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Lqyhuvh vwrfkdvwlf grplqdqfh/ lqhtxdolw|
phdvxuhphqw dqg Jlql lqglfhv1

Fodxglr ]rol�

Vfkrro ri Hfrqrplfv
Xqlyhuvlw| ri Qrwwlqjkdp

Ghfhpehu 47/ 5333

Devwudfw

Zh lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh wklug ghjuhh lqyhuvh
vwrfkdvwlf grplqdqfh fulwhulrq lqwurgxfhg lqPxolhuh dqg Vfduvlql +4<;<,
dqg lqhtxdolw| grplqdqfh zkhq Oruhq} fxuyhv lqwhuvhfw1 Zh sursrvh
d qhz gh�qlwlrq ri wudqvihu vhqvlwlylw| dlphg dw vwuhqjwkhqlqj wkh
Sljrx0Gdowrq Sulqflsoh ri Wudqvihuv1 Rxu gh�qlwlrq lv gxdo wr wkdw
vxjjhvwhg e| Vkruurfnv dqg Irvwhu +4<;:,1 Lw lqyroyhv d uhjuhvvlyh
wudqvihu dqg d surjuhvvlyh wudqvihu erwk iurp wkh vdph grqru dqg
ohdylqj wkh Jlql lqgh{ xqfkdqjhg1 Zh suryh wkdw �qlwh vhtxhqfhv ri
wkhvh wudqvihuv dqg2ru surjuhvvlyh wudqvihuv fkdudfwhul}h wkh wklug gh0
juhh lqyhuvh vwrfkdvwlf grplqdqfh fulwhulrq1 Wklv fulwhulrq doorzv wr
pdnh xqdqlprxv lqhtxdolw| mxgjhphqwv hyhq zkhq Oruhq} fxuyhv lq0
whuvhfw1 Wkh Jlql frh!flhqw ehfrphv uhohydqw lq wkhvh fdvhv lq rughu
wr frqfoxvlyho| udqn wkh glvwulexwlrqv1

�L dp judwhixo wr Ylqfhq}r Ghqlfroõ/ Slhwur Pxolhuh dqg Shwhu Odpehuw iru khosixo
frpphqwv rq dq hduolhu yhuvlrq ri wkh sdshu1 L dp lqghewhg wr Uroi Ddehujh/ Dodlq
Fkdwhdxqhxi/ Wkledxow Jdmgrv dqg Slhuuh0Khqu| Zlowklhq iru vwlpxodwlqj glvfxvvlrqv
zklfk kdyh frqwulexwhg wr lqfuhdvh p| lqwhuhvw rq wkh vxemhfw dqg lpsuryh p| suhyl0
rxv yhuvlrq ri wkh sdshu1 Uhvsrqvlelolw| iru uhpdlqlqj huuruv lv/ ri frxuvh/ plqh1 Pdlolqj

Dgguhvv= Vfkrro ri Hfrqrplfv1 Xqlyhuvlw| ri Qrwwlqjkdp/ Xqlyhuvlw| Sdun1 QJ:5UG Qrw0
wlqjkdp/ XN1 Hpdlo=fodxglr1}rolCqrwwlqjkdp1df1xn1 Wklv sdshu irupv sduw ri wkh uhvhdufk
surjudpph ri wkh WPU qhwzrun Olylqj Vwdqgdugv/ Lqhtxdolw| dqg Wd{dwlrq ^Frqwudfw Qr1
HUEIPU[FW <;357;` ri wkh Hxurshdq Frppxqlwlhv zkrvh �qdqfldo vxssruw lv judwhixoo|
dfnqrzohjhg1
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4 Lqwurgxfwlrq

Vlqfh Nrop +4<9<,/ Dwnlqvrq +4<:3, dqg Vhq +4<:6, wkh uhohydqfh ri wkh
Oruhq} grplqdqfh fulwhulrq iru lqhtxdolw| frpsdulvrqv ri lqfrph glvwulex0
wlrqv lv zlgho| uhfrjql}hg1 Dq lqfrph glvwulexwlrq Oruhq} grplqdwhv dqrwkhu
li dqg rqo| li lw vkrzv ohvv glvshuvlrq lq lqfrph vkduhv/ ru htxlydohqwo| li vkrzv
d uhgxfwlrq lq lqhtxdolw| hydoxdwhg e| doo lqhtxdolw| dyhuvh dqg v|pphwulf
lqglfhv +V0Frqyh{,1

Wkhuh duh pdq| fdvhv/ krzhyhu/ lq dssolhg dqdo|vlv/ zkhuh Oruhq} fxuyhv
lqwhuvhfw dqg wkhuhiruh wklv uhvxow fdqqrw eh dssolhg1 Pruhryhu/ lw lv qrw
qhfhvvdulo| wkh fdvh wkdw lqfrph vkduhv dorqh vkrxog eh uhohydqw iru lqhtxdolw|
hydoxdwlrqv/ lqfrph gl�huhqwldov +dv dujxhg lq Nrop/ 4<:9, frxog eh uhohydqw/
dqg srvvleo| dovr frpelqhg hydoxdwlrqv ri erwk1

Zkhq wzr Oruhq} fxuyhv lqwhuvhfw rqo| rqfh/ Vkruurfnv dqg Irvwhu +4<;:,
vkrz wkdw rqh vwloo rewdlqv lqhtxdolw| grplqdqfh dffruglqj wr uhodwlyh lqglfhv
zkrvh udqnlqj lv frqvlvwhqw zlwk wkh wklug ghjuhh vwrfkdvwlf grplqdqfh ful0
whulrq/ surylghg wkh Oruhq} fxuyh ri wkh glvwulexwlrq zlwk wkh orzhu yduldqfh
lqwhuvhfwv wkh rwkhu rqh iurp wkh deryh41 Wklv uhvxow krogv li wkh lqhtxdolw|
hydoxdwlrq vdwlv�hv d Vwurqj yhuvlrq ri Nrop*v +4<:9, Sulqflsoh ri Wudqvihu
Vhqvlwlylw|51 Wklv uhvxow surylghv dq hwklfdo u÷oh iru wkh wklug ghjuhh vwrfkdv0
wlf grplqdqfh fulwhulrq dqg wkh xvh ri wkh yduldqfh lq lqhtxdolw| frpsdulvrqv1

Krzhyhu lw lv srvvleoh wr dssurdfk wkh sureohp iurp d gl�huhqw shuvshf0
wlyh/ lqvwhdg ri orrnlqj dw vwdqgdug vwrfkdvwlf grplqdqfh frqglwlrqv/ frqvlghu
wkh lqyhuvh vwrfkdvwlf grplqdqfh fulwhulrq lqwurgxfhg e|Pxolhuh dqg Vfduvlql
+4<;<,1 Erwk grplqdqfh fulwhuld duh htxlydohqw iru wkh �uvw wzr ghjuhhv ri
grplqdqfh exw gl�hu diwhuzdugv1 Dv lv zhoo nqrzq wkh gluhfw vwrfkdvwlf
grplqdqfh dssurdfk lv olqnhg wr wkh frqfhsw ri zhoiduh grplqdqfh dffrug0
lqj wr xwlolwduldq ixqfwlrqv zkloh wkh lqyhuvh dssurdfk lv olqnhg wr zhoiduh
grplqdqfh lq whupv ri wkh olqhdu udqn0ghshqghqw \ddul gxdo vrfldo zhoiduh
ixqfwlrqv +\VZIv,16

4Wkh uhvxow krogv iru glvwulexwlrqv zlwk wkh vdph phdq dqg srsxodwlrq vl}h1 Gdylhv
dqg Kr| +4<<8, surylghv d jhqhudol}dwlrq ri wkh uhvxow wr wkh fdvh ri pxowlsoh lqwhuvhfwlrqv
zklfk frqvlghuv frqwlqxrxv glvwulexwlrqv1 Vhh dovr Dwnlqvrq +4<:6,1

5Wkh sulqflsoh uhtxluhv wkdw lqhtxdolw| uhgxfhv dv wkh h�hfw ri d yduldqfh0suhvhuylqj
frpelqdwlrq ri d wudqvihu iurp d ulfk wr d srru shuvrq dw orz lqfrph ohyhov dqg d uhyhuvh
wudqvihu dw kljkhu lqfrphv1

6Dv vkrzq lq ]rol +4<<<, zkhq glvwulexwlrqv zlwk wkh vdph phdqv duh frpsduhg/ lqyhuvh
vwrfkdvwlf grplqdqfh frqglwlrqv duh htxlydohqw wr zhoiduh grplqdqfh lq whupv ri \VZIv/
surylghg wkh zhljkwlqj ixqfwlrq dssolhg wr djjuhjdwh lqfrphv vdwlv�hv dssursuldwh uhvwulf0
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Lq wklv sdshu zh lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh wklug ghjuhh
lqyhuvh vwrfkdvwlf grplqdqfh dqg lqhtxdolw| grplqdqfh zkhq Oruhq} fxuyhv
lqwhuvhfw1

Wkh uhvshfw ri wkh Sulqflsoh ri Srvlwlrqdo Wudqvihu Vhqvlwlylw| SSWV vxj0
jhvwhg e| Phkudq +4<:9, dqg Ndnzdql +4<;3,7/ kdv ehhq vkrzq lq ]rol +4<<:/
4<<<, wr eh qhfhvvdu| lq rughu wr fkdudfwhul}h lqhtxdolw| dyhuvh \VZIv frq0
vlvwhqw zlwk wkh wklug ghjuhh lqyhuvh grplqdqfh fulwhulrq81

Iroorzlqj ]rol +4<<:, zh vkrz wkdw wkh vdph uhvwulfwlrqv rq wkh \ddul
zhljkwlqj ixqfwlrq lpsolhg e| wkh SSWV frxog eh rewdlqhg li zh jhqhudo0
l}h wkh sulqflsoh doorzlqj iru wudqvihuv ri gl�huhqw dprxqwv iurp wkh vdph
grqru wr d srruhu dqg d ulfkhu uhflslhqw/ wkh rqo| uhtxluhphqw ehlqj wkdw
wkhvh wudqvihuv kdyh wr ohdyh xqfkdqjhg wkh Jlql frh!flhqw1 H{sorlwlqj wkh
htxlydohqfh uhodwlrq ehwzhhq zhoiduh grplqdqfh iru wkh rewdlqhg fodvv ri
\VZIv dqg wklug ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh lw lv wkhuhiruh srv0
vleoh wr fkdudfwhul}h fodvvhv ri lqhtxdolw| lqglfhv frqvlvwhqw zlwk wkh odwwhu
grplqdqfh fulwhulrq1 Wkh pdlq uhvxow ri wkh sdshu lv wkdw wkh lqglfhv zklfk
duh frqvlvwhqw zlwk wklug ghjuhh lqyhuvh grplqdqfh duh V0Frqyh{ dqg vdwlvi|
wkh deryh phqwlrqhg Vwurqj yhuvlrq ri SSWV/ zlwkrxw ehlqj uhvwulfwhg lq
sulqflsoh wr ehorqj wr wkh olqhdu lqhtxdolw| phdvxuhv fodvv lq Phkudq +4<:9,1
Wkhvh uhvxowv duh frqvlvwhqw zlwk wkrvh lq Fkdwhdxqhxi dqg Zlowklhq +5333,
dqg Ddehujh +5333,1 Wkh lqwxlwlyh dujxphqw surylglqj wkh edvlv ri wkh uh0
vxow zdv dydlodeoh lq ]rol +4<<:,/ lq wklv sdshu zh surylgh d irupdo surri lq
rughu wr hvwdeolvk lw uljrurxvo|1 Lqvwhdg ri dssurdfklqj wkh sureohp wu|lqj
wr vkrz gluhfwo| wkh htxlydohqfh ehwzhhq wklug ghjuhh lqyhuvh grplqdqfh dqg
vhtxhqfhv ri wudqvihuv/ zh h{sorlw wkh htxlydohqfh ehwzhhq lqyhuvh grplqdqfh
dqg zhoiduh grplqdqfh lq whupv ri \VZIv dqg lqyhvwljdwh zklfk duh wkh
vhw ri wudqvihuv zklfk duh frqvlvwhqw zlwk zhoiduh grplqdqfh1 Wklv gl�hu0
hqw shuvshfwlyh doorzv xv wr surylgh dq lpphgldwh dqg vlpsoh lqwxlwlrq ri
zk| wkh Vwurqj yhuvlrq ri SSWV uhtxluhv wr ohdyh xqfkdqjhg wkh Jlql lq0
gh{1 Uhphpehu wkdw wkh Jlql lqgh{ dwwdfkhv htxdo zhljkwv wr wkh lpsdfw

wlrqv1 Wklv uhvxow dssolhv/ xqghu dqdorjrxv frqglwlrqv/ dovr wr grplqdqfh dvvrfldwhg wr
wkh olqhdu lqhtxdolw| phdvxuhv lq Phkudq +4<:9, zklfk frxog eh frqvlghuhg wkh hwklfdoo|
edvhg lqhtxdolw| phdvxuhv dvvrfldwhg wr wkh \VZIv1

7Wkh SSWV uhtxluhv d frpelqdwlrq ri d surjuhvvlyh wudqvihu dw orz lqfrph ohyhov dqg
d uhjuhvvlyh wudqvihu dw kljkhu lqfrph ohyhov/ erwk ri wkh vdph dprxqw/ dqg rffxuulqj
ehwzhhq lqglylgxdov zlwk d jlyhq sursruwlrq ri wkh srsxodwlrq lq ehwzhhq wkhp/ wr eh
zhoiduh hqkdqflqj ru lqhtxdolw| uhgxflqj1

8Vhh dovr Fkdwhdxqhxi/ Jdmgrv dqg Zlowklhq +4<<<,1
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ri d wudqvihu/ iru d jlyhq glvwdqfh lq wkh lqfrph udqnlqj ehwzhhq wkh grqru
dqg wkh uhflslhqw/ qr pdwwhu zkdw lv wkhlu srvlwlrq lq wkh udqnlqj1 Wkhuhiruh
dq| frpsrvlwh wudqvihu zklfk lv qrw d�hfwlqj wkh lqgh{ zloo eh frqvlghuhg lq0
htxdolw| uhgxflqj e| doo srvlwlrqdo wudqvihu vhqvlwlyh lqglfhv dwwdfklqj kljkhu
zhljkwv wr wudqvihuv rffxuulqj dw wkh erwwrp ri wkh lqfrph glvwulexwlrq1 Lw
lv h{dfwo| wkh grplqdqfh iru doo wklv phdvxuhv zklfk lv htxlydohqw wr wklug
ghjuhh lqyhuvh grplqdqfh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh �uvw vhfwlrq zh exlog xs wkh
vhw xs/ ghyhorslqj wkh dqdo|vlv erwk iru frqwlqxrxv dqg glvfuhwh lqfrph glv0
wulexwlrqv1 Lq wkh fhqwudo sduw ri wkh sdshu zh zloo surylgh wkh pdlq uhvxow
ri fkdudfwhul}dwlrq ri wklug ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh lq whupv ri
vhtxhqfhv ri wudqvihuv iru glvfuhwh glvwulexwlrqv91 Zh dovr jhqhudol}h wkh fodvv
ri lqhtxdolw| lqglfhv frqvlvwhqw zlwk wklug ghjuhh lqyhuvh grplqdqfh lq ru0
ghu wr doorz iru lqwhuphgldwh lqhtxdolw| htxlydohqfh +Ervvhuw dqg S�qjvwhq/
4<<3,1 Iroorzlqj ]rol +4<<:/ 4<<<,/ zh vkrz wkdw/ ehfdxvh ri wkh htxlydohqfh
ehwzhhq lqhtxdolw| grplqdqfh dffruglqj wr doo lqglfhv ehorqjlqj wr wklv fodvv
dqg wklug ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh/ zkhq wkh lqwhuphgldwh Oruhq}
fxuyhv lqwhuvhfw rqfh/ grplqdqfh iru doo wkh lqglfhv ehorqjlqj wr wklv fodvv lv
hqvxuhg vlpso| fkhfnlqj wkdw wkh glvwulexwlrq zlwk wkh kljkhu Oruhq} fxuyh
dw wkh orzhvw shufhqwlohv h{klelwv d orzhu �Lqwhuphgldwh Jlql frh!flhqw� +wkh
Jlql frh!flhqw vdwlvi|lqj lqwhuphgldwh htxlydohqfh,1

Wkh uhvxowv frxog eh h{whqghg lq rughu wr wdnh lqwr dffrxqw frpsdulvrqv
lqyroylqj pxowlsoh lqwhuvhfwlrqv ri wkh Oruhq} fxuyhv1 Wkh vxejurxs ghfrp0
srvlwlrq ri wkh lqwhuphgldwh Jlql frh!flhqw lv vwloo lqyroyhg1

