On the other hand if inequality evaluations are based on absolute income differentials, then

13



the parametric Intermediate Inequality Equivalence criterion suggested in
Bossert and Pfingsten (1990) which reaches the absolute and relative in-
equality equivalence for the extreme values of the parameter 0 < n < 1
representing the attitude toward inequality equivalence.

Axiom 13 (Intermediate Inequality Equivalence (IIE)) Income profiles

y,y' €X™ are n inequality equivalent if
y=y+Any+1—-n)1] ; foralXe€R such thaty' € X", (4)
where 0 < n<1,1=(1,1,..1)

All distributions y’ € X™ obtained from y through (4), for a given value
of n, are inequality equivalent to y according to the intermediate criterion
associated to n. When n = 1 then y’ = y(1 + \) we obtain the relative
inequality equivalence, while if n = 0 then y =y’ + A1 in (4), we reach the
other extreme view of inequality, the absolute inequality equivalence origi-
nally proposed by Kolm (1976). While for all the other values of n we have
intermediate positions.

Let F{;)(t) be the normalized distribution function, such that F{,( ny (1)

nu(F)+(1-mn)

F(y)if0 <n < 1,and Fo)(y—p(F)) = F(y) (in this last case F{o) has support
(—00,400)). Moreover, let I,(.) be an inequality index satisfying 7 equiva-
lence. Then, the above equivalence condition requires that I, (F') = L,(G) if
Fiop(y) = Gy ()

We could therefore write the class of intermediate inequality indices which
are consistent with YSWFs satisfying PT and SPPTS (or equivalently PPTS).
These are transformations of the linear measures of inequality 7*(.) defined
in Mehran (1976):

W 0/1“’ (et )

traslating the initial income profile adding the same amount of income to every individual
will not affect inequality.

31The class of S-Convex intermediate inequality indices has been characterized in Eich-
horn (1988).

14
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such that w'(p) > 0, w"(p) < 0, and w(p) is normalized such that fol w(p)dp =
0and w(1l) = 1.3 The mtermedlate version of the Gini coeflicient I, (.) can be

obtained for w(p) = 2(p — 1), that is T';(F) = 2 fo (1- <WF})+F1 v > dp.3

Moreover, is possible to specify “n Lorenz curves” LTI’?( ):

. p(F)[Lr(p) — pl
Lrlp) = nu(F) +(1—n)

We will say that distribution ' € F nLorenz dominates distribution G € F,
F =1 G if and only if:

L}(p) > L&(p) for all pe [0,1], 0 <n < 1.

As shown in Chakravarty (1988), F' =] G if and only if I,,(F') < I,(G) for all
S-convex 7 intermediate inequality indices. For 7 = 1, we have the standard
Lorenz dominance, while for n = 0 we obtain the absolute Lorenz dominance
introduced in Moyes (1988).

In the remaining part of this section we will consider inequality compar-
isons according to I,(.) indices. For this class of indices in order to compare
distributions with differing means we need only to make use of information
on the “n Lorenz curve” and the 7 Gini index of the distributions, since both
are invariant with respect to n inequality equivalent changes in the income
distributions.*

Proposition 14 If the “y Lorenz curves” for F' and G € F™ cross once,
and Fiyy =min G, then I,(F) < L,(G) for any n inequality index satisfying
PT, and SPPTS if and only if I';)(F) < T',(G).

Proof. Consider two distributions G and G with equal means. Applying
the results of Corollary 12 and Propositions 7 and 8, if the Lorenz curves

32Mehran (1976) discusses the relative index, that is I} (.).

33The intermediate inequality indices I'g,(.) associated to the Extended Gini welfare
functions are obtained for w(p) =1 — (1 — p)?—1.

34The following results are analogous to those obtained in Zoli (1999) for welfare dom-
inance in terms of YSWFs. They are dual to the results in Shorrocks and Foster (1987)
and Davies and Hoy (1995) related to traditional third degree stochastic dominance as-
sociated to the utilitarian approach. These results involve comparison of variances of the
populations or subgroups of the populations.

Zoli (1997), Chateauneuf and Wilthien (2000) and Aaberge (2000) provide results con-

cerning relative inequality comparisons.
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for G and G cross once, and G > G, then I'(G) < I'(G) if and only if
I(G) < I(G) for any inequality index satisfying PT and SPPTS, i.e. G 3"
G, or, in other words, G is obtained from G through a finite sequence of
progressive transfers and/or favourable composite positional transfers.

If we consider n inequality indices we need to concentrate on é(n) and
G- We can set distribution F, where p(F') possibly differs from x(G) such

that F(,) = G(,. It follows that by definition of the inequality equivalence

criterion I,(F) = I,(G) < I,(G), for all n inequality indices satistying PT,
and SPPTS. Moreover Fi,) =min Gy, Ty(F) = I,(G) < T,(G) and the 7
Lorenz curves of F' and G are unaffected. Which gives the initial conditions
in the proposition. m

We now extend the inequality comparisons to distributions whose Lorenz
curves cross more than once®®. Following Zoli (1999) we express 3ISD in
terms of the means and the Gini coefficients associated with subgroups of
the populations. Let F, and G, denote the distributions of incomes of the
first p'* fraction of individuals induced by distributions F' and G respectively,
such that F,(y) = F(y)/p for y < F~!(p) and F,(y) =1 for all y > F~(p).
As shown in Zoli (1999):

Lemma 15 F =;' G < u(F,) [1 —T(F,)] > u(G,) [1 —T(G,)] ¥p € [0,1].

Since we are considering inequality comparisons, we restrict the analy-
sis to distributions with equal means p(F) = pu(G) and then extend the
considerations to distributions with differing means by making use of the
inequality equivalence criterion. We consider the case of Lorenz curves Lpg
and Lg crossing c times.

Defines percentiles points p; as follows: py = 0, p; is the percentile point
at which the 25 intersection of Ly and L takes place, where j runs from 1
tok, and pgp1 = 1.

The i"* subpopulation consists of those income recipients belonging to
the poorest 100p; percent but not to the poorest 100p;_; percent of the
population. F* and G are the distribution functions of the i"* subpopulation
which are induced by F and G respectively, such that F'(y) = 0 for all

y < FY(p;1), Fi(y) = 1 for all y > F~!(p;) and F'(y) = % for

35Notice that in this case, because u(é) = (@), then G s min G & é(n) =min G(n)-
and the crossing condition is also satisfied by the 1 Lorenz curves.