Ilqdoo| lq wkh odvw vhfwlrq/ lq rughu wr kljkoljkw wkh olqn ehwzhhq lqyhuvh
grplqdqfh dqg wkh Jlql lqgh{/ iroorzlqj Pxolhuh dqg Vfduvlql +4<;<, dqg
\lw}kdnl +4<;5/ 4<;6, zh lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq kljkhu ghjuhhv
ri lqyhuvh grplqdqfh dqg zhoiduh grplqdqfh dffruglqj wr wkh sdudphwhul}hg
idplo| ri H{whqghg Jlql lqglfhv1

5 Suholplqdulhv

Lw frxog eh xvhixo wr frqvlghu wkh dqdorj| ehwzhhq lqfrph glvwulexwlrq dqg
udqgrp yduldeohv1 Ohw ElcDc � � eh d suredelolw| vsdfh1 l frxog eh vhhq dv

9Wkh surri zloo eh surylghg lq wkh dsshqgl{/ dqg zloo eh glylghg lqwr wzr sduwv1 Wkh
�uvw sduw lv ri lpphgldwh lqwhusuhwdwlrq/ ehfdxvh lw uholhv rq wkh vlpsoh lqwxlwlrq glvfxvvhg
lq wkh wh{w1 Wkh vhfrqg sduw lv pruh whfkqlfdo dqg whglrxv1
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d srsxodwlrq ri lqglylgxdov/ +hlwkhu glvfuhwh ru frqwlqxrxv, dqg t lv d qrq0
qhjdwlyh udqgrp yduldeoh/ zlwk �qlwh h{shfwdwlrq1 Lq rxu iudphzrun t E/�
lv wkh lqfrph ohyho ri djhqw / 5 lc wkhuhiruh t lv fdoohg lqfrph sur�oh1 Li
l ' i/�c /2c �� /�c ��/?jc dqg � dwwdfkhv htxdo pdvv �*? wr hdfk /�c zh kdyh
wkh q0glphqvlrqdo hpslulfdo fdvh/ zkhuh t E/�� ' +�c dqg wkh lqfrph sur�oh
lv uhsuhvhqwhg e| wkh q0glphqvlrqdo yhfwru ) ' E+�c +2c �+�c �+?�1

Ohw 8 E+� ghqrwh wkh +glvfuhwh ru frqwlqxrxv, fxpxodwlyh lqfrph glvwul0
exwlrq ixqfwlrq ri dq lqfrph sur�oh zlwk vxssruw Efcn4� dqg �qlwh phdq
>E8 � '

U
n"

f
+ _8 E+�� Ohw I wkh vhw ri doo vxfk fxpxodwlyh glvwulexwlrqv/

dqg [ ? dqg I?c wkh vhw ri q0glphqvlrqdo lqfrph sur�ohv dqg wkh vhw ri wkh
dvvrfldwhg glvwulexwlrqv1 Pruhryhu/ ohw

83�ER� ' �?u i+ G 8 E+� � Rj zlwk f � R � �

eh wkh ohiw frqwlqxrxv lqyhuvh glvwulexwlrq ixqfwlrq vkrzlqj wkh lqfrph ri
dq lqglylgxdo dw wkh 433R|� shufhqwloh ri wkh glvwulexwlrq1 Lw iroorzv wkdw
>E8 � '

U
�

f
83�ER�_R� Qh{w/ pdnlqj xvh ri Jdvwzluwk +4<:4,/ wkh Oruhq}

fxuyh iru 8 lv gh�qhg dv=

u8 ER� '

R]
f

83�E|�

>E8 �
_|�

Dq lqfrph sur�oh vkrzv ohvv glvshuvlrq wkdq dqrwkhu/ lq whupv ri lqfrph
vkduhv/ li lwv Oruhq} fxuyh lv qrzkhuh ehorz wkdw ri wkh rwkhu sur�oh:1 Zh
zloo vd| wkdw glvwulexwlrq 8 5 I Oruhq} grplqdwhv glvwulexwlrq C 5 I c
8 ?u Cc li dqg rqo| li

u8 ER� � uCER� iru doo R 5 dfc �o �

Li >E8 � ' >EC� wklv frqglwlrq lv htxlydohqw wr vhfrqg ghjuhh vwrfkdvwlf grpl0
qdqfh/ zklfk lq wxuq lv htxlydohqw wr Jhqhudol}hg Oruhq} grplqdqfh rewdlqhg
frpsdulqj Jhqhudol}hg Oruhq} fxuyhv Cu8 ER� ' >E8 �u8 ER�1

Wkh vhfrqg ghjuhh vwrfkdvwlf grplqdqfh rughu lv htxlydohqw wr zhoiduh
grplqdqfh rqfh zh frqvlghu lqhtxdolw| dyhuvh zhoiduh ixqfwlrqv zklfk duh
qrw ghfuhdvlqj lq lqfrph ohyhov +vhh Nrop/ 4<9< dqg Vkruurfnv/ 4<;6,1 Zkhq
Jhqhudol}hg Oruhq} fxuyhv lqwhuvhfw Vkruurfnv dqg Irvwhu +4<;:,/ Gdugdqrql

:Vhh Dwnlqvrq +4<:3,/ Nrop +4<9<,/ Vhq +4<:6,/ Gdvjxswd/ Vhq dqg Vwduuhww +4<:6,/
Urwkvfklog dqg Vwljolw} +4<:6, dqg Ilhogv dqg Ihl +4<:;,1
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dqg Odpehuw +4<;;,/ dqg Gdylhv dqg Kr| +4<<7/ 4<<8, surylgh d qrupdwlyh
mxvwl�fdwlrq iru xvlqj wkh wklug ghjuhh vwrfkdvwlf grplqdqfh rughu;1

Lq wklv sdshu lqvwhdg ri orrnlqj dw kljkhu ghjuhh ri vwrfkdvwlf grplqdqfh<

zh vkliw wkh dwwhqwlrq wr wkh frqfhsw ri lqyhuvh vwrfkdvwlf grplqdqfh lqwur0
gxfhg e| Pxolhuh dqg Vfduvlql +4<;<,1 Iru 8 5 I zh ghqrwh

83�� ER� ' 83�ER�c 83�& ER� '

] R

f

83�&3�E|�_|c f � R � �

dqg gh�qh wkh &0wk ghjuhhv lqyhuvh vwrfkdvwlf grplqdqfh ?3�& dv iroorzv=

Gh�qlwlrq 4 Jlyhq wzr lqfrph glvwulexwlrqv 8 dqg C 5 I / 8 ?3�& C li
dqg rqo| li 83�& ER� � C3�& ER� iru doo Rc f � R � � 1

Dv vkrzq e| Pxolhuh dqg Vfduvlql +4<;<, gluhfw dqg lqyhuvh vwrfkdvwlf
grplqdqfh duh qrw htxlydohqw iru ghjuhhv kljkhu wkdq wkh vhfrqg1

Zh zloo uhylhz uhvxowv lqwurgxfhg lq ]rol +4<<<,/ surylglqj qrupdwlyh mxv0
wl�fdwlrq iru wkh xvh ri wklug ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh +khqfhiruwk
6LVG, dqg zh zloo lqyhvwljdwh wkh lpsolfdwlrqv ri wkhvh uhvxowv iru lqhtxdolw|
frpsdulvrqv/ dv zhoo dv iru surylglqj d fkdudfwhul}dwlrq ri 6LVG lq whupv ri
wudqvihuv ri lqfrphv zlwklq dq lqfrph sur�oh1

Zh zloo ghqrwh e| UE8 � dqg` E8 � uhvshfwlyho| wkh lqhtxdolw| dqg zhoiduh
lqglfhv dvvrfldwhg wr glvwulexwlrq 8 5 I 1 Vlqfh wkrvh lqglfhv duh gh�qhg ryhu
glvwulexwlrq ixqfwlrqv wkh| duh v|pphwulf dqg srsxodwlrq lqyduldqw/ wkdw lv
wkh| ghshqg rqo| rq wkh lqfrph glvwulexwlrq dqg duh lqyduldqw z1u1w1 uhsol0
fdwlrqv1 Lq wkh hpslulfdo fdvh lw phdqv wkdw wkh lqglfhv lpsolflwo| vdwlvi| wkh
iroorzlqj surshuwlhv=43

D{lrp 5 +Dqrqlplw| +Dq,, Wkh hydoxdwlrq lv lqyduldqw z1u1w1 shupxwd0
wlrqv ri wkh lqfrph sur�oh E+�c +2c �+�c �+?��

Ohw )oc o srvlwlyh lqwhjhu +o 5 L� eh wkh glvwulexwlrq rewdlqhg iurp wkh
lqfrph sur�oh ) 5 [ ? uhsolfdwlqj lw o wlphv/ wkdw lv )o ' E)c c ��)c ��c)� ~} �

o wlphv

� 5 [ o?�

;Vhh dovr Zlwkpruh +4<;3, dqg Phqh}hv hw do1 +4<;3, iru d glvfxvvlrqv frqfhuqlqj
frpsdulvrqv ri ulvn| survshfwv1

<Vhh iru lqvwdqfh Ilvkexuq dqg Zloolj +4<;7,1
43Wkh dqrq|plw| surshuw| uhtxluhv wkdw wkh rqo| idfwru uhohydqw lq lqhtxdolw| dqg zhoiduh

frpsdulvrqv lv wkh ohyho ri lqfrph1 Wkhuhiruh zh fdq uhvwulfw rxu dwwhqwlrq wr rughuhg
glvwulexwlrqv=

9



D{lrp 6 +Srsxodwlrq Sulqflsoh +SS,, Lqfrph sur�ohv ) 5 [ ?c dqg )o 5
[ o? uhfhlyhv wkh vdph hydoxdwlrq iru doo oc ? 5 L�

Wklv d{lrp vxjjhvwhg e| Gdowrq +4<53, +vhh dovr Gdvjxswd/ Vhq dqg Vwdu0
uhww/ 4<:6, doorzv wr frpsduh glvwulexwlrqv zlwk gl�huhqw srsxodwlrq vl}h441
Lq wklv sdshu zh zloo uhvwulfw dwwhqwlrq wr erwk lqhtxdolw| dqg zhoiduh lqglfhv
vdwlvi|lqj Dq dqg SS1

Iroorzlqj wkh hwklfdo dssurdfk wr lqhtxdolw| phdvxuhphqw/ vrfldo zhoiduh
dqg lqhtxdolw| mxgjhphqwv duh vxssrvhg wr eh frqvlvwhqw/ l1h1 wkh| pxvw
surgxfh wkh vdph udqnlqjv ryhu glvwulexwlrqv zlwk htxdo phdqv451

Gh�qlwlrq 7 Dq lqhtxdolw| lqgh{ UE�� dqg d vrfldo zhoiduh ixqfwlrq` E�� duh
frqvlvwhqw li iru dq| 8 dqg C 5 I vxfk wkdw >E8 � ' >EC�c UE8 � � UEC�
zkhqhyhu ` E8 � �` EC��

Wkh frqvlvwhqf| surshuw| zloo doorz xv wr lqwhusuhw wkh uhvxowv zh zloo
glvfxvv iru zhoiduh grplqdqfh lq whupv ri lqhtxdolw| grplqdqfh zkhq glvwul0
exwlrqv zlwk htxdo phdqv duh frpsduhg1

Wkh iroorzlqj surshuwlhv ri zhoiduh dqg lqhtxdolw| lqglfhv doorz wr lq0
wurgxfh lqhtxdolw| dyhuvlrq lq wkh hydoxdwlrq1 Zh frqvlghu q0glphqvlrqdo
hpslulfdo lqfrph sur�ohv1 Zh gh�qh d surjuhvvlyh wudqvihu dv d wudqvihu ri
lqfrph iurp d ulfk wr d srru lqglylgxdo zklfk lv qrw d�hfwlqj wkhlu srvlwlrqv
lq wkh lqfrph udqnlqj46> wkh wudqvihu lv fdoohg uhjuhvvlyh li lw jrhv lq wkh
rssrvlwh gluhfwlrq1

D{lrp 8 +Sulqflsoh ri Wudqvihuv +SW,, Jlyhq wzr glvwulexwlrqv 8 dqg
C 5 I? vxfk wkdw 8 lv rewdlqhg iurp C wkurxjk d surjuhvvlyh wudqvihu wkhq
` E8 � �` EC��

44Dffruglqj wr SS wkh hydoxdwlrq frqvlghuv rqo| uhodwlyh iuhtxhqflhv ru vdpsoh zhljkwv
dwwdfkhg wr hdfk krxvhkrog uhfhlylqj d jlyhq lqfrph1 Iroorzlqj \ddul +4<;;, wkh whupl0
qrorj| SS doorzv wr uhvwulfw rxu dwwhqwlrq wr qrupdol}hg lqfrph sur�ohv zlwk d srsxodwlrq
ri xqlw pdvv1

45Wkh frqvlvwhqf| frqglwlrq kdv ehhq glvfxvvhg lq Eodfnrue| dqg Grqdogvrq +4<;7,/
Hehuw +4<;:,/ Gxwwd dqg Hvwhedq +4<<5,/ dqg Ehq Srudwk dqg Jloerd +4<<7,1

46Wkh gh�qlwlrq ri surjuhvvlyh wudqvihu dqg uhodwhg Sulqflsoh ri Wudqvihuv lv gxh wr Ilhogv
dqg Ihl +4<:;,1 Wkh Sulqflsoh ri Wudqvihuv kdv ehhq lqwurgxfhg lq wkh olwhudwxuh e| Sljrx
+4<45, dqg Gdowrq +4<53,1 Iru d glvfxvvlrq ri gl�huhqw yhuvlrqv ri wkh Sulqflsoh ri Wudqvihuv
lq lqhtxdolw| dqg zhoiduh phdvxuhphqw vhh Prvohu dqg Pxolhuh +4<<;,1

:



Zhoiduh grhv qrw ghfuhdvh +htxlydohqwo| lqhtxdolw| lv qrw lqfuhdvhg UE8 � �
UEC� iru d frqvlvwhqw lqgh{ UE��� dv wkh h�hfw ri d surjuhvvlyh wudqvihu1 Pruh
irupdoo|/ dvvxplqj lqglylgxdov duh udqnhg lq dvfhqglqj rughu dffruglqj wr
wkhlu lqfrphv/ ohw {`�n4c�EB� ghqrwh wkh fkdqjh lq vrfldo zhoiduh gxh wr
d wudqvihu B ri lqfrph iurp wkh E� n 4�|� lqglylgxdo wr wkh �|� lqglylgxdo/
wkdw ohdyhv xqfkdqjhg wkhlu udqn lq wkh glvwulexwlrq1 Dffruglqj wr SW
{`�n4c�EB� � f1

Lw lv zhoo nqrzq wkdw wkh surshuwlhv Dq dqg SW fruuhvsrqg wr lpsrv0
lqj V0Frqfdylw| rq wkh htxdolw| rughulqj lqgxfhg e| wkh lqglfhv +wkhuhiruh
V0Frqyh{lw| rq wkh frqvlvwhqw lqhtxdolw| frxqwhusduw,/ dqg wkdw ryhu glvwulex0
wlrqv ri vdph wrwdo lqfrph dqg srsxodwlrq glphqvlrq wkh lqhtxdolw| rughulqj
lv htxlydohqw wr wkh Oruhq} udqnlqj1

Wkh Sljrx0Gdowrq Sulqflsoh ri Wudqvihuv +SW, kdv ehhq vwuhqjwkhqhg uh0
txlulqj wr vrfldo zhoiduh wr eh pruh vhqvlwlyh wr wudqvihuv wkdw wdnh sodfh
orzhu grzq lq wkh glvwulexwlrq471 Lq wklv sdshu zh frqfhqwudwh rq d yhuvlrq
ri wkh wudqvihu vhqvlwlylw| d{lrp/ glvfxvvhg lq Phkudq +4<:9, dqg Ndnzdql
+4<;3, zklfk sodfh dwwhqwlrq rq wkh srvlwlrqv ri wkh lqglylgxdov lq wkh lqfrph
udqnlqj148

Gh�qlwlrq 9 +Sulqflsoh ri Srvlwlrqdo Wudqvihu Vhqvlwlylw|/ SSWV, Iru
dq| sdlu ri lqglylgxdov � dqg �/ li � : � wkhq {`�n4c�EB� � {`�n4c�EB�1

Wklv irupxodwlrq ri SSWV lpsolhv wkdw d frpelqdwlrq ri d surjuhvvlyh
wudqvihu dqg d uhjuhvvlyh wudqvihu ri wkh vdph dprxqw dqg lqyroylqj lqglylg0
xdov zlwk wkh vdph glvwdqfh lq wkh lqfrph udqnlqj lv qrw uhgxflqj zhoiduh li
wkh surjuhvvlyh wudqvihu wdnhv sodfh dw orzhu lqfrph ohyhov wkdq wkh uhjuhvvlyh
wudqvihu1

Iru wkh sxusrvh ri lqyhvwljdwlqj wkh uhodwlrqvkls ehwzhhq zhoiduh dqg
lqhtxdolw| grplqdqfh dqg lqyhuvh vwrfkdvwlf grplqdqfh/ zh uhvwulfw rxu dw0
whqwlrq wr udqn0ghshqghqw hydoxdwlrq ixqfwlrqv1

47Wklv lv wkh vr0fdoohg Sulqflsoh ri Wudqvihu Vhqvlwlylw|/ zklfk uhtxluhv wkdw d surjuhvvlyh
wudqvihu ehwzhhq shuvrqv zlwk jlyhq lqfrph gl�huhqfh lv ydoxhg pruh li wkhvh lqfrphv duh
orzhu wkdq li wkh| duh kljkhu +Nrop/ 4<:9/ s1 ;:,1

48Qrwlfh wkdw zkloh iru lqhtxdolw| dyhuvlrq frqvlghudwlrqv/ sxwwlqj hqskdvlv rq udqnv ri
wkh lqglylgxdov ru rq wkhlu lqfrph ohyho lv luuhohydqw/ rqfh zh vshfli| wudqvihu vhqvlwlylw| wkh
wzr shuvshfwlyhv ohdg wr gl�huhqw uhvxowv1 Fkdwhdxqhxi/ Jdmgrv dqg Zlowklhq +4<<<, glv0
fxvv d frpelqhg dssurdfk uhfrqflolqj SSWV dqg Nrop*v SWV/ rewdlqlqj fkdudfwhul}dwlrqv
ydolg iru jhqhudo udqn0ghshqghqw xwlolwduldq ixqfwlrqv1

;



D \ddul gxdo Vrfldo Zhoiduh Ixqfwlrq +\VZI, �̀ E�� lv dq dgglwlyh hydo0
xdwlrq ixqfwlrq dffruglqj wr zklfk wkh vrfldo hydoxdwlrq ri dq lqfrph sur�oh
lv d zhljkwhg dyhudjh ri wkh lqfrphv/ zklfk duh olqhduo| djjuhjdwhg/ dqg
zhljkwhg dffruglqj wr wkhlu srvlwlrq lq wkh lqfrph udqnlqj/ wkdw lv/ iroorzlqj
\ddul +4<;:/ 4<;;,=49

�̀ E8 � '

]
�

f

83�ER��ER�_Rc +4,

zkhuh �ER� � f +zklfk lv lqghshqghqw iurp 8 E+�, lv wkh zhljkw dwwdfkhg wr
wkh lqfrph ri wkh iudfwlrq ri wkh srsxodwlrq udqnhg R� Wkurxjkrxw wkh sdshu
zh zloo vxssrvh wkdw �ER� lv d frqwlqxrxv dqg wzlfh gl�huhqwldeoh ixqfwlrq4:1
Wkh idplo| ri H{whqghg Jlql edvhg zhoiduh ixqfwlrqv4; swE�� lv rewdlqhg iru
�ER� ' wE� � R�w3� zkhuh w � �� Iru w ' 2 zh jhw wkh Jlql edvhg zhoiduh
ixqfwlrq4< s2E8 � ' >E8 � d�� KE8 �o zkhuh KE8 � lv wkh Jlql frh!flhqw

KE8 � ' ��
2

>E8 �

]
�

f

E�� R�83�ER�_R� +5,

Zlwklq \ddul*v hydoxdwlrq iudphzrun wkh h�hfw ri d surjuhvvlyh wudqvihu
frxog eh fkhfnhg dv iroorzv +vhh Phkudq/ 4<:9,1 Hdfk lqfrph xqlw uhsuhvhqwv
d iudfwlrq ri wkh wrwdo srsxodwlrq _Rc vlqfh +4, lv gh�qhg ryhu glvwulexwlrq
ixqfwlrqv/ lw lv lqyduldqw z1u1w1 uhsolfdwlrqv ri wkh srsxodwlrq/ wkhuhiruh _R
frxog eh duelwudulo| vpdoo1 Zh frqvlghu wkhuhiruh d vpdoo wudqvihu B : f iurp
d wlq| iudfwlrq _R : f ri wkh srsxodwlrq dw wkh �ffE�n 4�|� shufhqwloh ri wkh
glvwulexwlrq wr d iudfwlrq _R : f ri srruhu lqglylgxdov dw wkh �ff�|� shufhqwloh/
zkhuh B : f lv vxfk wkdw wkh udqnlqj ri wkh lqfrph xqlwv frqvlghuhg lv qrw

49Vhh dovr Zh|pdun +4<;4,/ Hehuw +4<;;,/ Txljjlq +4<<6,/ Ehq Srudwk dqg Jloerd +4<<7,
dqg Vdiud dqg Vhjdo +4<<;,1

4:Zlwklq wkh dsshqgl{ zh zloo frqvlghu dovr fdvhv lq zklfk y+s, lv qrw gl�huhqwldeoh1
Qrwlfh wkdw iru wkh hpslulfdo fdvh �Z +I , uhgxfhv wr

Z\ +|, @
[

l
|+l, +Y ^l@q`� Y ^+l� 4,@q`,

zkhuh |+l, � |+l.4, dqg Y +w, @
U w

3
y+s,gs=

4;Vhh Grqdogvrq dqg Zh|pdun +4<;6, dqg \lw}kdnl +4<;6,1
4<Wkh zhoiduh lqgh{ �5+=, fdq eh lqwhusuhwhg dv wkh htxdoo|0glvwulexwhg0htxlydohqw lqfrph

phdvxuh iru wkh Jlql frh!flhqw li zh dsso| wkh phwkrg ri ghulylqj vrfldo zhoiduh ixqfwlrqv
iurp lqhtxdolw| lqglfhv vxjjhvwhg lq Eodfnrue| dqg Grqdogvrq +4<:;,1

<



d�hfwhg dv d frqvhtxhqfh ri wkh wudqvihu1 Li zhoiduh lv hydoxdwhg dffruglqj wr
+4, wkhq=

{ �̀
�n4c�EB� ' �B�E�n 4�_Rn B�E��_R +6,

Lw iroorzv wkdw d \VZI vdwlv�hv SW/ li dqg rqo| li ��ER� � f +Vhh Phkudq
4<:9/ \ddul/ 4<;:/ 4<;;,/ dqg dovr SSWV li dqg rqo| li ���ER� � f +Vhh Phkudq/
4<:9/ Ndnzdql/ 4<;3 dqg ]rol/ 4<<<,153

Dv vkrzq lq Zdqj dqg \rxqj +4<<;, dqg ]rol +4<<<, zhoiduh grplqdqfh
lq whupv ri \VZIv fruuhvsrqgv wr wkh fulwhulrq ri lqyhuvh vwrfkdvwlf grpl0
qdqfh154 Sduwlfxoduo|/ rqfh zh uhvwulfw dwwhqwlrq wr \VZIv zkhuh ��ER� � f
dqg ���ER� � fc zhoiduh grplqdqfh lv htxlydohqw wr 6LVG iru lqfrph glvwulex0
wlrqv zlwk htxdo phdqv/ dqg jhqhudoo|=

Sursrvlwlrq : +]rol +4<<<,, Iru dq| \VZI vdwlvi|lqj SW dqg SSWV=
�̀ E8 � � �̀ EC� li dqg rqo| li 8 ?3�

�
C dqg >E8 � � >EC�1

Wkdw lv/ li zh frqvlghu lqhtxdolw| rughulqjv frqvlvwhqw zlwk wkh \VZI
rughulqj wkhq iru frpsdulvrqv ri glvwulexwlrqv zlwk wkh vdph phdq 6LVG
uhsodfh Oruhq} grplqdqfh�

Wkh uhohydqfh ri wkh Jlql lqgh{ KE8 � dv dq lqhtxdolw| vxppdu| vwdwlvwlf
zloo ehfrph fohdu iurp wkh iroorzlqj uhvxow1

Zh vshfli| wkh Udzovldq oh{lplq fulwhulrq pdnlqj xvh ri wkh lqyhuvh glv0
wulexwlrq ixqfwlrqv ri 8 dqg C( 8 "4�? C phdqv wkdw 8 grplqdwhv C df0
fruglqj wr wkh oh{lplq fulwhulrq/ wkdw lv/ wkhuh h{lvwv dq lqwhuydo Efc RW� rq
zklfk 83�ER� 9' C3�ER� dqg 83�ER� � C3�ER��55

Sursrvlwlrq ; +]rol +4<<<,, Li wkh Oruhq} fxuyhv iru 8 dqg C furvv rqfh/
>E8 � ' >EC�/ dqg 8 "4�? Cc wkhq �̀ E8 � � �̀ EC� iru doo \VZIv vdwlvi|lqj
SW dqg SSWV li dqg rqo| li KE8 � � KEC�1

Wklv uhvxow/ li frpelqhg zlwk wkdw lq wkh suhylrxv sursrvlwlrq/ vkrzv
wkdw zkhq lw lv lpsrvvleoh wr frpsduh glvwulexwlrqv xqdqlprxvo| lq whupv
ri V0Frqfdyh hydoxdwlrq ixqfwlrqv/ rqfh zh frqvlghu 6LVG dv dq hwklfdoo|
dffhswdeoh fulwhulrq/ wkhq lq wkh prvw frpprq fdvh ri vlqjoh furvvlqj/ rqo|
wkh oh{lplq dqg Jlql lqgh{ lqirupdwlrq lv vx!flhqw iru surylglqj d fohdu0fxw
mxgjhphqw1

53Fkdwhdxqhxi hw do1 +4<<<, vkrz wkdw wkh vdph uhvxow krogv iru jhqhudol}hg udqn0
ghshqghqw xwlolwduldq ixqfwlrqv zlwkrxw lpsrvlqj lqhtxdolw| dyhuvlrq1

54Vhh dovr Ddehujh +5333,1
55Reylrxvo| I "plq J frxog eh h{suhvvhg htxlydohqwo| pdnlqj xvh ri I�4

n
+s, dqgJ�4

n
+s,

iru dq| n @ 4> 5> ==
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6 Lqhtxdolw| frpsdulvrqv

Xqwlo qrz zh kdyh glvfxvvhg wkh uhodwlrqvkls ehwzhhq zhoiduh grplqdqfh
dqg SSWV1 Li zh uhvwulfw rxu dwwhqwlrq wr d Vwurqj yhuvlrq ri SSWV lw lv dovr
srvvleoh wr rewdlq uhvxowv iru lqhtxdolw| grplqdqfh1 Wkh Vwurqj yhuvlrq ri
SSWV lqyroyhv wkh gh�qlwlrq ri d jhqhudol}dwlrq ri wkh srvlwlrqdo wudqvihuv
fryhulqj vlwxdwlrqv lq zklfk erwk wkh dprxqw ri wkh wudqvihu dqg wkh glvwdqfh
ehwzhhq wkh sdluv ri lqglylgxdov lqyroyhg pd| fkdqjh1 Lq rughu wr irupdol}h
wklv sulqflsoh zh qhhg wr lqwurgxfh wkh frqfhsw ri Idyrxudeoh Frpsrvlwh Sr0
vlwlrqdo Wudqvihu +IFSW,1Zh fdoo wklv frpsrvlwh wudqvihu idyrxudeoh ehfdxvh
lwv qhw h�hfw lv dvvxphg wr eh lqhtxdolw| uhgxflqj/ dqg srvlwlrqdo ehfdxvh lw
lv vhqvlwlyh wr fkdqjhv lq glvwdqfhv lq wkh lqfrph udqnlqj ri wkh lqglylgxdov
lqyroyhg1

Gh�qlwlrq < +IFSW, D Idyrxudeoh Frpsrvlwh Srvlwlrqdo Wudqvihu lv d
frpelqdwlrq ri d udqn0suhvhuylqj surjuhvvlyh wudqvihu dqg uhjuhvvlyh wudqv0
ihu iurp wkh vdph grqru/ vxfk wkdw wkh Jlql lqgh{ lv ohiw xqfkdqjhg1

Irupdoo|/ frqvlghu hpslulfdo glvwulexwlrqv 8c �8 5 I?/ wkhq �8 lv rewdlqhg
iurp 8 wkurxjk d IFSW56 li lw lv rewdlqhg iurp d surjuhvvlyh wudqvihu ri
d vpdoo dprxqw B : f iurp d wlq| iudfwlrq _R : f ri wkh srsxodwlrq dw
wkh 433�|� shufhqwloh ri wkh glvwulexwlrq wr d srruhu iudfwlrq _R : f dw wkh
433�|� shufhqwloh/ dqg d uhjuhvvlyh wudqvihu ri d vpdoo dprxqw � : f iurp wkh
iudfwlrq _R ri wkh srsxodwlrq dw wkh 433�|� shufhqwloh ri wkh glvwulexwlrq wr d
ulfkhu iudfwlrq _R ri lqglylgxdov dw wkh 433,|�c zkhuh , : � : � dqg vxfk wkdw
KE8 � ' KE �8 �1

Zh fdq qrz irupdol}h wkh Vwurqj yhuvlrq ri SSWV1

Gh�qlwlrq 43 Dq lqhtxdolw| lqgh{ reh|v wkh Vwurqj Sulqflsoh ri Srvlwlrqdo
Wudqvihu Vhqvlwlylw| +VSSWV, li dqg rqo| li UE �8 � � UE8 � zkhqhyhu �8 lv
rewdlqhg iurp 8 dsso|lqj d IFSW1

Wklv frqglwlrq lpsolhv wkdw li zh dsso| d vhtxhqfh ri surjuhvvlyh wudqv0
ihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv/ zh rewdlq d glvwulex0
wlrq zklfk pxvw eh frqvlghuhg pruh htxdo dffruglqj wr dq| lqhtxdolw| lqgh{
vdwlvi|lqj wkh SW dqg VSSWV1

56Sodflqj dwwhqwlrq wr I> �I 5 I
q zh fdq uhvwdwh wkh gh�qlwlrq frqvlghulqj udqn0

suhvhuylqj wudqvihuv ri dprxqwv �> � A 3 lqyroylqj lqglylgxdov dw wkh mwk> lwk> dqg owk srvl0

wlrqv lq wkh looiduh udqnhg lqfrph glvwulexwlrq> zkhuh o A m A l dqg vxfk wkdw �+I , @ �+ �I ,1
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Pruhryhu dq| zhoiduh ixqfwlrq ` E�� frqvlvwhqw zlwk vxfk lqglfhv vkrxog
vdwlvi| ` E �8 � � ` E8 �� Dv zh zloo vkrz57/ VSSWV lv htxlydohqw wr SSWV
zkhq vrfldo zhoiduh lv hydoxdwhg dffruglqj wr \VZIv vxfk wkdw ��ER� � f
dqg ���ER� � fc exw jhqhudoo| vshdnlqj lw lv d vwurqjhu frqglwlrq wkdq SSWV1
Lw grhv qrw lpsrvh dq| uhvwulfwlrq frqfhuqlqj wkh h{whqw ri wkh wudqvihuv dqg
wkh glvwdqfhv ehwzhhq wkh lqglylgxdov lqyroyhg1 Pruhryhu/ dowkrxjk IFSW
uhvwulfwv dwwhqwlrq wr wkh fdvh lq zklfk wkh grqru lv wkh vdph erwk iru wkh
surjuhvvlyh dqg uhjuhvvlyh wudqvihu/ wklv vlpsol�fdwlrq lv qrw zhdnhqlqj wkh
lpsdfw ri wkh VSSW1 Dq| frpsrvlwh wudqvihu zkhuh wkh wzr grqruv kdyh
lqfrphv ehwzhhq wkrvh ri wkh uhflslhqwv fdq eh rewdlqhg wkurxjk d vhtxhqfh
ri IFSWv158

Wkh iroorzlqj lv wkh pdlq sursrvlwlrq lq wkh sdshu/ lw kljkoljkwv wkh qru0
pdwlyh lpsolfdwlrqv ri pdnlqj lqhtxdolw| ru zhoiduh frpsdulvrqv xvlqj wkh
6LVG fulwhulrq1 Wkh uhvxow lv gxdo wr wkdw suhvhqwhg lq Vkruurfnv dqg Irvwhu
+4<;:,59 frqfhuqlqj vwdqgdug wklug ghjuhh vwrfkdvwlf grplqdqfh1

Sursrvlwlrq 44 Jlyhq wzr lqfrph glvwulexwlrqv �8 dqg 8 5 I? zlwk htxdo
phdqv/ wkh glvwulexwlrq �8 fdq eh rewdlqhg iurp 8 wkurxjk d �qlwh vhtxhqfh ri
surjuhvvlyh wudqvihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv li dqg
rqo| li �8 ?3�

�
8 1

Surri= Vhh dsshqgl{1
Wklv uhvxow kdv ehhq klqwhg dw lq ]rol +4<<:,1 Fkdwhdxqhxi dqg Zlowklhq