36The following results are analogous to those obtained in Zoli (1999) for welfare domi-
nance in terms of YSWFs. They are dual to the results in Davies and Hoy (1995).

16



_ _ . _ — ] i—pi 1) F?
Fl(pio) <y < Flip); that is: F,, = F', F, = Y7, %, and
Fy . = F.

We can now state the following proposition which generalizes the result

in the previous proposition concerning single crossing of Lorenz curves.

Proposition 16 If the “n Lorenz curves” for F and G € F™ cross c times,
and Fiy =min G, then I,(F) < I,(G) for any n inequality index satisfying
PT and SPPTS if and only if:

(A) For c even (i.e. ¢ =2k): I'y(Fy,) < Ty(Gy,) forall j <k.
(B) For c odd (i.e. ¢ =2k+1): F(F ) S Ty(Gy,) forallj < k+1 (ie.
Ly (F,,) <TG, )forallj<kandF(F)§ I, (G)).

Proof. Consider two distributions G' and G with equal means u(G) =
u(G) = p, such that G =i G and the Lorenz curves for G and G cross an
even number of times (A). Then it is immediate to check that G = min G
for all i € N and the Lorenz curve of G¥'dominates that of G¥*1. Then
the pomts p; for j < k are local minima of the function X(p) = C?g Y(p) —

p) =pfy Le Lg(t)dt for 0 < p < 1. Then G =3 G if and only if
X(p]) > 0, for allj < k.

Notice that u(Gp,) = fo Ll(tdt = fo “tp,)dt = 1] v G7Yq)dg

that is pu(Gp,;) = pju(G)Lg(p]). Therefore since L (p) and Lg(p) cross at p;

and u(G) = pu(G) = p, then ,u(C~7Y ) = u(Gy,) if j < k. Recalling Lemma 15,
then X(p;) > 0, for all j < k if ‘and only if all the first £ subgroups with
distributions Gpj and G, satisfy the condition F(G ) < I(Gy,). It follows
that G is more equal than G according to any inequality index satisfying PT
and SPPTS if and only if T'(G,,) < T(G,,) for all j < k.

(B) If the Lorenz curves for G and G cross an odd number of times,
and G >min G, then the Lorenz curves of G*land GF*! cross once and
GHH1 >min G*T1. Then not only the points p; for j < k are local minima
of X(p), but also pyy; = 1 is a local minimum. Then G =3 G if and
only if X(p;) > 0, for all j < k + 1; this condition is satisfied if and only
if W(F,,) [1=T(F,)] = w(Gy,) 1 —T(Gy,)] for all j < k+1,ie I'(F,)
< I'(Gy,) for all j <k, and also I'(F') < I'(G).

In order to extend this proof to distributions with unequal means when
the indices of inequality are 7 invariant one can argue in the same way as
done in the final part of the proof of previous proposition. m
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3.0.1 Extended Ginis and inverse stochastic dominance

As mentioned before, a single parametric generalization of the Gini based
welfare index, the Extended Gini (EG) index

=y(F) = 6 / (1 - p) F(p)dp. (5)

is well known in literature on economic inequality and welfare measurement.
It has been independently proposed by Kakwani (1980) and Donaldson and
Weymark (1980, 1983). EG satisfies PT if ¢ > 1, and SPPTS (also PPTS) if
6 > 2. For 6 = 1 the associated ordering is inequality neutral =;(F') = u(F).
For § = 2 EG becomes the social welfare index p(F) [1 —I'(F')]. For § — oo
the associated welfare ordering approaches the leximin ordering.

Yitzhaki (1982, 1983) investigates the relationships between the welfare
ordering induced by this family of indices and the criteria of first and sec-
ond order stochastic dominance, providing sufficient conditions for stochastic
dominance in terms of dominance according EGs evaluated for differing val-
ues of the parameters. Muliere and Scarsini (1989) argue that the EGs are
also closely linked to the inverse stochastic dominance criteria, and show
that k' degree inverse stochastic dominance is a necessary condition for
dominance according to EGs evaluated for integer values of the parameter
not lower than k& — 1.

The aim of this section is to extend the set of sufficient conditions intro-
duced in Yitzhaki (1982, 1983), providing sufficient conditions for k" degree
inverse stochastic dominance. This shows, as hinted in Muliere and Scarsini
(1989), that the natural way of linking EG orderings and stochastic dom-
inance is by means of the inverse stochastic approach and not the direct
one. Furthermore, as already pointed out, since EGs are a specification of
the YSWF, the obtained dominance results involving EGs will be compared
with those obtained for YSWF's dominance.

Let N the set of natural numbers and F,G € F. The two fundamen-
tal propositions linking dominance according to EGs and inverse stochastic
dominance are, firstly:

Proposition 17 (Muliere and Scarsini (1989)) F >;,;1 G = Zy(F) >
Z0(G) VO >k — 1, (with at least one strict inequality) (6 € N).

And secondly, the following result, due to Yitzhaki (the original result
is in terms of standard stochastic dominance, here it has been rewritten in
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terms of inverse distributions and inverse stochastic dominance criteria, in
order to highlight the links with the other results in this section):

Proposition 18 (Yitzhaki (1982, 1983)) Let F~'(p) and G~'(p) be two
inverse distribution functions which intersect at most once. Then, Zy(F) >
Z0(G) VO > 1 (with at least one strict inequality) (0 € N), is a sufficient
condition for F =5 G.

We now introduce a lemma presented in Muliere and Scarsini (1989),
which will become useful for the proof of next proposition.

Lemma 19 E,(F) > 24(G) if and only if F, ;' (1) > G} (1).

Proof: Integrating by parts in (5) gives Zp(F') = 6(6—1) fol(l—p)e_QFQ’l(p)dp.
After further integrations by part we obtain Zg(F) = [[[*20 (8 — 4)] fol(l -
p)P~*F_ ' (p)dp for § > k. Thus:

Eo(F) —=9(G) = [H(G — )] /(1 — )" [F (p) — Gl (p)dp, 6 > k.

(6)
It follows that Z¢(F) > Zp(G) for 6 = k if and only if:
RIEL(D) = G (D] 2 0, (7)

that is equivalently F, ' (1) > G, ,(1). m

The requirement that distribution F' dominates G according to the cri-
terion of (k + 1) degree inverse stochastic dominance at the upper level of
income (i.e. at p = 1) is a necessary and sufficient condition for dominance
according to EGs with 6 = k.