+5333, lqghshqghqwo| rewdlq d vlplodu fkdudfwhul}dwlrq ri 6LVG iru wkh q0
glphqvlrqdo hpslulfdo fdvh5:1 Dq lqwhuhvwlqj dvshfw zklfk gl�huhqwldwh wklv
uhvxow iurp wkrvh ri Vkruurfnv dqg Irvwhu +4<;:, dqg Fkdwhdxqhxi dqgZlowk0
lhq +5333, lv wkdw lq rughu wr suryh wkh htxlydohqfh ehwzhhq 6LVG dqg wkh
vhtxhqfh ri surjuhvvlyh wudqvihuv dqg IFSWv/ lqvwhdg ri frqfhqwudwlqj rq
wkh h�hfwv ri vxfk wudqvihuv rq wkh lqfrph sur�ohv zh h{sorlw wkh uhvxow ri
htxlydohqfh ehwzhhq 6LVG dqg zhoiduh grplqdqfh lq Sursrvlwlrq :1 Zh wkhuh0
iruh orrn dw wkh uhvwulfwlrqv rq wkh vhw ri wudqvihuv zklfk duh frqvlvwhqw zlwk
zhoiduh grplqdqfh iru doo lqhtxdolw| dyhuvh \VZIv vdwlvi|lqj SSWV1 Wklv
dssurdfk pdnhv fohdu wkh lqwxlwlrq ehklqg wkh uhvxow5;1 Iluvw qrwlfh wkdw wkh

57Vhh wkh rqo| li sduw ri wkh surri ri Sursrvlwlrq 441
58Vhh Ohppd 56 lq wkh dsshqgl{1
59Vhh dovr Phqh}hv hw do1 +4<;3,1
5:Vhh dovr Ddehujh +5333, zkhuh vlplodu uhvxowv duh klqwhg dw1
5;Vhh Vwhsv 4 dqg 5 lq wkh surri1 Wkhvh duh frqfhswxdoo| wkh prvw uhohydqw vwhsv ri wkh

surri dqg duh sduwlfxoduo| vlpsoh1 Wkh| orrn dw uhvwulfwlrqv rq vlpsoh frpsrvlwh wudqvihuv
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IFSW lv vhw vxfk wkdw lw rqo| frqfhqwudwhv rq frpsdulvrqv ri h�hfwv ri wkh
surjuhvvlyh dqg uhjuhvvlyh wudqvihu/ ehfdxvh wkhvh lqyroyh wkh vdph lqglylg0
xdo dv wkh grqru1 Vlqfh wkh Jlql edvhg zhoiduh ixqfwlrq lv wkh ohdvw wudqvihu
vhqvlwlyh lqglfdwru zlwklq wkh fodvv ri zhoiduh ixqfwlrqv frqvlghuhg/ wkhq dw
ohdvw dq| zhoiduh lpsurylqj frpelqdwlrq ri wudqvihuv vkrxog qrw lqfuhdvh wkh
Jlql lqgh{1 Dq| hydoxdwru zkr lv lqhtxdolw| dyhuvh exw qhxwudo z1u1w1 wudqv0
ihu vhqvlwlylw|/ zloo frqvlghu wkh surjuhvvlyh wudqvihu wr wkh srru lqglylgxdo
vx!flhqw wr r�vhw wkh qhjdwlyh lpsdfw ri wkh uhjuhvvlyh wudqvihu1 Vlqfh wklv lv
dq h{wuhph srvlwlrq/ wkhq doo hydoxdwruv plqlpdoo| frqfhuqhg zlwk wudqvihu
vhqvlwlylw| zloo jlyh wr wkh surjuhvvlyh wudqvihu kljkhu ydoxh frpsduhg wr wkh
uhjuhvvlyh/ wkhq wkh IFSW zloo eh frqvlghuhg zhoiduh hqkdqflqj ru lqhtxdolw|
uhgxflqj15<

Lw lv zhoo nqrzq wkdw jlyhq wzr glvwulexwlrqv zlwk htxdo phdqv �8 dqg 8c
wkh iruphu Oruhq} grplqdwhv wkh odwwhu li dqg rqo| li lw lv pruh htxdo dffrug0
lqj wr dq| lqhtxdolw| lqgh{ vdwlvi|lqj SW1 Wkh wklug rughu lqyhuvh vwrfkdvwlf
grplqdqfh fulwhulrq h{whqgv wkh Oruhq} grplqdqfh fulwhulrq ryhu glvwulex0
wlrqv zlwk htxdo phdqv zkhq zh uh�qh wkh qrwlrq ri lqhtxdolw| uhtxlulqj
wkdw wkh lqhtxdolw| lqglfhv dovr vdwlvi| VSSWV1 Lq rwkhu zrugv/ zh rewdlq=

Fruroodu| 45 Li >E8 � ' >E �8 �/ wkhq UE �8 � � UE8 � iru dq| lqhtxdolw| lqgh{
vdwlvi|lqj SW dqg VSSWV li dqg rqo| li �8 ?3�� 8�

Wklv lpsolhv wkdw/ ryhu glvwulexwlrqv zlwk htxdo phdqv/ zkhq wkh Oruhq}
fxuyhv ri wkh wzr glvwulexwlrqv furvv rqfh/ zh fdq dsso| wkh uhvxow lq Sursr0
vlwlrq ; iru lqhtxdolw| frpsdulvrqv1

Li zh zdqw wr h{whqg wkh lqhtxdolw| frpsdulvrqv wr glvwulexwlrqv zlwk gli0
ihulqj phdqv lw lv qhfhvvdu| wr vshfli| wkh Lqhtxdolw| Htxlydohqfh Fulwhulrq
dssolhg1 Wkh lqhtxdolw| htxlydohqfh fulwhulrq vshfl�hv lqfrph wudqvirupd0
wlrqv zklfk ohdyhv lqhtxdolw| xqfkdqjhg631 Lq zkdw iroorzv zh zloo frqvlghu

lqyroylqj rqo| d surjuhvvlyh dqg d uhjuhvvlyh wudqvihu1 Wkh uhpdlqlqj sduw ri wkh surri/
zklfk lv pruh whfkqlfdo/ lv ghyrwhg wr vkrz wkdw dq| pxowlsoh wudqvihu/ lqyroylqj pruh
wkdq rqh surjuhvvlyh dqg uhjuhvvlyh wudqvihu/ lq rughu wr eh zhoiduh hqkdqflqj vkrxog eh
rewdlqhg wkurxjk vhtxhqfhv ri IFSWv dqg surjuhvvlyh wudqvihuv1

5<D vlplodu lqwxlwlrq frxog eh dssolhg iru lqwhusuhwlqj Vkruurfnv dqg Irvwhu +4<;:, uh0
vxow/ frqfhuqlqj frpsrvlwh wudqvihuv ohdylqj wkh yduldqfh xqfkdqjhg/ zlwklq dq xwlolwduldq
iudphzrun1

63Li lqhtxdolw| lv frqvlghuhg lq whupv ri frpsdulvrqv ri uhodwlyh gl�huhqwldov lq lqfrph
wkhq vfdolqj dq lqfrph sur�oh e| d srvlwlyh frqvwdqw zloo ohdyh wkh lqhtxdolw| xqfkdqjhg1
Rq wkh rwkhu kdqg li lqhtxdolw| hydoxdwlrqv duh edvhg rq devroxwh lqfrph gl�huhqwldov/ wkhq
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wkh sdudphwulf Lqwhuphgldwh Lqhtxdolw| Htxlydohqfh fulwhulrq vxjjhvwhg lq
Ervvhuw dqg S�qjvwhq +4<<3, zklfk uhdfkhv wkh devroxwh dqg uhodwlyh lq0
htxdolw| htxlydohqfh iru wkh h{wuhph ydoxhv ri wkh sdudphwhu f � # � �
uhsuhvhqwlqj wkh dwwlwxgh wrzdug lqhtxdolw| htxlydohqfh1

D{lrp 46 +Lqwhuphgldwh Lqhtxdolw| Htxlydohqfh +LLH,, Lqfrph sur�ohv
)c)�5[ ? duh # lqhtxdolw| htxlydohqw li

)� ' )n b d#) n E�� #��o ( iru doo b 5 U vxfk wkdw )� 5 [ ?c +7,

zkhuh f � # � �c � 'E�c �c ����

Doo glvwulexwlrqv )� 5 [ ? rewdlqhg iurp ) wkurxjk Ee� c iru d jlyhq ydoxh
ri #c duh lqhtxdolw| htxlydohqw wr ) dffruglqj wr wkh lqwhuphgldwh fulwhulrq
dvvrfldwhg wr #1 Zkhq # ' � wkhq )� ' )E� n b� zh rewdlq wkh uhodwlyh
lqhtxdolw| htxlydohqfh/ zkloh li # ' f wkhq ) ' )� n b� lq Ee� c zh uhdfk wkh
rwkhu h{wuhph ylhz ri lqhtxdolw|/ wkh devroxwh lqhtxdolw| htxlydohqfh ruljl0
qdoo| sursrvhg e| Nrop +4<:9,1 Zkloh iru doo wkh rwkhu ydoxhv ri # zh kdyh
lqwhuphgldwh srvlwlrqv1

Ohw 8E#�E|� eh wkh qrupdol}hg glvwulexwlrq ixqfwlrq/ vxfk wkdw 8E#�E
#+nE�3#�

#>E8 �nE�3#�
� '

8 E+� li f � # 	 �c dqg 8Ef�E+�>E8 �� ' 8 E+� +lq wklv odvw fdvh 8Ef� kdv vxssruw
E�4cn4��� Pruhryhu/ ohw U#E�� eh dq lqhtxdolw| lqgh{ vdwlvi|lqj # htxlyd0
ohqfh1 Wkhq/ wkh deryh htxlydohqfh frqglwlrq uhtxluhv wkdw U#E8 � ' U#EC� li
8E#�E+� ' CE#�E+��

64

Zh frxog wkhuhiruh zulwh wkh fodvv ri lqwhuphgldwh lqhtxdolw| lqglfhv zklfk
duh frqvlvwhqw zlwk \VZIv vdwlvi|lqj SW dqg VSSWV +ru htxlydohqwo| SSWV,1
Wkhvh duh wudqvirupdwlrqv ri wkh olqhdu phdvxuhv ri lqhtxdolw| U�E�� gh�qhg
lq Phkudq +4<:9,=

U�# E8 � '

�]
f

�ER�

�
83�ER�� >E8 �

#>E8 � n E�� #�

�
_Rc

wudvodwlqj wkh lqlwldo lqfrph sur�oh dgglqj wkh vdph dprxqw ri lqfrph wr hyhu| lqglylgxdo
zloo qrw d�hfw lqhtxdolw|1

64Wkh fodvv ri V0Frqyh{ lqwhuphgldwh lqhtxdolw| lqglfhv kdv ehhq fkdudfwhul}hg lq Hlfk0
kruq +4<;;,1
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vxfk wkdw ��ER� � fc ���ER� � fc dqg�ER� lv qrupdol}hg vxfk wkdw
U �

f
�ER�_R '

f dqg �E�� ' ��65 Wkh lqwhuphgldwh yhuvlrq ri wkh Jlql frh!flhqw K#E�� fdq eh

rewdlqhg iru �ER� ' 2ER� ��c wkdw lv K#E8 � ' 2
U �

f
E�� R�

�
>E8 �383�ER�
#>E8 �nE�3#�

�
_R�66

Pruhryhu/ lv srvvleoh wr vshfli| �# Oruhq} fxuyhv� u#8 ER�=

u#8 ER� '
>E8 �du8 ER�� Ro

#>E8 � n E�� #�
�

Zh zloo vd| wkdw glvwulexwlrq 8 5 I #Oruhq} grplqdwhv glvwulexwlrq C 5 I c
8 ?#

u C li dqg rqo| li=

u#8 ER� � u#CER� iru doo R 5 dfc �o c f � # � ��

Dv vkrzq lq Fkdnudyduw| +4<;;,/ 8 ?#
u C li dqg rqo| li U#E8 � � U#EC� iru doo

V0frqyh{ # lqwhuphgldwh lqhtxdolw| lqglfhv1 Iru # ' �c zh kdyh wkh vwdqgdug
Oruhq} grplqdqfh/ zkloh iru # ' f zh rewdlq wkh devroxwh Oruhq} grplqdqfh
lqwurgxfhg lq Pr|hv +4<;;,1

Lq wkh uhpdlqlqj sduw ri wklv vhfwlrq zh zloo frqvlghu lqhtxdolw| frpsdu0
lvrqv dffruglqj wr U#E�� lqglfhv1 Iru wklv fodvv ri lqglfhv lq rughu wr frpsduh
glvwulexwlrqv zlwk gl�hulqj phdqv zh qhhg rqo| wr pdnh xvh ri lqirupdwlrq
rq wkh �# Oruhq} fxuyh� dqg wkh # Jlql lqgh{ ri wkh glvwulexwlrqv/ vlqfh erwk
duh lqyduldqw zlwk uhvshfw wr # lqhtxdolw| htxlydohqw fkdqjhv lq wkh lqfrph
glvwulexwlrqv167

Sursrvlwlrq 47 Li wkh �# Oruhq} fxuyhv� iru 8 dqg C 5 I? furvv rqfh/
dqg 8E#� "4�? CE#�c wkhq U#E8 � � U#EC� iru dq| # lqhtxdolw| lqgh{ vdwlvi|lqj
SW/ dqg VSSWV li dqg rqo| li K#E8 � � K#EC�1

Surri1 Frqvlghu wzr glvwulexwlrqv C dqg �C zlwk htxdo phdqv1 Dsso|lqj
wkh uhvxowv ri Fruroodu| 45 dqg Sursrvlwlrqv : dqg ;/ li wkh Oruhq} fxuyhv

65Phkudq +4<:9, glvfxvvhv wkh uhodwlyh lqgh{/ wkdw lv L
P
4

+=,1
66Wkh lqwhuphgldwh lqhtxdolw| lqglfhv ��>�+=, dvvrfldwhg wr wkh H{whqghg Jlql zhoiduh

ixqfwlrqv duh rewdlqhg iru z+s, @ 4� �+4� s,��4=
67Wkh iroorzlqj uhvxowv duh dqdorjrxv wr wkrvh rewdlqhg lq ]rol +4<<<, iru zhoiduh grp0

lqdqfh lq whupv ri \VZIv1 Wkh| duh gxdo wr wkh uhvxowv lq Vkruurfnv dqg Irvwhu +4<;:,
dqg Gdylhv dqg Kr| +4<<8, uhodwhg wr wudglwlrqdo wklug ghjuhh vwrfkdvwlf grplqdqfh dv0
vrfldwhg wr wkh xwlolwduldq dssurdfk1 Wkhvh uhvxowv lqyroyh frpsdulvrq ri yduldqfhv ri wkh
srsxodwlrqv ru vxejurxsv ri wkh srsxodwlrqv1
]rol +4<<:,/ Fkdwhdxqhxi dqg Zlowklhq +5333, dqg Ddehujh +5333, surylgh uhvxowv frq0

fhuqlqj uhodwlyh lqhtxdolw| frpsdulvrqv1
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iru C dqg �C furvv rqfh/ dqg �C "4�? C68c wkhq KE �C� � KEC� li dqg rqo| li
UE �C� � UEC� iru dq| lqhtxdolw| lqgh{ vdwlvi|lqj SW dqg VSSWV/ l1h1 �C ?3��

Cc ru/ lq rwkhu zrugv/ �C lv rewdlqhg iurp C wkurxjk d �qlwh vhtxhqfh ri
surjuhvvlyh wudqvihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv1

Li zh frqvlghu # lqhtxdolw| lqglfhv zh qhhg wr frqfhqwudwh rq �CE#� dqg
CE#�� Zh fdq vhw glvwulexwlrq 8c zkhuh >E8 � srvvleo| gl�huv iurp >EC� vxfk

wkdw 8E#� ' �CE#�� Lw iroorzv wkdw e| gh�qlwlrq ri wkh lqhtxdolw| htxlydohqfh

fulwhulrq U#E8 � ' U#E �C� � U#EC�c iru doo # lqhtxdolw| lqglfhv vdwlvi|lqj SW/
dqg VSSWV1 Pruhryhu 8E#� "4�? CE#�c K#E8 � ' K#E �C� � K#EC� dqg wkh #

Oruhq} fxuyhv ri 8 dqg �C duh xqd�hfwhg1 Zklfk jlyhv wkh lqlwldo frqglwlrqv
lq wkh sursrvlwlrq1

Zh qrz h{whqg wkh lqhtxdolw| frpsdulvrqv wr glvwulexwlrqv zkrvh Oruhq}
fxuyhv furvv pruh wkdq rqfh691 Iroorzlqj ]rol +4<<<, zh h{suhvv 6LVG lq
whupv ri wkh phdqv dqg wkh Jlql frh!flhqwv dvvrfldwhg zlwk vxejurxsv ri
wkh srsxodwlrqv1 Ohw 8R dqg CR ghqrwh wkh glvwulexwlrqv ri lqfrphv ri wkh
�uvw R|� iudfwlrq ri lqglylgxdov lqgxfhg e| glvwulexwlrqv 8 dqg C uhvshfwlyho|/
vxfk wkdw 8RE+� ' 8 E+�*R iru + � 83�ER� dqg 8RE+� ' � iru doo + : 83�ER�1
Dv vkrzq lq ]rol +4<<<,=

Ohppd 48 8 ?3�� C / >E8R� d�� KE8R�o � >ECR� d�� KECR�o ;R 5 dfc �o �

Vlqfh zh duh frqvlghulqj lqhtxdolw| frpsdulvrqv/ zh uhvwulfw wkh dqdo|0
vlv wr glvwulexwlrqv zlwk htxdo phdqv >E8 � ' >EC� dqg wkhq h{whqg wkh
frqvlghudwlrqv wr glvwulexwlrqv zlwk gl�hulqj phdqv e| pdnlqj xvh ri wkh
lqhtxdolw| htxlydohqfh fulwhulrq1 Zh frqvlghu wkh fdvh ri Oruhq} fxuyhv u8

dqg uC furvvlqj S wlphv1
Gh�qhv shufhqwlohv srlqwv R� dv iroorzv= Rf ' fc R� lv wkh shufhqwloh srlqw

dw zklfk wkh 2�|� lqwhuvhfwlrq ri u8 dqg uC wdnhv sodfh/ zkhuh � uxqv iurp �
wr&c dqg R&n� ' ��

Wkh �|� vxesrsxodwlrq frqvlvwv ri wkrvh lqfrph uhflslhqwv ehorqjlqj wr
wkh srruhvw �ffR� shufhqw exw qrw wr wkh srruhvw �ffR�3� shufhqw ri wkh
srsxodwlrq1 8 � dqg C� duh wkh glvwulexwlrq ixqfwlrqv ri wkh �|� vxesrsxodwlrq
zklfk duh lqgxfhg e| 8 dqg C uhvshfwlyho|/ vxfk wkdw 8 �E+� ' f iru doo

+ � 83�ER�3��c 8
�E+� ' � iru doo + � 83�ER�� dqg 8 �E+� ' 8 E+�3R�3�

R�3R�3�
iru

68Qrwlfh wkdw lq wklv fdvh/ ehfdxvh �+ �J, @ �+J,> wkhq �J "plq J / �J+�, "plq J+�,=

dqg wkh furvvlqj frqglwlrq lv dovr vdwlv�hg e| wkh � Oruhq} fxuyhv1
69Wkh iroorzlqj uhvxowv duh dqdorjrxv wr wkrvh rewdlqhg lq ]rol +4<<<, iru zhoiduh grpl0

qdqfh lq whupv ri \VZIv1 Wkh| duh gxdo wr wkh uhvxowv lq Gdylhv dqg Kr| +4<<8,1
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83�ER�3�� � + � 83�ER��( wkdw lv= 8R� � 8 �c 8R� �
S�

�'�
ER�3R�3��8

�

R�
c dqg

8R&n� � 8�
Zh fdq qrz vwdwh wkh iroorzlqj sursrvlwlrq zklfk jhqhudol}hv wkh uhvxow

lq wkh suhylrxv sursrvlwlrq frqfhuqlqj vlqjoh furvvlqj ri Oruhq} fxuyhv1

Sursrvlwlrq 49 Li wkh �# Oruhq} fxuyhv� iru 8 dqg C 5 I? furvv S wlphv/
dqg 8E#� "4�? CE#�c wkhq U#E8 � � U#EC� iru dq| # lqhtxdolw| lqgh{ vdwlvi|lqj
SW dqg VSSWV li dqg rqo| li=
E�� Iru S hyhq +l1h1 S ' 2&,= K#E8R�� � K#ECR�� iru doo � � &1
E�� Iru S rgg +l1h1 S ' 2& n �,= K#E8R�� � K#ECR�� iru doo � � & n � +l1h1
K#E8R�� � K#ECR�� iru doo � � & dqg K#E8 � � K#EC�,1

Surri1 Frqvlghu wzr glvwulexwlrqv C dqg �C zlwk htxdo phdqv >E �C� '
>EC� ' >c vxfk wkdw �C "4�? C dqg wkh Oruhq} fxuyhv iru C dqg �C furvv dq
hyhq qxpehu ri wlphv +D,� Wkhq lw lv lpphgldwh wr fkhfn wkdw �C� "4�? C�

iru doo � 5 � dqg wkh Oruhq} fxuyh ri �C&n�grplqdwhv wkdw ri C&n�� Wkhq
wkh srlqwv R� iru � � & duh orfdo plqlpd ri wkh ixqfwlrq fER� ' �C3�� ER� �
C3�� ER� ' >

U R

f
u �CE|� � uCE|�_| iru f � R � �� Wkhq �C ?3�� C li dqg rqo| li

fER�� � f/ iru doo � � &1

Qrwlfh wkdw >ECR�� '
U �

f
C3�R� E|�_| '

U �

f
C3�E|R��_| ' �

R�

U R�

f
C3�E^�_^

wkdw lv >ECR�� '
�
R�
>EC�uCER��� Wkhuhiruh vlqfh uCER� dqg u �CER� furvv dw R�

dqg >E �C� ' >EC� ' >c wkhq >E �CR�� ' >ECR�� li � � &� Uhfdoolqj Ohppd 48/
wkhq fER�� � f/ iru doo � � & li dqg rqo| li doo wkh �uvw & vxejurxsv zlwk
glvwulexwlrqv �CR� dqg CR� vdwlvi| wkh frqglwlrq KE �CR�� � KECR��1 Lw iroorzv

wkdw �C lv pruh htxdo wkdq C dffruglqj wr dq| lqhtxdolw| lqgh{ vdwlvi|lqj SW
dqg VSSWV li dqg rqo| li KE �CR�� � KECR�� iru doo � � &1

+E, Li wkh Oruhq} fxuyhv iru C dqg �C furvv dq rgg qxpehu ri wlphv/
dqg �C "4�? Cc wkhq wkh Oruhq} fxuyhv ri �C&n�dqg C&n� furvv rqfh dqg
�C&n� "4�? C&n�� Wkhq qrw rqo| wkh srlqwv R� iru � � & duh orfdo plqlpd
ri fER�/ exw dovr R&n� ' � lv d orfdo plqlpxp1 Wkhq �C ?3�� C li dqg
rqo| li fER�� � f/ iru doo � � & n �> wklv frqglwlrq lv vdwlv�hg li dqg rqo|
li >E8R��

�
�� KE8R��

�
� >ECR��

�
�� KECR��

�
iru doo � � & n �/ l1h1 KE8R��

� KECR�� iru doo � � &/ dqg dovr KE8 � � KEC�1
Lq rughu wr h{whqg wklv surri wr glvwulexwlrqv zlwk xqhtxdo phdqv zkhq

wkh lqglfhv ri lqhtxdolw| duh # lqyduldqw rqh fdq dujxh lq wkh vdph zd| dv
grqh lq wkh �qdo sduw ri wkh surri ri suhylrxv sursrvlwlrq1
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61314 H{whqghg Jlqlv dqg lqyhuvh vwrfkdvwlf grplqdqfh

Dv phqwlrqhg ehiruh/ d vlqjoh sdudphwulf jhqhudol}dwlrq ri wkh Jlql edvhg
zhoiduh lqgh{/ wkh H{whqghg Jlql +HJ, lqgh{

swE8 � ' w

] �

f

E�� R�w3�83�ER�_R� +8,

lv zhoo nqrzq lq olwhudwxuh rq hfrqrplf lqhtxdolw| dqg zhoiduh phdvxuhphqw1
Lw kdv ehhq lqghshqghqwo| sursrvhg e| Ndnzdql +4<;3, dqg Grqdogvrq dqg
Zh|pdun +4<;3/ 4<;6,1 HJ vdwlv�hv SW li B � �c dqg VSSWV +dovr SSWV, li
B � 2� Iru B ' � wkh dvvrfldwhg rughulqj lv lqhtxdolw| qhxwudo s�E8 � ' >E8 ��
Iru B ' 2 HJ ehfrphv wkh vrfldo zhoiduh lqgh{ >E8 � d�� KE8 �o � Iru B $4
wkh dvvrfldwhg zhoiduh rughulqj dssurdfkhv wkh oh{lplq rughulqj1

\lw}kdnl +4<;5/ 4<;6, lqyhvwljdwhv wkh uhodwlrqvklsv ehwzhhq wkh zhoiduh
rughulqj lqgxfhg e| wklv idplo| ri lqglfhv dqg wkh fulwhuld ri �uvw dqg vhf0
rqg rughu vwrfkdvwlf grplqdqfh/ surylglqj vx!flhqw frqglwlrqv iru vwrfkdvwlf
grplqdqfh lq whupv ri grplqdqfh dffruglqj HJv hydoxdwhg iru gl�hulqj ydo0
xhv ri wkh sdudphwhuv1 Pxolhuh dqg Vfduvlql +4<;<, dujxh wkdw wkh HJv duh
dovr forvho| olqnhg wr wkh lqyhuvh vwrfkdvwlf grplqdqfh fulwhuld/ dqg vkrz
wkdw &|� ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh lv d qhfhvvdu| frqglwlrq iru
grplqdqfh dffruglqj wr HJv hydoxdwhg iru lqwhjhu ydoxhv ri wkh sdudphwhu
qrw orzhu wkdq & � �1

Wkh dlp ri wklv vhfwlrq lv wr h{whqg wkh vhw ri vx!flhqw frqglwlrqv lqwur0
gxfhg lq \lw}kdnl +4<;5/ 4<;6,/ surylglqj vx!flhqw frqglwlrqv iru &|� ghjuhh
lqyhuvh vwrfkdvwlf grplqdqfh1 Wklv vkrzv/ dv klqwhg lq Pxolhuh dqg Vfduvlql
+4<;<,/ wkdw wkh qdwxudo zd| ri olqnlqj HJ rughulqjv dqg vwrfkdvwlf grp0
lqdqfh lv e| phdqv ri wkh lqyhuvh vwrfkdvwlf dssurdfk dqg qrw wkh gluhfw
rqh1 Ixuwkhupruh/ dv douhdg| srlqwhg rxw/ vlqfh HJv duh d vshfl�fdwlrq ri
wkh \VZI/ wkh rewdlqhg grplqdqfh uhvxowv lqyroylqj HJv zloo eh frpsduhg
zlwk wkrvh rewdlqhg iru \VZIv grplqdqfh1

Ohw Q wkh vhw ri qdwxudo qxpehuv dqg 8cC 5 I 1 Wkh wzr ixqgdphq0
wdo sursrvlwlrqv olqnlqj grplqdqfh dffruglqj wr HJv dqg lqyhuvh vwrfkdvwlf
grplqdqfh duh/ �uvwo|=

Sursrvlwlrq 4: +Pxolhuh dqg Vfduvlql +4<;<,, 8 ?3�& C , swE8 � �
swEC� ;w � & � �c +zlwk dw ohdvw rqh vwulfw lqhtxdolw|, Ew 5 Q�1

Dqg vhfrqgo|/ wkh iroorzlqj uhvxow/ gxh wr \lw}kdnl +wkh ruljlqdo uhvxow
lv lq whupv ri vwdqgdug vwrfkdvwlf grplqdqfh/ khuh lw kdv ehhq uhzulwwhq lq
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whupv ri lqyhuvh glvwulexwlrqv dqg lqyhuvh vwrfkdvwlf grplqdqfh fulwhuld/ lq
rughu wr kljkoljkw wkh olqnv zlwk wkh rwkhu uhvxowv lq wklv vhfwlrq,=

Sursrvlwlrq 4; +\lw}kdnl +4<;5/ 4<;6,, Ohw 83�ER� dqg C3�ER� eh wzr
lqyhuvh glvwulexwlrq ixqfwlrqv zklfk lqwhuvhfw dw prvw rqfh1 Wkhq/ swE8 � �
swEC� ;w � � +zlwk dw ohdvw rqh vwulfw lqhtxdolw|, Ew 5 Q�/ lv d vx!flhqw
frqglwlrq iru 8 ?3�2 C1

Zh qrz lqwurgxfh d ohppd suhvhqwhg lq Pxolhuh dqg Vfduvlql +4<;<,/
zklfk zloo ehfrph xvhixo iru wkh surri ri qh{w sursrvlwlrq1

Ohppd 4< s&E8 � � s&EC� li dqg rqo| li 83�&n�E�� � C3�&n�E���

Surri= Lqwhjudwlqj e| sduwv lq +8, jlyhv swE8 � ' wEw���
U �

f
E��R�w3283�2 ER�_R�

Diwhu ixuwkhu lqwhjudwlrqv e| sduw zh rewdlq swE8 � ' d
T&3�

�'f Ew � ��o
U �

f
E� �

R�w3&83�& ER�_R iru w � &� Wkxv=

swE8 �� swEC� ' d
&3�\
�'f

Ew � ��o

�]
f

E�� R�w3&d83�& ER��C3�& ER�o_Rc w � &�

+9,

Lw iroorzv wkdw swE8 � � swEC� iru w ' & li dqg rqo| li=

&-d83�&n�E���C3�&n�E��o � fc +:,

wkdw lv htxlydohqwo| 83�&n�E�� � C3�&n�E���
Wkh uhtxluhphqw wkdw glvwulexwlrq 8 grplqdwhv C dffruglqj wr wkh ful0

whulrq ri E& n ��|� ghjuhh lqyhuvh vwrfkdvwlf grplqdqfh dw wkh xsshu ohyho ri
lqfrph +l1h1 dw R ' �, lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru grplqdqfh
dffruglqj wr HJv zlwk w ' &1

Wkh iroorzlqj uhvxow h{whqgv wkh vx!flhqw frqglwlrqv lq Sursrvlwlrq 4;16:

Sursrvlwlrq 53 Ohw 83�
&

ER� dqg C3�
&
ER� lqwhuvhfw dw prvw rqfh1 Wkhq swE8 � �

swEC� ;w � & +zlwk dw ohdvw rqh vwulfw lqhtxdolw|,/ lv d vx!flhqw frqglwlrq
iru 8 ?3�

&n�
C1

6:\lw}kdnl +4<;6/ s19540955, suhvhqwv d vlplodu uhvxow zkhq q @ 5 dqg �+I , @ �+J,=
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Surri= Lw zloo eh vx!flhqw wr suryh wkh vx!flhqf| iru wkh h{wuhph ydoxhv
ri w dqg wkhq h{whqg wkh uhvxow wr wkh lqwhuphgldwh ydoxhv1

Li swE8 � � swEC� zkhq w ' & iurp Ohppd 4< zh nqrz wkdw 83�
&n�

E�� �
C3�

&n�
E��� Li swE8 � � swEC� zkhq w $ 4c zh rewdlq wkdw 8 "4�? C/ wkdw

lv/ wkhuh h{lvwv dq lqwhuydo Efc RW� rq zklfk 83�ER� 9' C3�ER� dqg 83�ER� �
C3�ER�� Qrwlfh wkdw/ lq wklv fdvh/ dovr lq wkh lqwhuydo Efc RW� 83�

&
ER� 9' C3�

&
ER�

dqg 83�

&
ER� � C3�

&
ER� zloo eh wuxh iru dq| &�

Li 83�

&
ER� dqg C3�

&
ER� lqwhuvhfw dw prvw rqfh/ wkhq dovr wkhlu lqwhjudov

83�

&n�
ER� dqg C3�

&n�
ER� lqwhuvhfw dw prvw rqfh1 Zh nqrz wkdw 83�

&n�
E�� �

C3�

&n�
E�� dqg dovr wkdw lq wkh lqwhuydo Efc RW� 83�

&n�
ER� 9' C3�

&n�
ER� dqg 83�

&n�
ER� �

C3�

&n�
ER� vr/ li 83�

&n�
ER� grplqdwhv C3�

&n�
ER� dw wkh h{wuhphv R ' � dqg wkh lq0

whuydo Efc RW�c dqg wkh wzr ixqfwlrqv lqwhuvhfw dw prvw rqfh/ wkhq 83�

&n�
ER�

grplqdwhv C3�

&n�
ER� iru doo ydoxhv ri Rc l1h1 8 ?3�

&n�
C1 Iurp Sursrvlwlrq 4:

zh nqrz wkdw li 8 ?3�

&n�
C wkhq swE8 � � swEC�;w � &c wkhq/ zhoiduh grpl0

qdqfh lq whupv ri sBE�� iru B : & lv lpsolhg e| zhoiduh grplqdqfh iru w ' &
dqg w $4�

Qrw vxusulvlqjo| wkh grplqdqfh lq whupv ri HJv lv qrw vx!flhqw wr jxdu0
dqwhh lqyhuvh vwrfkdvwlf grplqdqfh> wkh uhvxow vkrzv xqghu zklfk frqglwlrqv
lw lv1 Wkh qh{w sursrvlwlrq iroorzv iurp wkh uhvxowv lq Sursrvlwlrq 4: dqg
Sursrvlwlrq 53 +wkh surri lv rplwwhg vlqfh lw lv vwudljkwiruzdug,1

Sursrvlwlrq 54 Ohw 83�

&
ER� dqg C3�

&
ER� lqwhuvhfw dw prvw rqfh/ dqg 8 "4�?