The following result extends the sufficient conditions in Proposition 18.37

Proposition 20 Let F, *(p) and G, *(p) intersect at most once. ThenZy(F) >
Z9(G) VO >k (with at least one strict inequality), is a sufficient condition
for F >,;11 G.

3TYitzhaki (1983, p.621-622) presents a similar result when n = 2 and p(F) = u(G).
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Proof: Tt will be sufficient to prove the sufficiency for the extreme values
of 6 and then extend the result to the intermediate values.

If Z9(F) > Z4(G) when ¢ = k from Lemma 19 we know that F, (1) >
Gri(1). If Z9(F) > Z4(G) when 6 — 0o, we obtain that F -, G, that
is, there exists an interval (0,p*) on which F~*(p) # G '(p) and F1(p) >
G~!(p). Notice that, in this case, also in the interval (0, p*) F, !(p) # G, *(p)
and F,*(p) > G, '(p) will be true for any k.

If F, '(p) and G,'(p) intersect at most once, then also their integrals
F . (p) and Gi},(p) intersect at most once. We know that Fj /(1) >
G, (1) and also that in the interval (0,p*) F}.; (p) # Gyt (p) and Fi . (p) >
Gy i1 (p) so, if Fy ' (p) dominates G}, (p) at the extremes p = 1 and the in-
terval (0,p*), and the two functions intersect at most once, then F)_ +11 (p)
dominates Gy}, (p) for all values of p, i.e. F =}, G. From Proposition 17
we know that if F' ?/%11 G then Zy(F) > Zy(G) VO > k, then, welfare domi-
nance in terms of Zs(.) for § > k is implied by welfare dominance for 6 = k
and 0 — co. m

Not surprisingly the dominance in terms of EGs is not sufficient to guar-
antee inverse stochastic dominance; the result shows under which conditions
it is. The next proposition follows from the results in Proposition 17 and
Proposition 20 (the proof is omitted since it is straightforward).

Proposition 21 Let F; '(p) and G; ' (p) intersect at most once, and F = in
G. Then Z4(F) > E(G) if and only if F =}, G.

A special case of this proposition which may be of interest occurs when
k = 2. Recalling that F;, '(p) and G5'(p) are the generalized Lorenz curves
of F' and G, and that u(F)[1 — T['(F)] = Z3(F) we have:*

Corollary 22 [f the generalized Lorenz curves of distributions F' and G € F
intersect at most once, and F =iy G, then p(F)[1—-T(F)] > p(G)[1-T(G)]
if and only if F =3 G.

4 Concluding remarks

We discuss the normative justifications for supporting third degree inverse
stochastic dominance in inequality comparisons when Lorenz curves inter-
sect. The relevant aspect is captured by a positional version of the transfers

38This result is equivalent to those obtained in Propositions 3 and 4 in Zoli (1999) and
also highlighted in this paper in Proposition 8 for the case in which p(F) = u(G).
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sensitivity axiom which requires a combination of a progressive and a regres-
sive transfer from the same donor which leaves the Gini index unchanged to
be inequality reducing. A combination of this property with the Principle of
Transfers leads to the 3ISD partial ordering.

Inequality comparisons consistent with 3ISD are extended over distribu-
tions with different total income using the intermediate inequality equivalence
criterion. When intermediate Lorenz curves intersect once, the distribution
whose Lorenz curve intersects the other from above, is always less unequal ac-
cording to the transfer sensitivity property discussed if and only if it exhibits
a lower intermediate Gini coefficient. This result has been also extended to
the case of multiple crossings.

The relationships between the generalized Gini indices and inverse stochas-
tic dominance is finally investigated, and extensions of results of Muliere and
Scarsini (1989) and Yitzhaki (1982, 1983) are provided.

5 Appendix

Proposition Given two income distributions F and F € F", with equal means, the
distribution F can be obtained from F through a finite sequence of
progressive transfers and/or favourable composite positional transfers,
if and only if F =5 F.

Proof.

Given the previous result in Proposition 7 concerning equivalence between
3ISD and dominance in terms of inequality averse YSWFs satisfying PPTS
we have to prove that if F is obtained from F' through a finite sequence of
progressive transfers and/or favourable composite positional transfers, then
W (F) > W(F) for all YSWF's such that ¢/(p) < 0 and v"(p) > 0 (this is the
only if part). And that if W (F) > W(F) for all such evaluation functions
then F is necessarily obtained from F through a finite sequence of progressive
transfers and/or favourable composite positional transfers (if part).

The structure of the proof is as follows: we first concentrate on Elemen-
tary Composite Transfers (ECTs), that is the combination of a progressive
and a regressive transfer, and we show that the FCPTs are indeed the sub-
set of such transfers which together with simple progressive transfers induce
3ISD*". Then, we move to the general case of Multiple Composite Transfers

39Most of this proof follows from the proof of Proposition 1 in Zoli (1999) and Proposition
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(MCT), that is combinations of more than a progressive and a regressive
transfer (not necessarily obtainable through a sequence of ECTs) and we
show that welfare dominance consistent with 3ISD selects only MCTs which
can be obtained through a finite sequence of FCPTs.

Only if :

By definition of F' and F, we have u(F) = u(F) = p. All YSWFs such
that v'(p) < 0 satisfy PT, therefore a progressive transfer is not welfare wors-
ening, we need to check for the impact of a Favorable Composite Positional
Transfer. Consider a progressive transfer of a small amount ¢ > 0 from a tiny
fraction dp > 0 of the population at the 100(i + p)** percentile of the distri-
bution to a poorer fraction dp > 0 at the 100i"* percentile, and a regressive
transfer of a small amount v > 0 from the fraction dp of the population at
the 1005 percentile of the distribution to a richer fraction dp of individuals
at the 100(j + «)™ percentile, and j > 7.1 According to (2) we have that
['(F) = I(F) if and only if:

%{5[(1—2'—/))— A= -~[1-j-a)=(1=j)}dp=0  (8)
or, equivalently, if and only if
ay = pd. (9)
Next, we have AW = W (F) — W(F) > 0 if and only if:

6v(i) —v(i+ p)ldp > ~vv(j) —v(j+ a)]dp > 0. (10)

Now, dividing the left hand side of (10) by pé and the right hand side by a~y
we get

1. . . 1, . . S

;[U(Z) —v(i+p)ldp 2 —[o(j) —v(j+a)ldp  j>i (11)
that is, when i + p < j + «, then v”(p) > 0 (if v(p) is twice differentiable) or
generally v(p) is convex. Which shows that all inequality averse YSWF's sat-
isfying the PPTS also satisfy the Strong version of PPTS. Therefore AW > 0
for all these functions, which implies F' =3* F.