C� Wkhq s&E8 � � s&EC� li dqg rqo| li 8 ?3�

&n�
C1

D vshfldo fdvh ri wklv sursrvlwlrq zklfk pd| eh ri lqwhuhvw rffxuv zkhq
& ' 21 Uhfdoolqj wkdw 83�

2 ER� dqg C3�

2 ER� duh wkh jhqhudol}hg Oruhq} fxuyhv
ri 8 dqg Cc dqg wkdw >E8 �d�� KE8 �o ' s2E8 � zh kdyh=

6;

Fruroodu| 55 Li wkh jhqhudol}hg Oruhq} fxuyhv ri glvwulexwlrqv 8 dqg C 5 I
lqwhuvhfw dw prvw rqfh/ dqg 8 "4�? Cc wkhq >E8 �d��KE8 �o � >EC�d��KEC�o
li dqg rqo| li 8 ?3�

� C�

7 Frqfoxglqj uhpdunv

Zh glvfxvv wkh qrupdwlyh mxvwl�fdwlrqv iru vxssruwlqj wklug ghjuhh lqyhuvh
vwrfkdvwlf grplqdqfh lq lqhtxdolw| frpsdulvrqv zkhq Oruhq} fxuyhv lqwhu0
vhfw1 Wkh uhohydqw dvshfw lv fdswxuhg e| d srvlwlrqdo yhuvlrq ri wkh wudqvihuv

6;Wklv uhvxow lv htxlydohqw wr wkrvh rewdlqhg lq Sursrvlwlrqv 6 dqg 7 lq ]rol +4<<<, dqg
dovr kljkoljkwhg lq wklv sdshu lq Sursrvlwlrq ; iru wkh fdvh lq zklfk �+I , @ �+J,1
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vhqvlwlylw| d{lrp zklfk uhtxluhv d frpelqdwlrq ri d surjuhvvlyh dqg d uhjuhv0
vlyh wudqvihu iurp wkh vdph grqru zklfk ohdyhv wkh Jlql lqgh{ xqfkdqjhg wr
eh lqhtxdolw| uhgxflqj1 D frpelqdwlrq ri wklv surshuw| zlwk wkh Sulqflsoh ri
Wudqvihuv ohdgv wr wkh 6LVG sduwldo rughulqj1

Lqhtxdolw| frpsdulvrqv frqvlvwhqw zlwk 6LVG duh h{whqghg ryhu glvwulex0
wlrqv zlwk gl�huhqw wrwdo lqfrph xvlqj wkh lqwhuphgldwh lqhtxdolw| htxlydohqfh
fulwhulrq1 Zkhq lqwhuphgldwh Oruhq} fxuyhv lqwhuvhfw rqfh/ wkh glvwulexwlrq
zkrvh Oruhq} fxuyh lqwhuvhfwv wkh rwkhu iurp deryh/ lv dozd|v ohvv xqhtxdo df0
fruglqj wr wkh wudqvihu vhqvlwlylw| surshuw| glvfxvvhg li dqg rqo| li lw h{klelwv
d orzhu lqwhuphgldwh Jlql frh!flhqw1 Wklv uhvxow kdv ehhq dovr h{whqghg wr
wkh fdvh ri pxowlsoh furvvlqjv1

Wkh uhodwlrqvklsv ehwzhhq wkh jhqhudol}hg Jlql lqglfhv dqg lqyhuvh vwrfkdv0
wlf grplqdqfh lv �qdoo| lqyhvwljdwhg/ dqg h{whqvlrqv ri uhvxowv ri Pxolhuh dqg
Vfduvlql +4<;<, dqg \lw}kdnl +4<;5/ 4<;6, duh surylghg1

8 Dsshqgl{

Sursrvlwlrq Jlyhq wzr lqfrph glvwulexwlrqv �8 dqg 8 5 I?/ zlwk htxdo phdqv/ wkh
glvwulexwlrq �8 fdq eh rewdlqhg iurp 8 wkurxjk d �qlwh vhtxhqfh ri
surjuhvvlyh wudqvihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv/
li dqg rqo| li �8 ?3�

� 8 1

Surri1
Jlyhq wkh suhylrxv uhvxow lq Sursrvlwlrq : frqfhuqlqj htxlydohqfh ehwzhhq

6LVG dqg grplqdqfh lq whupv ri lqhtxdolw| dyhuvh \VZIv vdwlvi|lqj SSWV
zh kdyh wr suryh wkdw li �8 lv rewdlqhg iurp 8 wkurxjk d �qlwh vhtxhqfh ri
surjuhvvlyh wudqvihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv/ wkhq
�̀ E �8 � � �̀ E8 � iru doo \VZIv vxfk wkdw ��ER� � f dqg ���ER� � �f +wklv lv wkh
rqo| li sduw,1 Dqg wkdw li �̀ E �8 � � �̀ E8 � iru doo vxfk hydoxdwlrq ixqfwlrqv
wkhq �8 lv qhfhvvdulo| rewdlqhg iurp 8 wkurxjk d �qlwh vhtxhqfh ri surjuhvvlyh
wudqvihuv dqg2ru idyrxudeoh frpsrvlwh srvlwlrqdo wudqvihuv +li sduw,1

Wkh vwuxfwxuh ri wkh surri lv dv iroorzv= zh �uvw frqfhqwudwh rq Hohphq0
wdu| Frpsrvlwh Wudqvihuv +HFWv,/ wkdw lv wkh frpelqdwlrq ri d surjuhvvlyh
dqg d uhjuhvvlyh wudqvihu/ dqg zh vkrz wkdw wkh IFSWv duh lqghhg wkh vxe0
vhw ri vxfk wudqvihuv zklfk wrjhwkhu zlwk vlpsoh surjuhvvlyh wudqvihuv lqgxfh
6LVG6<1 Wkhq/ zh pryh wr wkh jhqhudo fdvh ri Pxowlsoh Frpsrvlwh Wudqvihuv

6<Prvw ri wklv surri iroorzv iurp wkh surri ri Sursrvlwlrq 4 lq ]rol +4<<<, dqg Sursrvlwlrq
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+PFW,/ wkdw lv frpelqdwlrqv ri pruh wkdq d surjuhvvlyh dqg d uhjuhvvlyh
wudqvihu +qrw qhfhvvdulo| rewdlqdeoh wkurxjk d vhtxhqfh ri HFWv, dqg zh
vkrz wkdw zhoiduh grplqdqfh frqvlvwhqw zlwk 6LVG vhohfwv rqo| PFWv zklfk
fdq eh rewdlqhg wkurxjk d �qlwh vhtxhqfh ri IFSWv1

Rqo| li =
E| gh�qlwlrq ri 8 dqg �8c zh kdyh >E8 � ' >E �8 � ' >1 Doo \VZIv vxfk

wkdw ��ER� � f vdwlvi| SW/ wkhuhiruh d surjuhvvlyh wudqvihu lv qrw zhoiduh zruv0
hqlqj/ zh qhhg wr fkhfn iru wkh lpsdfw ri d Idyrudeoh Frpsrvlwh Srvlwlrqdo
Wudqvihu1 Frqvlghu d surjuhvvlyh wudqvihu ri d vpdoo dprxqw B : f iurp d wlq|
iudfwlrq _R : f ri wkh srsxodwlrq dw wkh 433E�n 4�|� shufhqwloh ri wkh glvwul0
exwlrq wr d srruhu iudfwlrq _R : f dw wkh 433�|� shufhqwloh/ dqg d uhjuhvvlyh
wudqvihu ri d vpdoo dprxqw � : f iurp wkh iudfwlrq _R ri wkh srsxodwlrq dw
wkh 433�|� shufhqwloh ri wkh glvwulexwlrq wr d ulfkhu iudfwlrq _R ri lqglylgxdov
dw wkh 433E� n k�|� shufhqwloh/ dqg � : ��73 Dffruglqj wr +5, zh kdyh wkdw
KE �8 � ' KE8 � li dqg rqo| li=

2

>
iB dE�� �� 4�� E�� ��o� � dE�� � � k�� E�� ��oj _R ' f +;,

ru/ htxlydohqwo|/ li dqg rqo| li

k� ' 4B� +<,

Qh{w/ zh kdyh { �̀ ' �̀ E �8 �� �̀ E8 � � f li dqg rqo| li=

B d�E��� �E�n 4�o _R � � d�E��� �E� n k�o _R � f� +43,

Qrz/ glylglqj wkh ohiw kdqg vlgh ri +43, e| 4B dqg wkh uljkw kdqg vlgh e| k�
zh jhw

�

4
d�E��� �E�n 4�o _R �

�

k
d�E��� �E� n k�o _R � : � +44,

wkdw lv/ zkhq �n 4 	 � nkc wkhq ���ER� � f +li �ER� lv wzlfh gl�huhqwldeoh, ru
jhqhudoo| �ER� lv frqyh{1 Zklfk vkrzv wkdw doo lqhtxdolw| dyhuvh \VZIv vdw0
lvi|lqj wkh SSWV dovr vdwlvi| wkh Vwurqj yhuvlrq ri SSWV1 Wkhuhiruh{ �̀ � f
iru doo wkhvh ixqfwlrqv/ zklfk lpsolhv �8 ?3�

� 8 1

: lq ]rol +4<<:,1
73Qrwlfh wkdw wkhvh wudqvihuv duh pruh jhqhudo wkdq IFSWv/ lq wkdw zh gr qrw uhvwulfw

l. � @ m=
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Li sduw = Zh glylgh wklv sduw ri wkh surri lqwr ydulrxv vwhsv1 +Vwhs 4, Zh
�uvw frqvlghu HFWv dqg vkrz wkh uhvwulfwlrqv rq wkhvh wudqvihuv lpsrvhg e|
frqvlvwhqf| zlwk zhoiduh grplqdqfh1 Zkdw zh vhohfw duh Jhqhudo IFSWv/
wkdw lv IFSWv zkhuh wkh grqru lv qrw qhfhvvdulo| wkh vdph/ wkdw lv wkh|
vdwlvi| � 	 � � �n4 	 �nk� Wkhq +Vwhs 5, zh suryh wkdw doo Jhqhudo IFSWv
fdq eh rewdlqhg wkurxjk d vhtxhqfh ri IFSWv1 Zh zloo pryh diwhuzdugv
wr frqvlghu +Vwhs 6, wkh uhvwulfwlrqv rq PFWv lpsrvhg e| frqvlvwhqf| zlwk
zhoiduh grplqdqfh htxlydohqw wr 6LVG/ dqg vkrz wkdw wkhvh uhvwulfwlrqv duh
htxlydohqw wr wkrvh lqgxfhg frqvlghulqj PFWv dv rewdlqhg wkurxjk vhtxhqfhv
ri IFSWv1 Wklv zloo frqfoxgh wkh surri1 Iru frpsohwhqhvv zh dgg Vwhs 7
zkhuh dq dojrulwkp iru ghfrpsrvlqj wkh rewdlqhg PFWv frqvlvwhqw zlwk
6LVG lqwr vhtxhqfhv ri IFSWv lv lqwurgxfhg1 Zh frqfoxgh zlwk dq h{dpsoh
ri wkh dssolfdwlrq ri wkh dojrulwkp1

VWHS 4= Frqvlghu glvwulexwlrqv M dqg 8 5 I? vxfk wkdw >E8 � '
>EM� ' >c dqg M ?3�

�
8� Qrwlfh wkdw 6LVG lv d �qhu sduwldo rughu wkdq

vhfrqg ghjuhh LVG grplqdqfh +l1h1 M ?3�
2

8 , M ?3�
�

8 �� Vlqfh M ?3�
2

8
lv vdwlv�hg e| glvwulexwlrqv M dqg 8 zkhqhyhuM lv rewdlqhg iurp 8 wkurxjk
d �qlwh vhtxhqfh ri surjuhvvlyh wudqvihuv +vhh Ilhogv dqg Ihl/ 4<:;,/ lq rughu
wr vdwlvi| M ?3�

�
8c exw qrw M ?3�

2
8 lw vkrxog eh wkdw M lv rewdlqhg iurp

8 dovr wkurxjk vrph uhjuhvvlyh wudqvihuv1 Iurp wkh suhylrxv sduw zh douhdg|
nqrz wkdw vhtxhqfhv ri IFSWv lpso| 6LVG/ zh qhhg wr vkrz wkdw wrjhwkhu
zlwk surjuhvvlyh wudqvihuv wkh| duh wkh rqo| wudqvihuv zklfk doorzv wr rewdlq
wklv grplqdqfh uhvxow1

Frqvlghu doo \VZIv vdwlvi|lqj ��ER� � f dqg ���ER� � f� Iru doo vxfk
ixqfwlrqv lw vkrxog eh

�E��� �E�n 4�

4
�

�E��� �E� n k�

k
� f iru doo � : �c �n 4 	 � n k� +45,

Wkhq/ frqvlghu d frpelqdwlrq ri d surjuhvvlyh dqg d uhjuhvvlyh wudqvihu erwk
udqn suhvhuylqj74/ zlwkrxw orvv ri jhqhudolw| vxssrvh wkh dprxqw ri wkh lq0
frphv wudqvihuuhg duh Bc dqg ��c zkhuh B� : fc wkdw lv B dqg � duh hlwkhu
erwk srvlwlyh ru erwk qhjdwlyh1 Pruhryhu/ vxssrvh wkh lqglylgxdov lqyroyhg
lq wkh wudqvihuv duh vlwxdwhg dw wkh 433�|�c 433E�n�4�|�c 433�|� dqg 433E�nk�|�

shufhqwlohv/ zkhuh � : �c exw �n�4 lv qrw uhvwulfwhg wr eh orzhu wkdq �nk1 Wkh

74Vlqfh zh duh lqwhuhvwhg lq vhohfwlqj wkh prvw hohphqwdu| wudqvihuv vxssruwlqj wkh grpl0

qdqfh frqglwlrq/ zh uhvwulfw rxu dwwhqwlrq wr udqn0suhvhuylqj wudqvihuv1 Xqghu dqrqlplw| lw

fdq eh vkrzq wkdw dq| vhw ri wudqvihuv fdq eh lqwhusuhwhg dv d vhtxhqfh ri udqn0suhvhuylqj

wudqvihuv1
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frpelqhg zhoiduh h�hfw ri wkhvh wudqvihuv { �̀ hydoxdwhg lq whupv ri \VZIv
lv jlyhq e| { �̀ ' B d�E��� �E�n �4�o _R� � d�E��� �E� n k�o _R� Wkhvh wudqv0
ihuv lqgxfh d zhoiduh lpsuryhphqw l�

B d�E��� �E�n �4�o � � d�E��� �E� n k�o � +46,

Zh qhhg wr fkhfn wkh uhvwulfwlrqv rq Bc �c dqg �4 lq E��� lpsrvhg e| E�2� �
Qrwlfh wkdw li B dqg � duh srvlwlyh wkhq wkh surjuhvvlyh wudqvihu lv lq idyru ri
wkh srruhu lqglylgxdo �c 75 zkloh li B dqg � duh qhjdwlyh/ wkh srruhu lqglylgxdo
lv wkh grqru lqyroyhg lq d uhjuhvvlyh wudqvihu1 Vxssrvh �4 	 � n k� �c wkdw lv
�4 vkrzv wkh vdph uhvwulfwlrq dv 4 lq E�2� � Zh fdq uhzulwh E�2� dv

k

4
d�E��� �E�n 4�o � d�E��� �E� n k�o � fc +47,

li B dqg � duh qhjdwlyh/ iurp E��� zh kdyh B
�
d�E��� �E�n �4�o � d�E��� �E� n k�o

zklfk frqwudglfwv E�e� � Lw lv srvvleoh wr vshfli| �ER� vxfk wkdw E�e� lv vdwlv0
�hg76 iru �E��� �E�nk� ' f/ dqg �E�� : �E�n 4�c lq zklfk fdvh dffruglqj wr
E�e� �E��� �E�n �4� : f zklfk frqwudglfwv B

�
d�E��� �E�n �4�o � f�

Rqo| li Bc � : f dqg li B
�
� k

4
: f wkhq E�e� lv vdwlv�hg1 Lw iroorzv wkdw wkh

surjuhvvlyh wudqvihu vkrxog eh pdgh lq idyru ri wkh srruhu ri wkh lqglylgxdov
lqyroyhg lq wkh frpsrvlwh wudqvihu1 Pruhryhu wkh frqglwlrq B

�
� k

4
frxog eh

uhlqwhusuhwhg/ dv B4 � k�c zklfk dffruglqj wr +<, phdqv wkdw wkh HFW vkrxog
ghfuhdvh wkh Jlql lqgh{ ru dw wkh olplw ohdyh wkh lqgh{ xqfkdqjhg1 Vlqfh zh
duh frqvlghulqj HFWv wrjhwkhu zlwk vlpsoh surjuhvvlyh wudqvihuv/ wkhq wkh
frqglwlrq erlov grzq wr B4 ' k�� D frpelqdwlrq ri udqn0suhvhuylqj wudqvihuv
uhgxflqj wkh Jlql frh!flhqw fdq eh vhhq dv wkh vxp ri d surjuhvvlyh wudqvihu
lqyroylqj wkh sdlu ri lqglylgxdov dw wkh erwwrp ri wkh glvwulexwlrq dqg d HFW
ohdylqj wkh Jlql lqgh{ xqfkdqjhg1 Wkdw lv/ zh fdq frqvlghu B ' B� n B2 : fc
zkhuh B�c B2 : f vxfk wkdw B�4 ' k��

75Zlwk d olwwoh dexvh ri whuplqrorj| zh zloo fdoo lqglylgxdo l wkh iudfwlrq gs ri lqglylgxdov
dw wkh 433lwk shufhqwloh1 Wklv grhv qrw lq sulqflsoh fuhdwh dq| odfn ri frqvlvwhqf|/ li

gs @ 4@q> wkhq wkh lqfrph dvvrfldwhg wr srsxodwlrq dw wkh 433lwk shufhqwloh lv dfwxdoo|

wkdw ehorqjlqj wr wkh lqglylgxdo udqnhg l zlwklq wkh looiduh udqnhg lqfrph sur�oh1
76Frqvlghu iru lqvwdqfh wkh ixqfwlrq y+s, =

y+s, @

�
+m � s,� . � li s � m � A 5> � � 3

� li s A m=
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Zh qhhg qrz wr vkrz wkdw �4 frxog qrw eh odujhu wkdq � n k � �c wkdw
lv wkh surjuhvvlyh wudqvihu zlwklq wkh HFW fdqqrw lqyroyh d grqru zklfk lv
ulfkhu wkdq wkh uhflslhqw lq wkh uhjuhvvlyh wudqvihu1 Zh fdoo Jhqhudo IFSW wkh
HFW zkhuh wkh surjuhvvlyh wudqvihu rffxuv dw wkh erwwrp dqg �n 4 � � nk1
Ri frxuvh/ jlyhq wkh suhylrxv uhvxow zh fdq dozd|v wklqn dw d vhtxhqfh ri
d surjuhvvlyh wudqvihu iurp dq lqglylgxdo dw � n �4 : � n k wr vrphrqh dw
� n 4 � � n kc dqg d Jhqhudo IFSW zkhuh wklv odvw lqglylgxdo dw � n 4
lv lqyroyhg1 Vxfk d wudqvihu zloo ehorqj wr wkh vhw ri wkrvh vkrzq ehlqj
frqvlvwhqw zlwk zhoiduh grplqdqfh1 Zkdw zh qhhg wr frqvlghu lv zkhwkhu
wkhuh h{lvw wudqvihuv wkdw fdqqrw eh lqwhusuhwhg lq wklv zd|/ exw fdq lpsuryh
zhoiduh li wkh grqru ri wkh surjuhvvlyh wudqvihu lv dw �n �4 : � n k�

Zh zloo vkrz wkdw wkhuh h{lvw fodvvhv ri zhljkw ixqfwlrqv �ER� +vhh E�S��
vdwlvi|lqj ��ER� � fc ���ER� � fc vxfk wkdw doo wkhvh wudqvihuv duh zhoiduh
uhgxflqj1

Frqvlghu � n �4 : � n kc ohw � n �4 � E� n k� ' j : fc dqg � � � ' q : fc
wkhuhiruh �4 ' knqnj : f� Vlqfh wkh \VZIv zlwk olqhdu zhljkwlqj ixqfwlrqv
ehorqj wr wkh vhw ri zhoiduh ixqfwlrqv zh frqvlghu +zkhuh ���ER� ' f� lw lv
hylghqw wkdw wkh wudqvihu lq rughu wr qrw uhgxfh zhoiduh vkrxog dw ohdvw ohdyh
wkh Jlql frh!flhqw xqfkdqjhg/ ru uhgxfh lw/ wkdw lv

B Ekn q n j� � k��

Pruhryhu/ lw vkrxog eh vxfk wkdw wkh frpsrvlwh wudqvihu fdqqrw eh frqvlghuhg
dv rewdlqhg wkurxjk d vhtxhqfh ri d surjuhvvlyh wudqvihu dqg d Jhqhudo IFSW
vdwlvi|lqj B Ekn q� ' k� +wkdw lv vxfk wkdw j ' f�c lw iroorzv wkdw zh qhhg
wr uhtxluh wkdw B dqg � duh vxfk wkdw wkh Jlql lqgh{ lv lqfuhdvhg/ wkdw lv
B 	 k�

knq
� Zh qhhg wkhuhiruh wr frqvlghuhg doo srvvleoh wudqvihuv vxfk wkdw

k�

kn q
: B �

k�

kn q n j
�

Wklv frqglwlrq fdq eh irupdol}hg dv

B Ekn q n �j� ' k�c zkhuh � � � : f� +48,

Frqvlghu wkh iroorzlqj zhljkwlqj ixqfwlrq=

�ER� '

+
E� n k�30

k
� n 0 �nk3R

�nk

l
li f � R � � n k

R30 li R : � n k
+49,
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zkhuh 0 : f�
Wklv ixqfwlrq vdwlv�hv wkh uhvwulfwlrqv rq wkh zhljkwlqj ixqfwlrqv glv0

fxvvhg deryh/ lw lv frqwlqxrxv/ ��ER� 	 fc dqg ���ER� � f� D frpsrvlwh wudqvihu
lq rughu wr ohdg wr d zhoiduh lpsuryhphqw vkrxog vdwlvi| E��� c zklfk lq rxu
fdvh frxog eh uhzulwwhq dv B d�E� � q�� �E� n kn j�o � � d�E��� �E� n k�o �
Vxevwlwxwlqj iurp E�S� zh kdyh=

�E� � q�� �E� n kn j� ' E� n k�30
%
� n 0

kn q

� n k
�

�
� n

j

� n k

�
30
&

dqg �E��� �E� n k� ' E� n k�30 0 k
�nk

�

Diwhu vxevwlwxwlqj iurp E�D� zh fdq fkhfn wkh grplqdqfh frqglwlrq E���

frqvlghulqj wkh uhvwulfwlrq rq wkh h{whqw ri wkh wudqvihuv= B Eknqn�j�
k

' �� Lw

iroorzv wkdw { �̀ � f l�

B E� n k�30
%
� n 0

kn q

� n k
�

�
� n

j

� n k

�
30
&
� B

Ekn q n �j�

k
E� n k�30 0

k

� n k
�

Diwhu uhduudqjlqj dqg vlpsoli|lqj/ zh jhw

��

�
� n

j

� n k

�
30

�
j

� n k
0��

Ohwwlqj j
�nk

' & : fc zh fdq uhzulwh

�� 0�& � E� n &�30 � +4:,

Li � ' �c wkh frqglwlrq ehfrphv �� 0& � E� n &�30 c exw lqghhg iru doo & : fc
0 : f zh kdyh � � 0& 	 E� n &�30 zklfk frqwudglfwv wkh zhoiduh grplqdqfh
frqglwlrq iru doo � n k : fc j : f� Wkdw lv/ li wkh frpsrvlwh wudqvihu ohdyhv
wkh Jlql lqgh{ xqfkdqjhg lw wxuqv rxw wr eh zhoiduh uhgxflqj1 Lq jhqhudo iru
� � � : f zh fdq uhduudqjh E�.� vxfk wkdw wkh zhoiduh grplqdqfh uhtxluhv=

�� E� n &�30

0&
� � +4;,
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iru doo & : fc 0 : f� Zh qrz vkrz wkdw wklv frqglwlrq lv qrw vdwlv�hg1 Ohw

CE4� ' *�4
0<"

CE0� ' *�4
0<"

�� E� n &�30

0&
' fc

lw lv hylghqw wkdw/ vlqfh � � � : fc wkhq � : CE4� ' f zklfk frqwudglfwv
E�H� �

Zh kdyh irxqg wkh hohphqwdu| vhw ri wudqvihuv zklfk duh zhoiduh lpsury0
lqj/ wkh| duh udqn0suhvhuylqj frpelqdwlrqv ri d surjuhvvlyh wudqvihu ri wkh
dprxqw B lqfxuulqj ehwzhhq lqglylgxdov dw 433�|� dqg 433+�n4�|� shufhqwlohv/
dqg d uhjuhvvlyh wudqvihu � lqyroylqj lqglylgxdov dw 433�|� dqg 433+� n k�|�

shufhqwlohv/ wkhvh wudqvihuv duh Jhqhudo IFSWv/ wkh Jlql frh!flhqw lv ohiw
xqfkdqjhg dqg � 	 � � �n 4 	 � n k�

VWHS 5= Zh qhhg wr suryh wkdw vxfk wudqvihuv duh lqghhg frpelqdwlrqv
ri IFSWv1

Ohppd 56 Dq| Jhqhudo IFSW fdq eh rewdlqhg wkurxjk d vhtxhqfh ri IFSWv1

Surri= Ohw �� � ' @�c �n4� � ' @2c �nk� ��4 ' @�c wkhq wkh frqglwlrq
rq wkh Jlql frh!flhqw uhtxluhv=

B E@� n @2� ' � E@2 n @�� � +4<,

Ghqrwh zlwk EBc �� wkh wudqvihu ri dq dprxqw B rffxuulqj wr dq lqglylgxdo dw
wkh 433�|� shufhqwloh� Wkh vhw ri qhw wudqvihuv lv

A ' dEBc �� c E��c �n @�� c E�Bc �n @� n @2� c E�c �n @� n @2 n @��o �

Frqvlghu qrz wkh iroorzlqj IFSWv +zh rplw wkh udqnv iru vlpsolflw|,=

	A '

�
E�

@2 n @�
@� n @2 n @�

�( E��� ( Ef� ( E�
@�

@� n @2 n @�
�

�
dqg

�A '

�
EB

@�
@� n @2 n @�

�( Ef� ( E�B� ( EB
@� n @2

@� n @2 n @�
�

�
�

Qrwlfh wkdw doo wkhvh wudqvihuv duh ohdylqj wkh Jlql lqgh{ xqd�hfwhg/ lqghhg
E� @2n@�

@�n@2n@�
�@� ' E� @�

@�n@2n@�
� E@2 n @�� lq 	A c dqg vlploduo| lq �A c dqg dovr vlqfh

wkrvh ohdglqj wr A zhuh udqn0suhvhuylqj wkhvh duh dovr� Diwhu vxevwlwxwlqj

5:



iurp E�b� zh qrwlfh wkdw � @2n@�
@�n@2n@�

' B @�n@2
@�n@2n@�

c zklfk pdnhv hylghqw wkdw
	A n �A ' A� Wkh vroxwlrq grhv qrw ghshqg rq zkhwkhu B V � ru @� V @��

Wkhuhiruh wkh IFSWv duh wkh hohphqwdu| wudqvihuv frqvlvwhqw zlwk \VZIv
grplqdqfh zkhq ��ER� � f dqg ���ER� � f/ wkhq/ jlyhq wkh htxlydohqfh zlwk
6LVG wkh IFSWv duh wkh vlpsohvw edvlv ri wklv grplqdqfh frqglwlrq1

VWHS 6= Zh qhhg qrz wr vkrz wkdw IFSWv duh wkh rqo| edvlv ri 6LVG
+wrjhwkhu ri frxuvh zlwk vlpsoh surjuhvvlyh wudqvihuv,1 Wklv uhtxluhv wr vkrz
wkdw wkhuh lv qr PFW +pxowlsoh frpsrvlwh wudqvihu, frqvlvwhqw zlwk 6LVG
zklfk fdqqrw eh rewdlqhg dv d vhtxhqfh ri IFSWv1 Iru wklv sxusrvh zh
prgli| wkh zhoiduh grplqdqfh frqglwlrq htxlydohqw wr 6LVG1 Qh{w ohppd
fdq eh vhhq dv d uhvxow dowhuqdwlyh wr wkdw lq Sursrvlwlrq :1 Frqvlghu wkh
iroorzlqj vhw ri zhljkwlqj ixqfwlrqv=

�^ER� '

�
VE^ � R� li R 	 ^
f li R � ^�

zkhuh V lv dq duelwudu| frqvwdqw V : f� Ghqrwh �Z^ wkh vhw ri \VZIv vxfk
wkdw �ER� ' �^ER� iru doo V : fc ^ 5 Efc �o�

Ohppd 57 Frqvlghu glvwulexwlrqv 8c C 5 I c �̀ E8 � � �̀ EC� iru doo \VZIv
lq �Z^ li dqg rqo| li 8 ?3�� C�

Surri= Ohw { �̀ ' �̀ E8 � � �̀ EC� '
U �

f
�^ER�d8

3�ER� � C3�ER�o_Rc jlyhq

wkh gh�qlwlrq ri �^ER�c { �̀ � f lv htxlydohqw wr] ^

f

�^ER�d8
3�ER��C3�ER�o_R � f iru doo ^ 5 Efc �o�

Lqwhjudwlqj e| sduwv zh jhw] ^

f

Vd83�2 ER��C3�2 ER�o_Rn
�
�^ER�d8

3�
2 ER��C3�2 ER�o

�^
f
� f ;^

wkdw lv V
U ^

f
d83�2 ER� � C3�2 ER�o_R � f ;^ 5 Efc �o� Zklfk lv htxlydohqw wr

83�� E^��C3�� E^� � f ;^ 5 Efc �oc wkdw lv 8 ?3�� C�
Zh kdyh wkhuhiruh irxqg d qhz htxlydohqfh ehwzhhq 6LVG dqg \VZIv

grplqdqfh/ zkhuh zhljkwlqj ixqfwlrqv duh qrw gl�huhqwldeoh/ exw duh erwk
qrq0qhjdwlyh/ qrq lqfuhdvlqj dqg frqyh{/ dv lq wkh fdvh ri gl�huhqwldeoh ixqf0
wlrqv1 Zh zloo qrz xvh wklv fodvv ri ixqfwlrqv lq rughu wr lqyhvwljdwh wkh

5;



uhvwulfwlrqv rq wkh vhw ri wudqvihuv vxssruwlqj 6LVG1 Rxu dlp lv wr vkrz wkdw
doo wkhvh wudqvihuv fdq eh rewdlqhg dv vhtxhqfhv ri IFSWv/ wkh hohphqwdu|
wudqvihuv zklfk zh kdyh vkrzq ehlqj lpsolhg e| wklug 6LVG1

Frqvlghu d vhw ri wudqvihuv vxfk wkdw/ wkh dvvrfldwhg yhfwru ri qhw lqfrph
fkdqjhv lv ghqrwhg A ' dE|�c R��( E|2c R2�( E|�c R����E|�c R�����E|?c R?�o zlwk ? � �c
zkhuh |� lv wkh fkdqjh lq lqfrph ri d vpdoo iudfwlrq ri srsxodwlrq dw wkh
433R|�� shufhqwloh� Ohw R� 	 R�n�c dqg |� : fc dqg reylrxvo|

S?

�'� |� ' f�
Zh qrz lqyhvwljdwh zklfk frqglwlrqv vkrxog wklv yhfwru ri wudqvihuv vdwlvi|

lq rughu wr eh frqvlvwhqw zlwk zhoiduh grplqdqfh iru doo �̀ 5 �Z^ dqg wkhuhiruh
dovr zlwk 6LVG�

Uhvwulfw dwwhqwlrq wr �^ER� zkhuh R�n� � ^ : R�� Lq rughu iru A wr qrw
ohdg wr d zhoiduh ghfuhdvh/ lw vkrxog eh wkdw[?

�'�
|��^ER�� � f/ V

[�

�'�
|�E^ � R�� � fc

wkdw lv
S�

�'� |�E^ � R�� � fc iru doo ^ vxfk wkdw � � R�n� � ^ : R� : f�
Vlqfh wkh deryh frqglwlrq vkrxog eh vdwlv�hg iru doo ^ 5 Efc �oc lw iroorzv

wkdw

7E^� '
[�

�'�
|�E^ � R�� � f

; ^ vxfk wkdw � � R�n� � ^ : R� : fc dqg ;� ' �c 2c ��? +53,

zkhuh R?n� ' �� Zh fdoo wklv frqglwlrq D dqg gh�qh 7E^� ' f li R� : ^ : f1
Ohw ^ ' �c wkhq/ iurp frqglwlrq D iroorzv

S?