7 in Zoli (1997).
40Notice that these transfers are more general than FCPTs, in that we do not restrict
1+p=].
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If part: We divide this part of the proof into various steps. (Step 1) We
first consider ECTs and show the restrictions on these transfers imposed by
consistency with welfare dominance. What we select are General FCPTs,
that is FCPTs where the donor is not necessarily the same, that is they
satisfy i < j < i+ p < j+a. Then (Step 2) we prove that all General FCPTs
can be obtained through a sequence of FCPTs. We will move afterwards
to consider (Step 3) the restrictions on MCTs imposed by consistency with
welfare dominance equivalent to 3ISD, and show that these restrictions are
equivalent to those induced considering MCT's as obtained through sequences
of FCPTs. This will conclude the proof. For completeness we add Step 4
where an algorithm for decomposing the obtained MCTs consistent with
3ISD into sequences of FCPTs is introduced. We conclude with an example
of the application of the algorithm.

STEP 1: Consider distributions H and F' € F™ such that u(F) =
pw(H) = p, and H =3 F. Notice that 3ISD is a finer partial order than
second degree ISD dominance (i.e. H 3=;' F = H =3' F). Since H =5' F
is satisfied by distributions H and F' whenever H is obtained from F' through
a finite sequence of progressive transfers (see Fields and Fei, 1978), in order
to satisfy H =3 F, but not H 3=;"' F it should be that H is obtained from
F also through some regressive transfers. From the previous part we already
know that sequences of FCPTs imply 3ISD, we need to show that together
with progressive transfers they are the only transfers which allows to obtain
this dominance result.

Consider all YSWFs satisfying v'(p) < 0 and v”(p) > 0. For all such
functions it should be

o(i) —v(i+p) _ v(i) (i +a)

p Q@

>0 forall j >i,i+p<j+a. (12)

Then, consider a combination of a progressive and a regressive transfer both
rank preserving®!, without loss of generality suppose the amount of the in-
comes transferred are ¢, and —~, where v > 0, that is 6 and ~ are either
both positive or both negative. Moreover, suppose the individuals involved
in the transfers are situated at the 100i*", 100(i+p)*", 1005 and 100(j+ )"
percentiles, where j > 7, but ¢+ p is not restricted to be lower than j+a. The

41Gince we are interested in selecting the most elementary transfers supporting the domi-
nance condition, we restrict our attention to rank-preserving transfers. Under anonimity it
can be shown that any set of transfers can be interpreted as a sequence of rank-preserving
transfers.
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combined Welfgre effect of these transfers AW evaluated in terms of YSWFs
is given by AW =6 [v(i) — v(i + p)| dp — v [v(j) — v(j + «)] dp. These trans-
fers induce a welfare improvement iff

6[o(t) —v(i+p)] = v [v(d) —v(j + )] (13)

We need to check the restrictions on 6, 7, and p in (13) imposed by (12).
Notice that if 6 and ~ are positive then the progressive transfer is in favor of
the poorer individual 4, ** while if § and v are negative, the poorer individual
is the donor involved in a regressive transfer. Suppose p < j + a — 4, that is
p shows the same restriction as p in (12). We can rewrite (12) as

o

P [0(i) —v(i+p)] = [v(j) —v(j + )] =0, (14)

if § and y are negative, from (13) we have % [v(i) —v(i+p)] < [v(j) —v(j + )]
which contradicts (14) . It is possible to specify v(p) such that (14) is satis-
fied*® for v(j) —v(j +a) =0, and v(i) > v(i + p), in which case according to
(14) v(i) — v(i + p) > 0 which contradicts % [v(i) —v(i+ p)] <0.

Only if 6,y > 0 and if% > >0 then (14) is satisfied. It follows that the
progressive transfer should be made in favor of the poorer of the individuals
involved in the composite transfer. Moreover the condition ¢ > % could be
reinterpreted, as §p > «-y, which according to (9) means that the ECT should
decrease the Gini index or at the limit leave the index unchanged. Since we
are considering ECTs together with simple progressive transfers, then the
condition boils down to ép = ary. A combination of rank-preserving transfers
reducing the Gini coefficient can be seen as the sum of a progressive transfer
involving the pair of individuals at the bottom of the distribution and a ECT
leaving the Gini index unchanged. That is, we can consider § = §; + 62 > 0,
where 61,02 > 0 such that 6,p = a.

42With a little abuse of terminology we will call individual 4 the fraction dp of individuals
at the 100i*" percentile. This does not in principle create any lack of consistency, if
dp = 1/n, then the income associated to population at the 100i*" percentile is actually
that belonging to the individual ranked ¢ within the illfare ranked income profile.

3 Consider for instance the function v(p) :

[ G-p+B ifp<j  6>26>0
”(p)_{ B if p>J.
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We need now to show that p could not be larger than 5 + a — ¢, that
is the progressive transfer within the ECT cannot involve a donor which is
richer than the recipient in the regressive transfer. We call General FCPT the
ECT where the progressive transfer occurs at the bottom and i + p < j + «.
Of course, given the previous result we can always think at a sequence of
a progressive transfer from an individual at ¢ + p > j + o to someone at
t+p < 7+ a, and a General FCPT where this last individual at ¢ 4+ p
is involved. Such a transfer will belong to the set of those shown being
consistent with welfare dominance. What we need to consider is whether
there exist transfers that cannot be interpreted in this way, but can improve
welfare if the donor of the progressive transfer is at 1 +p > j + a.

We will show that there exist classes of weight functions v(p) (see (16))
satisfying v'(p) < 0, v”(p) > 0, such that all these transfers are welfare
reducing.

Consider i +p > j+a,leti+p—(j+a)=0>0,and j—i =0 >0,
therefore p = a+ [+ > 0. Since the YSWF's with linear weighting functions
belong to the set of welfare functions we consider (where v”(p) = 0) it is
evident that the transfer in order to not reduce welfare should at least leave
the Gini coefficient unchanged, or reduce it, that is

S(a+B+0) > ay.

Moreover, it should be such that the composite transfer cannot be considered
as obtained through a sequence of a progressive transfer and a General FCPT
satisfying ¢ (o + ) = a-y (that is such that o = 0), it follows that we need
to require that 6 and ~ are such that the Gini index is increased, that is

o< aa—jﬁ We need therefore to considered all possible transfers such that

ay ay
>6> ———.
a+8" T a+fB+0

This condition can be formalized as
S(a+ B +710)=ay, where 1>71>0. (15)

Consider the following weighting function:

. —& jfa*p . < <
U(p):{ (j +_oz) [1+6—]+a ] lf.O_p_‘j—f—OA (16)
p—° if p>7+a
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where £ > 0.

This function satisfies the restrictions on the weighting functions dis-
cussed above, it is continuous, v'(p) < 0, and v”(p) > 0. A composite transfer
in order to lead to a welfare improvement should satisfy (13), which in our
case could be rewritten as 6 [v(j — B) —v(j +a+0)] >y [v() —v(j+ ).

Substituting from (16) we have:
1+€O.é+ﬁ— <1+ 7 ) ]
Jt+a Jt+a

v(j—p)—v(j+tato)=(G+a)”

and v(j) —v(j +a) = (j + @) et
After substituting from (15) we can check the dominance condition (13)

considering the restriction on the extent of the transfers: (5@ =7 It

follows that AW > 0 iff

1+eo_‘+ﬁ—<1+ 2 )126@(1404)%]@

5U+af5 1+« j+a

After rearranging and simplifying, we get

o e o
1—(14+—— > — ET.
]t ]t

Letting = = k > 0, we can rewrite

1—erk>(1+k) . (17)

If 7 = 1, the condition becomes 1 —ek > (1+ k)™, but indeed for all & > 0,
e > 0 we have 1 — ek < (1 + k) ° which contradicts the welfare dominance
condition for all j + a > 0,0 > 0. That is, if the composite transfer leaves
the Gini index unchanged it turns out to be welfare reducing. In general for
1 > 7 > 0 we can rearrange (17) such that the welfare dominance requires:

1—(1+k)°
— > T (18)
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for all £ > 0, € > 0. We now show that this condition is not satisfied. Let

G(o0) = lim G(g) = lim 1=(+k) =0,
£—00 £—00 gk,’
it is evident that, since 1 > 7 > 0, then 7 > G(0c0) = 0 which contradicts
(18).

We have found the elementary set of transfers which are welfare improv-
ing, they are rank-preserving combinations of a progressive transfer of the
amount ¢ incurring between individuals at 100i*" and 100(i + p)™ percentiles,
and a regressive transfer 4 involving individuals at 1005 and 100(j + )"
percentiles, these transfers are General FCPTs, the Gini coefficient is left
unchanged and 1 < j <i1+p<j+a.

STEP 2: We need to prove that such transfers are indeed combinations
of FCPTs.

Lemma 23 Any General FCPT can be obtained through a sequence of FCPTs.

Proof: Let j—i=ay,i+p—7J = as, j+a—1i—p = as, then the condition
on the Gini coefficient requires:

6 (ay + az) =y (a2 +as) . (19)

Denote with (8,4) the transfer of an amount 6 occurring to an individual at
the 100i"* percentile. The set of net transfers is

T=[(6,1),(=,i+a1),(=6,i+ a1+ az),(v,i+ a1 + az + as)] .

Consider now the following FCPTs (we omit the ranks for simplicity):

T as + as
CL1+CL2+CL37 a1+ as + as

(=) (0) WL)]
and

7= [0 O (o) ).

) ? )
CL1+CL2+CL3 CL1+CL2+CL3

Notice that all these transfers are leaving the Gini index unaffected, indeed

ags+as _ a . r .« s . ad .
(V- )ar = (Vogas;) (a2 + a3) in T', and similarly in 7', and also since

those leading to T' were rank-preserving these are also. After substituting
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from (19) we notice that y;%2 % = §-2r%2— which makes evident that

T +T = T. The solution does not depend on whether ¢ § v or ag § a;. m

Therefore the FCPTs are the elementary transfers consistent with YSWFs
dominance when ¢'(p) < 0 and v”(p) > 0, then, given the equivalence with
3ISD the FCPTs are the simplest basis of this dominance condition.

STEP 3: We need now to show that FCPTs are the only basis of 3ISD
(together of course with simple progressive transfers). This requires to show
that there is no MCT (multiple composite transfer) consistent with 3ISD
which cannot be obtained as a sequence of FCPTs. For this purpose we
modify the welfare dominance condition equivalent to 3ISD. Next lemma
can be seen as a result alternative to that in Proposition 7. Consider the
following set of weighting functions:

J Klg—p) ifp<yq
UQ(p)_{ 0 lprq

where k is an arbitrary constant x > 0. Denote Wq the set of YSWFs such
that v(p) = v,(p) for all k >0, g € (0,1].

Lemma 24 Consider distributions F, G € F, W(F) > W(G) for all YSWFs
in Wy if and only if F =3 G.

Proof: Let AW = W(F) — W(G) = [, vy()[F'(p) — G~'(p)]dp, given
the definition of v,(p), AW > 0 is equivalent to

Aﬁmwﬂ@—GWM@ZOﬁmMEQ”

Integrating by parts we get
q
| @) = G5 @+ [, ) = G )y 2 0 e

that is & [[Fy *(p) — G5 (p)ldp > 0 Vg € (0,1]. Which is equivalent to
Fy'(q) —G3t(q) >0 Vg€ (0,1], that is F 3=3' G. m

We have therefore found a new equivalence between 3ISD and YSWFs
dominance, where weighting functions are not differentiable, but are both
non-negative, non increasing and convex, as in the case of differentiable func-
tions. We will now use this class of functions in order to investigate the
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restrictions on the set of transfers supporting 3ISD. Our aim is to show that
all these transfers can be obtained as sequences of FCPTs, the elementary
transfers which we have shown being implied by third 3ISD.

Consider a set of transfers such that, the associated vector of net income
changes is denoted T = [(t1,p1); (t2, p2); (t3,03)..(ti, Di)---(tn, Pr)] With n > 3,
where t; is the change in income of a small fraction of population at the
100pi" percentile. Let p; < piy1, and t; < 0, and obviously >_7"  ¢; = 0.

We now investigate which conditions should this vector of transfers satisfy
in order to be consistent with welfare dominance for all W Wq and therefore
also with 3ISD.

Restrict attention to v,(p) where pj11 > ¢ > p;. In order for T' to not
lead to a welfare decrease, it should be that

n J
Zi:l tivg(pi) =2 0 ﬁzizl tilg —pi) > 0,

that is 25:1 ti(g —p;) > 0, for all g such that 1 > p;11 > g > p; > 0.
Since the above condition should be satisfied for all ¢ € (0, 1], it follows
that
J
Slg) = Zi:l ti(q—pi) =2 0
V gsuchthat 1 > pji1 >¢>p; >0, and Vj=1,2,.n (20)

where p,, 11 = 1. We call this condition A and define S(q) =0 if p; > ¢ > 0.

Let ¢ = 1, then, from condition A follows > | #;(1 — p;) > 0, recalling
that > ¢, = 0, then > | ¢;p; < 0, that is condition A requires that the
Gini coefficient should not be increased by the transfers.

Since we are restricting our attention to composite transfers forming the
basis of 3ISD, then any set of transfers reducing the Gini index could be
considered as a composition of a progressive transfer and transfers leaving
unchanged the Gini. We follow therefore the same line of reasoning as for
the ECT as discussed in Step 1, and require as minimal condition that the
Gini index is left unchanged, therefore we have condition B:

Our aim is to make explicit the restrictions, implied by A and B, and then
check whether sequences of FCPTs lead exactly to the same restrictions.
First notice that from A and B:

29



Remark 25 t; >0, t, > 0.

Proof: The first consideration follows from A when we let p, > ¢ > pq, in
this case in order to have S(q) > 0 (as in A) for all ¢ € (p1, p2] it must be that
t; > 0. While the second result (¢, > 0) follows from A, B and " ¢, = 0.
Let p, 1 < g < pn, then "7 t;(q — p;) > 0, since from 327 t; = 0 we
have Z?:_ll t; = —t, then —t,,q > 2?1—11 tipi, adding t,p, to both sides we get
tn (Pn —q) > D ¢ tipi = 0, that is ¢, > 0 (since ¢; # 0 for all 7). m

Next lemma shows how we can partition the interval Z = [p;, p,] into sub
intervals where S(q) > 0. The condition S(g) > 0 is important in order to
show that sequences of FCPTs are imposing exactly the same restrictions as
in condition A, B and in the previous remark.

Lemma 26 The interval T = [p1,p,] C (0,1], could be partitioned into at
most m subintervals T; = [ps;,py,] j=1,2,.m (m=(n—1)/2ifn is odd
orm =n/2—1) wherer;—s; > 2, such that either r; = sj11 orr;+1 = sj41,
and rm = n, s1 = 1. For all Z; we have:

0) S(p,) = S(pr,) — 0

b) S(q) >0 forallq € (ps;,pr;) and for all j =1,2,.m.

c) S(q) =0 for all q € [pn, 1]

d)ts, >0,t,, >0 forall j=1,2,.m

6) Zf T +1= Sj+1 then Z:J:I tzpz =0

f)ifr; = sj41 then we can splitt,; =t +t;, such that St tipit+t, pr; = 0.

Proof: Notice that by definition S(q) = 0 for all ¢ such that p; > ¢ > 0,
while, since ¢; > 0, S(¢q) > 0 for all ¢ such that p» > ¢ > p;. Moreover (part

c), S(q) = > tilg—pi) = D tig— > tip; = 0 for all ¢ such that
1 > g > p, because we consider transfers such that Z:.L:l ti=0= Z:;l tip;
(B). Since t,, > 0 let g be such that p, > g > p,_1, then (part b)

n—1

Slg) = Y ta—pi—patpn)
n—1
= > e —pi— (pa— @)+ tulg = pa) +ta (b0 — @)
= Z; ti(pn = pi = (P — @) + tn (Pn — q)
= > tg=Y i+t (e —q) =t (pa—q) > 0.

Therefore, S(q) is strictly positive for all ¢ such that p, > ¢ > p,,_1, and
p2 > q > p1, and in general in some interval of (p, py,).
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The question is whether S(¢q) = 0 for some ¢ € (p2, p,_1), if not S(q) >0
in all ¢ € (p1,pn)-

Suppose S(ps) = 0, for some ps € (p2, Pn—1), that is > ;| t:i(ps — p;) = 0,
then consider ps < ¢ < psi1, it should be Y7 ti(q — pi) > D ti(ps —
p;) =0, that is >, t:(¢ — ps) > 0, from which, since ¢ — p; > 0, we have
Zf=1 ti 2 0.

In order to know the behavior of S(q) for p; < g < psi1, we are facing two
possible alternatives either (i) >0 ;¢t; = 0 or (i) Y.;_; t; > 0. Consider the
first alternative (i): > . ;t; = 0. In this case S(q) = 0 for all ¢ € [ps, ps41]-
The reason is that, since > ti(¢ — p;) = 0, then > . ;¢ = 0 implies
> i tipi = 0, therefore the condition Y ;_, #;(¢’ — p;) will be always satisfied
for all ¢’ such that p, < ¢ < psi1. In this case r; + 1 = s;41. It is important
to notice that Y ;_; ¢;p; = 0 means that the transfers leading to the income
gaps t; for i = 1,2, ..s are set such that the Gini coefficient is left unchanged
(part e).

If this is the case then it is evident that ¢, > 0 in order to have S(q) > 0,
for all ¢ such that ¢ > ps;; (part d). Indeed since ¢, > 0, then S(q) > 0
for para > q > pass (part b),

Because by definition ¢; < 0 it is clear that S(g) cannot be 0 in two or more
adjacent intervals. Therefore it should be that S(q) > 0, for ¢ € [ps_1, ps)
(part b). From this we have that S(q) is decreasing in the interval [ps 1, ps),
in which case consider ¢ and ¢’ such that p,_ 1 < ¢ < ¢ < p, we have
Sy tilg — pi) > Y02 g — pi), which gives 0 > Y071 ti(q' — q) = (¢ —
q) Y771 t; that is 0 > 3°7] t,. Then, since we have shown that 327 | ¢; > 0,
it follows t; > 0. We can therefore conclude that whenever S(p;) = 0, the
associated t, is positive (part d).

Consider now the alternative (ii): 7, #; > 0. Notice that > "1 t; < 0,
it is therefore possible to consider ¢, as a composite transfer such that ¢, =
t/ 41" > 0, where both terms are positive and ¢, = — 327" ;. In which case
we can interpret the amount transferred t, as obtained from two transfers,
the first such that Y. ¢, = 0 implies > . , t;p; = 0, and the second as an
effect of a progressive transfer from individuals placed above p, (part f).

Concluding, the percentiles where S(¢) = 0 partition [p;, p,] into open
intervals where S(g) > 0.

Suppose that whenever S(ps) = 0 for some ps € (p2,pn_1) we have
>F 1 ti > 0 (this is the case in which we can have the largest possible number
of sub intervals), it follows that since S(q) is increasing at the beginning of
the interval where S(q) > 0 and decreases in the final part. Thus, we need,
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at least, to have a position within the subinterval. Therefore the maximum
number of subgroups is (n — 1) /2 if n is odd otherwise n/2 — 1, and in any
case, we need at least n > 3 as stated initially. m

Notice that because of parts e and f in previous lemma, then: for any
suitable subinterval the associated net transfers do not induce any change in
the Gini coefficient.

From previous lemma we know that is possible to partition any set of net
transfers which are consistent with all YSWFs in Wq, into non overlapping
subsets such that the Gini index is left unchanged.

We need to show that FCPTs are the proper basis of these subsets of
transfers, that is all such transfers can be obtained through finite sequences
of FCPTs.

Consider a FCPT where the combined progressive and regressive transfer
have the same portion of the population as donor.

As a result of such a transfer we have 1123 = [(t1,p1); (2, p2); (t3,p3)]
where py < pa < ps3, t1 > 0,8, <0,t3 >0,> ¢t =0, and Z?Zl tipi =0
because the transfer leaves the Gini index unchanged. Moreover let Si3(q) =
7 ti(q — p;) for all ¢ such that p; < g < pj;1, for j = 1,2. Notice that
S13(q) > 0 for all ¢ € (p1,ps3), indeed 0 < S} 3(q) < S13(¢) for all ¢, ¢’ such
that p1 < ¢ < ¢ < p2 and S13(¢") > S13(¢") > 0 for all ¢, ¢” such that
p2 > ¢ > q" > ps. That is S} 3(p2) = t1(p2 — p1) is the maximum of S; 5(q).

Consider now the generic set T' = [(t1, p1); (t2, p2); (t3, 03)--(tis D) -+ (s D]
introduced before, and suppose w.l.o.g. that S(q) > 0 for all ¢ € (p1,pn).
We can think of the set as one of the subsets associated to the subintervals
investigated in the previous lemma.

The conditions which we need to add to S(q) > 0 for all ¢ € (p1,pn)
in order to lead to welfare dominance are Z?Zl t; = 0, 2?21 t;p; = 0 and
t; > 0,t, > 0. Moreover, remember that S(q) = g':l tilqg—pi) = g':l tiq—

!, tipi, then dS(q)/dg = Y1, ti.

Make the following considerations:

a) a FCPT is such that ¢; > 0, to < 0,¢3 > 0, therefore for any sequence
of such transfers we have that the obtained extreme values are positive.

b) a FCPT leaves Gini index unaffected, then any sequence of FCPTs
leaves it unaffected, i.e. >  t;pi =0

c) a FCPT inducing T} ;; = [(tk, pr); (t;,p;); (t, p1)] gives Ski(q) > 0 for
q € (pr,p) and S(q) = 0 for ¢ € (0, px] U [pi, 1], therefore any combination of
this FCPT with, suppose a FCPT inducing 7., 5, will give S(q) = Sk j.(q) +
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Sr.zn(q) > 0 for ¢ € (min(py, p,), max(p;, pr)) and S(q) = 0 otherwise.

d) For a FCPT inducing T ;i = [(tr, p&); (t,05); (ti, p1)], dS(q)/dg = tx
if pr < q < pj, and dS(q)/dq = tx +t; if p; < ¢ < p;, and in general any
sequence of FCPTs gives dS(q)/dq = Zg’zl ti if p; < q <pjsr.

We have shown that not only combinations of FCPTs satisfy the condi-
tions for welfare dominance but that they induce conditions which are exactly
the same (i.e. the conditions over set of welfare improving transfers are not
weaker than those satisfied by combinations of FCPTs)** which means that
the FCPTs are the basis of the welfare improving transfers, and therefore of
3ISD. Which concludes the proof of the proposition. m

STEP 4: Finally we show that the decomposition is implementable. We
suggest an algorithm which shows a procedure for decomposing exhaustively
a set of net transfers consistent with 3ISD into net transfers obtained through
a sequence of FCPTs.

Consider the vector of net transfers

T = [(t1,p1); (t2, p2); (t3, p3)--(ti, pi)--- (tns Pr)] -

Let N =A{p;:t; <0}, P={p;: t; >0}, N(pn) = {pi € N : p; > pn}, and
P(pn) ={pi € P :p; > pn}.

i) Consider t; such that p; = min N. Compare t; with ¢; such that p; =
min P and ¢ such that p, = min P(p;). Notice that p; < p; < px, the second
inequality is obtained by definition, while the first come from the fact that
p; = p1 in this first stage. We now face three alternative situations (a), (b),
and (c).

ii) (iia) If —tiz@ <tj, and —t;22L < ;. then implement the FCPT

5~ o

Pr — Di Pi — Dj
Tjip = |:_tz' :Dj)s (L, pi); (=i ];pk:|
i = [ (B ) (s (<t 2
which eliminates the impact of ¢; from 7. Otherwise consider min(t; (p; — p;) ,
tr (pk — pi)), suppose t; (p; — p;) is the minimum (iib), and implement the
following FCPT

Pk — Pj Di — Dj
2 [u D (R (2R

44This is why we needed the previous lemma, we have been able to show that any
interval can be partitioned into subintervals where S(¢) > 0 and the Gini coefficient is left
unchanged by the net transfers within any subinterval. Otherwise the condition S(g) > 0,
would have been weaker than S(q) > 0 obtained implementing sequences of FCPTs.
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eliminating the impact of ¢; from 7' Alternatively (iic) consider the FCPT

3 Pk — Di
Gik — (tk—

P — Pj
P;); (—tk J

) y Di); tk7pl~c
Pi —Pj Pi —Pj ) ( )

eliminating the impact of ¢, from 7.

iii) Notice that in both cases after the FCPT (a) min P < min N, and
(b) max P > max V.

iv) iterate the procedure.

The claim in iii) is important, because it ensures that after having elim-
inated the effect of a FCPT in (ii) on 7, the remaining net vector satisfies
the initial conditions, we now prove it.

Claim 27 After the FCPT in (ii):
(a) min P < min N, and
(b) max P > max N.

Proof: We will prove claims (a) and (b) for all FCPTs in (ii).
We prove claim (a) for (iia):

Suppose we implement T

G then (a) is violated only if ¢; = —¢, =L

t =7+ 1, and t;;; < 0. This cannot happen because in this case Wepllcrla?fe
t; (pk — pj) +ti (b — pi) = 0. So either k = ¢+ 1, in which case this violates
S(pr) > 0, since it is S(px) = t; (px — p;) +ti (pr — p;) =0, 0r k > i+1, then
S(px) > 0 if and only if t;11 (pr — pPiv1) + ..o +te—1 (P — Pr_1) > 0 but since
by definition py = min P(p;) then all the values t;,1,t;12,...tx_1 are negative
which contradicts S(px) > 0.
Consider claim (b) for (iia).
If we implement lez,c, then (b) is violated if and only if p, = max P,
ty = _tiﬁii}; and t,_; <0, for £ — 1 > 7. We show that this is not the case.
First, notice that 77, , is implemented if t; (pr — p;) = —t; (pi — p;) , and

if —tz-g::g; < t;, which gives t; (pr — pi) < t; (pi —pj). Then, consider the

condition Zle t;pr = 0 concerning invariance of the Gini coefficient over the
set of starting net transfers. Notice that by definition ¢; > 0 if ¢ > [ > j and
[ =k, while t;, < 0 if £ > [ > i, then the minimum value that Z;:Zl —ti;
could get is Z;:Zl —t;p;, that is Z;:Z.l tpr < p;i f;l t; < 0. On the other

hands, the maximum value that Zz;j tipr + tipr (the weighted average of
positive ¢;) could reach is when all ¢;, for all [ such that ¢ > [ > j have
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weight pl, or When t = 7+ 1, that is Zf;]l.ﬂ tipi + tgpr + t;p;, from which

Di Zl =j+1 t > Zl =j+1 tipr-
It is now clear that, since the condition Zle t;p; = 0 could be rewritten
as fo tlpl—ka; tip = —typr—t;p; this implies that, since as shown above

Di D 1 "4 Zz int> Zf:_ll tipr + Z;;]l tip1, we have:

k—1
P Zl:jH ty 2 —tepr — t;p;.

Notice, that also the condition Zf 1t =20 should be satisfied, from which

ti+ > it ti+te = 0 which gives Y770 | ) = —t; —t;. Substituting
into the previous condltlon we get

pi(t +t;) < tepr + t;py, (21)

which is consistent with the condition # (px — pi) < t; (p; — p;) stated at the
beginning, only if ¢, (px —pi) = t; (p; — p;) . In this case Z;_; at=0=
l Z+1 t;, that is the only ¢; # 0 are t;,¢;, and ¢;, and the FCPT is the final
of the sequence originated by the algorithm.
Consider now claim (a) for (iib).
For T7?;, to violate (a) it should be that, given the definition of #;, j +
1 =1. Slnce tj (pi — p;j) < tx (px — p;) we have that at least —t; (pp — pi) >
t;i (pk — pj), remember that by definition #; < 0 for all [ such that k& > 1 > i
if there are any, then it is evident that the condition S(p) > 0 is violated,
since 0 > t; (pr — p;) +t; (px — pi) and by definition all ¢; such that & > [ > ¢
are negative, therefore it should be the case that j +1 <4 and ¢; > 0 for all
[ such that ¢« > 1> j+ 1.
Claim (b) for (iib).

Notice that T3, can violate condition (b), only if (ﬁ T J; tr and

pr = max P, if this is the case then —t; > &Py — (b pj)t We just need
(pi—p;) "k~ (or—pi) "7

to follow the same considerations adopted when we proved that T, , cannot
violate (b). In which case we get (21), which is consistent with ¢; ( —pj) =
tr (pr — pi) only if Zl, it =0= ;:ZIH t;. The same considerations made
before for claim (b) hold if apphed to (iia).

Claim (a) for (iic).

Consider now T}, ,, the implementation of this FCPT violates (a) only

if tkg’“ ;’1 = t;, t; < —t %, and there exist ¢, < 0 for all [ such that
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i <l <k. It follows t; < —tji’;:];i, which gives ¢; (pr — pi) +1; (px — p;) <0
which violated S(px) > 0 as discussed for the 77, , violation of (a).

Claim (b) for (iic).

Finally we have to check that implementation of T}, , cannot violate (b).
This could happen only if p, = max P and there exist ¢; < 0 for all [ such
that i <[ < k, or if t; < —tk%, the last condition gives —t; (p; — p;) >
tr (pr — p;) - Following the same argument as in the previous discussion of
violation of (b) we get the condition p;(tx + t;) < typr + t;p; as in (21),
remember that we have implemented Tf’zk because t; (p; — pj) >tk (P — i)
which lead us to the same conclusions as in the previous cases. m

It is finally time to conclude. What we have suggested is an algorithm
such that for any set of net transfers 7" which are consistent with welfare
dominance in terms of YSWFs in Wq, and therefore consistent with 3ISD,
allows to recover a sequence of FCPTs which originates it. The different steps
of the decomposition are such that the resulting net transfers still satisfy the
requirements of consistency with YSWFs in Wq. Moreover, what we have
left after the first stage is a set of net transfers including at the most n — 1
elements. Continuing with the procedure the whole set of transfers could be
therefore covered in a finite number of steps.

The following example make use of the described algorithm:

Example 28 Consider
T= [(2’ '1); (_3’ '2)§ (2’ 3)7 (5’ '4)§ (_87 5)7 (_1’ 6), (0’ 7)a (3’ 8)]

which satisfies the above conditions for welfare dominance. It can be decom-
posed through the following FCPTs:

Tios = [(1.5,.1);(=3,.2); (1.5,.3)]
Tiss = [(:5,.1);(=7/6,.5);(2/3,.8)]
Trss = [(:5,3);(=5/6,.5);(1/3,.8)]
Tyss = [(4.5,.3);(—6,.5);(1.5,.8)]
Ties = [(.5,.4);(—1,.6);(.5,.8)].
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