�'� |�E� � R�� � fc uhfdoolqj
wkdw

S?

�'� |� ' fc wkhq
S?

�'� |�R� � f/ wkdw lv frqglwlrq D uhtxluhv wkdw wkh
Jlql frh!flhqw vkrxog qrw eh lqfuhdvhg e| wkh wudqvihuv1

Vlqfh zh duh uhvwulfwlqj rxu dwwhqwlrq wr frpsrvlwh wudqvihuv iruplqj wkh
edvlv ri 6LVG/ wkhq dq| vhw ri wudqvihuv uhgxflqj wkh Jlql lqgh{ frxog eh
frqvlghuhg dv d frpsrvlwlrq ri d surjuhvvlyh wudqvihu dqg wudqvihuv ohdylqj
xqfkdqjhg wkh Jlql1 Zh iroorz wkhuhiruh wkh vdph olqh ri uhdvrqlqj dv iru
wkh HFW dv glvfxvvhg lq Vwhs 4/ dqg uhtxluh dv plqlpdo frqglwlrq wkdw wkh
Jlql lqgh{ lv ohiw xqfkdqjhg/ wkhuhiruh zh kdyh frqglwlrq E=[?

�'�
|�R� ' f� +E,

Rxu dlp lv wr pdnh h{solflw wkh uhvwulfwlrqv/ lpsolhg e| D dqg E/ dqg wkhq
fkhfn zkhwkhu vhtxhqfhv ri IFSWv ohdg h{dfwo| wr wkh vdph uhvwulfwlrqv1

Iluvw qrwlfh wkdw iurp D dqg E=

5<



Uhpdun 58 |� : fc |? : f�

Surri= Wkh �uvw frqvlghudwlrq iroorzv iurp D zkhq zh ohw R2 � ^ : R�c lq
wklv fdvh lq rughu wr kdyh 7E^� � f +dv lq D, iru doo ^ 5 ER�c R2o lw pxvw eh wkdw
|� : f� Zkloh wkh vhfrqg uhvxow +|? : f� iroorzv iurp D/ E dqg

S?

�'� |� ' f�
Ohw R?3� 	 ^ 	 R?c wkhq

S?3�
�'� |�E^ � R�� � fc vlqfh iurp

S?

�'� |� ' f zh
kdyh

S?3�
�'� |� ' �|? wkhq �|?^ �

S?3�
�'� |�R�c dgglqj |?R? wr erwk vlghv zh jhw

|? ER? � ^� �
S?

�'� |�R� ' fc wkdw lv |? : f +vlqfh |� 9' f iru doo ���
Qh{w ohppd vkrzv krz zh fdq sduwlwlrq wkh lqwhuydo L � dR�c R?o lqwr vxe

lqwhuydov zkhuh 7E^� : f� Wkh frqglwlrq 7E^� : f lv lpsruwdqw lq rughu wr
vkrz wkdw vhtxhqfhv ri IFSWv duh lpsrvlqj h{dfwo| wkh vdph uhvwulfwlrqv dv
lq frqglwlrq D/ E dqg lq wkh suhylrxv uhpdun1

Ohppd 59 Wkh lqwhuydo L � dR�c R?o � Efc �oc frxog eh sduwlwlrqhg lqwr dw
prvw 6 vxelqwhuydov L� � dRr� c Ro� o � ' �c 2c ��6 E6 ' E?� �� *2 li ? lv rgg
ru 6 ' ?*2��� zkhuh o��r� � 2c vxfk wkdw hlwkhu o� ' r�n� ru o�n� ' r�n�c
dqg o6 ' ?c r� ' �� Iru doo L� zh kdyh=
d, 7ERr�� ' 7ERo�� ' f
e, 7E^� : f iru doo ^ 5 ERr� c Ro�� dqg iru doo � ' �c 2c ��6�
f, 7E^� ' f iru doo ^ 5 dR?c �o
g, |r� : fc |o� : f iru doo � ' �c 2c ��6
h, li o� n � ' r�n� wkhq

So�
�'� |�R� ' f

i, li o� ' r�n� wkhq zh fdq vsolw |o� ' |�o�n|
��

o�
c vxfk wkdw

So�3�

�'� |�R�n|
�

o�
Ro� ' f�

Surri= Qrwlfh wkdw e| gh�qlwlrq 7E^� ' f iru doo ^ vxfk wkdw R� � ^ : fc
zkloh/ vlqfh |� : fc 7E^� : f iru doo ^ vxfk wkdw R2 � ^ : R�� Pruhryhu +sduw
f,/ 7E^� '

S?

�'� |�E^ � R�� '
S?

�'� |�^ �
S?

�'� |�R� ' f iru doo ^ vxfk wkdw
� � ^ � R? ehfdxvh zh frqvlghu wudqvihuv vxfk wkdw

S?

�'� |� ' f '
S?

�'� |�R�
+E,1 Vlqfh |? : f ohw ^ eh vxfk wkdw R? : ^ � R?3�c wkhq +sduw e,

7E^� '
[?3�

�'�
|�E^ � R� � R? n R?�

'
[?3�

�'�
|�ER? � R� � ER? � ^�� n |?E^ � R?� n |? ER? � ^�

'
[?

�'�
|�ER? � R� � ER? � ^�� n |? ER? � ^�

'
[?

�'�
|�^ �

[?

�'�
|�R� n |? ER? � ^� ' |? ER? � ^� : f�

Wkhuhiruh/ 7E^� lv vwulfwo| srvlwlyh iru doo ^ vxfk wkdw R? : ^ � R?3�c dqg
R2 � ^ : R�c dqg lq jhqhudo lq vrph lqwhuydo ri ER�c R?��

63



Wkh txhvwlrq lv zkhwkhu 7E^� ' f iru vrph ^ 5 ER2c R?3��c li qrw 7E^� : f
lq doo ^ 5 ER�c R?��

Vxssrvh 7ERr� ' fc iru vrph Rr 5 ER2c R?3��c wkdw lv
Sr

�'� |�ERr � R�� ' fc
wkhq frqvlghu Rr 	 ^ 	 Rrn�c lw vkrxog eh

Sr

�'� |�E^ � R�� �
Sr

�'� |�ERr �
R�� ' fc wkdw lv

Sr

�'�
|�E^ � Rr� � fc iurp zklfk/ vlqfh ^ � Rr : fc zh kdyhSr

�'� |� � f�
Lq rughu wr nqrz wkh ehkdylru ri 7E^� iru Rr 	 ^ 	 Rrn�c zh duh idflqj wzr

srvvleoh dowhuqdwlyhv hlwkhu +l,
Sr

�'� |� ' f ru +ll,
Sr

�'� |� : f� Frqvlghu wkh
�uvw dowhuqdwlyh +l,=

Sr

�'� |� ' f� Lq wklv fdvh 7E^� ' f iru doo ^ 5 dRrc Rrn�o�
Wkh uhdvrq lv wkdw/ vlqfh

Sr

�'� |�E^ � R�� ' fc wkhq
Sr

�'� |� ' f lpsolhvSr

�'� |�R� ' fc wkhuhiruh wkh frqglwlrq
Sr

�'� |�E^
�� R�� zloo eh dozd|v vdwlv�hg

iru doo ^� vxfk wkdw Rr � ^� � Rrn�� Lq wklv fdvh o� n � ' r�n�� Lw lv lpsruwdqw
wr qrwlfh wkdw

Sr

�'� |�R� ' f phdqv wkdw wkh wudqvihuv ohdglqj wr wkh lqfrph
jdsv |� iru � ' �c 2c ��r duh vhw vxfk wkdw wkh Jlql frh!flhqw lv ohiw xqfkdqjhg
+sduw h,1

Li wklv lv wkh fdvh wkhq lw lv hylghqw wkdw |rn� : f lq rughu wr kdyh 7E^� � fc
iru doo ^ vxfk wkdw ^ : Rrn� +sduw g,1 Lqghhg vlqfh |rn� : f/ wkhq 7E^� : f
iru Rrn2 � ^ : Rrn� +sduw e,1

Ehfdxvh e| gh�qlwlrq |� : f lw lv fohdu wkdw 7E^� fdqqrw eh f lq wzr ru pruh
dgmdfhqw lqwhuydov1 Wkhuhiruh lw vkrxog eh wkdw 7E^� : fc iru ^ 5 dRr3�c Rr�
+sduw e,� Iurp wklv zh kdyh wkdw 7E^� lv ghfuhdvlqj lq wkh lqwhuydo dRr3�c Rr�c
lq zklfk fdvh frqvlghu ^ dqg ^� vxfk wkdw Rr3� 	 ^ 	 ^� 	 Rr zh kdyhSr3�

�'� |�E^ � R�� :
Sr3�

�'� |�E^
� � R��c zklfk jlyhv f :

Sr3�

�'� |�E^
� � ^� ' E^� �

^�
Sr3�

�'� |� wkdw lv f :
Sr3�

�'� |�� Wkhq/ vlqfh zh kdyh vkrzq wkdw
Sr

�'� |� � fc
lw iroorzv |r : f� Zh fdq wkhuhiruh frqfoxgh wkdw zkhqhyhu 7ERr� ' fc wkh
dvvrfldwhg |r lv srvlwlyh +sduw g,�

Frqvlghu qrz wkh dowhuqdwlyh +ll,=
Sr

�'� |� : f� Qrwlfh wkdw
Sr3�

�'� |� 	 fc
lw lv wkhuhiruh srvvleoh wr frqvlghu |r dv d frpsrvlwh wudqvihu vxfk wkdw |r '
|�r n |��r : fc zkhuh erwk whupv duh srvlwlyh dqg |�r ' �

Sr3�

�'� |�� Lq zklfk fdvh
zh fdq lqwhusuhw wkh dprxqw wudqvihuuhg |r dv rewdlqhg iurp wzr wudqvihuv/
wkh �uvw vxfk wkdw

Sr

�'� |� ' f lpsolhv
Sr

�'� |�R� ' fc dqg wkh vhfrqg dv dq
h�hfw ri d surjuhvvlyh wudqvihu iurp lqglylgxdov sodfhg deryh Rr +sduw i,1

Frqfoxglqj/ wkh shufhqwlohv zkhuh 7E^� ' f sduwlwlrq dR�c R?o lqwr rshq
lqwhuydov zkhuh 7E^� : f�

Vxssrvh wkdw zkhqhyhu 7ERr� ' f iru vrph Rr 5 ER2c R?3�� zh kdyhSr

�'� |� : f +wklv lv wkh fdvh lq zklfk zh fdq kdyh wkh odujhvw srvvleoh qxpehu
ri vxe lqwhuydov,/ lw iroorzv wkdw vlqfh 7E^� lv lqfuhdvlqj dw wkh ehjlqqlqj ri
wkh lqwhuydo zkhuh 7E^� : f dqg ghfuhdvhv lq wkh �qdo sduw1 Wkxv/ zh qhhg/

64



dw ohdvw/ wr kdyh d srvlwlrq zlwklq wkh vxelqwhuydo1 Wkhuhiruh wkh pd{lpxp
qxpehu ri vxejurxsv lv E?� �� *2 li ? lv rgg rwkhuzlvh ?*2� �c dqg lq dq|
fdvh/ zh qhhg dw ohdvw ? � � dv vwdwhg lqlwldoo|1

Qrwlfh wkdw ehfdxvh ri sduwv h dqg i lq suhylrxv ohppd/ wkhq= iru dq|
vxlwdeoh vxelqwhuydo wkh dvvrfldwhg qhw wudqvihuv gr qrw lqgxfh dq| fkdqjh lq
wkh Jlql frh!flhqw1

Iurp suhylrxv ohppd zh nqrz wkdw lv srvvleoh wr sduwlwlrq dq| vhw ri qhw
wudqvihuv zklfk duh frqvlvwhqw zlwk doo \VZIv lq �Z^c lqwr qrq ryhuodsslqj
vxevhwv vxfk wkdw wkh Jlql lqgh{ lv ohiw xqfkdqjhg1

Zh qhhg wr vkrz wkdw IFSWv duh wkh surshu edvlv ri wkhvh vxevhwv ri
wudqvihuv/ wkdw lv doo vxfk wudqvihuv fdq eh rewdlqhg wkurxjk �qlwh vhtxhqfhv
ri IFSWv1

Frqvlghu d IFSW zkhuh wkh frpelqhg surjuhvvlyh dqg uhjuhvvlyh wudqvihu
kdyh wkh vdph sruwlrq ri wkh srsxodwlrq dv grqru1

Dv d uhvxow ri vxfk d wudqvihu zh kdyh A�c2c� ' dE|�c R��( E|2c R2�( E|�c R��o
zkhuh R� 	 R2 	 R�c |� : fc |2 	 fc |� : fc

S
�

�'� |� ' fc dqg
S

�

�'� |�R� ' f
ehfdxvh wkh wudqvihu ohdyhv wkh Jlql lqgh{ xqfkdqjhg� Pruhryhu ohw 7�c�E^� 'S�

�'� |�E^ � R�� iru doo ^ vxfk wkdw R� � ^ � R�n�c iru � ' �c 2� Qrwlfh wkdw
7�c�E^� : f iru doo ^ 5 ER�c R�� c lqghhg f 	 7�c�E^� 	 7�c�E^

�� iru doo ^c ^� vxfk
wkdw R� 	 ^ 	 ^� 	 R2 dqg 7�c�E^

���� : 7�c�E^
��� : f iru doo ^�c ^�� vxfk wkdw

R2 : ^� : ^�� : R�� Wkdw lv 7�c�ER2� ' |�ER2 � R�� lv wkh pd{lpxp ri 7�c�E^��
Frqvlghu qrz wkh jhqhulf vhw A ' dE|�c R��( E|2c R2�( E|�c R����E|�c R�����E|?c R?�o

lqwurgxfhg ehiruh/ dqg vxssrvh z1o1r1j1 wkdw 7E^� : f iru doo ^ 5 ER�c R?��
Zh fdq wklqn ri wkh vhw dv rqh ri wkh vxevhwv dvvrfldwhg wr wkh vxelqwhuydov
lqyhvwljdwhg lq wkh suhylrxv ohppd1

Wkh frqglwlrqv zklfk zh qhhg wr dgg wr 7E^� : f iru doo ^ 5 ER�c R?�
lq rughu wr ohdg wr zhoiduh grplqdqfh duh

S?

�'� |� ' fc
S?

�'� |�R� ' f dqg

|� : fc |? : f� Pruhryhu/ uhphpehu wkdw 7E^� '
S�

�'� |�E^� R�� '
S�

�'� |�^�S�

�'� |�R�c wkhq _7E^�*_^ '
S�

�'� |��
Pdnh wkh iroorzlqj frqvlghudwlrqv=
d, d IFSW lv vxfk wkdw |� : fc |2 	 fc |� : fc wkhuhiruh iru dq| vhtxhqfh

ri vxfk wudqvihuv zh kdyh wkdw wkh rewdlqhg h{wuhph ydoxhv duh srvlwlyh1
e, d IFSW ohdyhv Jlql lqgh{ xqd�hfwhg/ wkhq dq| vhtxhqfh ri IFSWv

ohdyhv lw xqd�hfwhg/ l1h1
S?

�'� |�R� ' f
f, d IFSW lqgxflqj A&c�c, ' dE|&c R&�( E|�c R��( E|,c R,�o jlyhv 7&c,E^� : f iru

^ 5 ER&c R,� dqg 7E^� ' f iru ^ 5 Efc R&o^ dR,c �oc wkhuhiruh dq| frpelqdwlrq ri
wklv IFSW zlwk/ vxssrvh d IFSW lqgxflqj Aoc5c�c zloo jlyh 7E^� ' 7&c�c,E^�n
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7oc5c�E^� : f iru ^ 5 E4�?ER&c Ro�c4@ ER,c R��� dqg 7E^� ' f rwkhuzlvh1
g, Iru d IFSW lqgxflqj A&c�c, ' dE|&c R&�( E|�c R��( E|,c R,�o c _7E^�*_^ ' |&

li R& 	 ^ 	 R�c dqg _7E^�*_^ ' |& n |� li R� 	 ^ 	 R,c dqg lq jhqhudo dq|
vhtxhqfh ri IFSWv jlyhv _7E^�*_^ '

S�

�'� |� li R� 	 ^ 	 R�n��
Zh kdyh vkrzq wkdw qrw rqo| frpelqdwlrqv ri IFSWv vdwlvi| wkh frqgl0

wlrqv iru zhoiduh grplqdqfh exw wkdw wkh| lqgxfh frqglwlrqv zklfk duh h{dfwo|
wkh vdph +l1h1 wkh frqglwlrqv ryhu vhw ri zhoiduh lpsurylqj wudqvihuv duh qrw
zhdnhu wkdq wkrvh vdwlv�hg e| frpelqdwlrqv ri IFSWv,77 zklfk phdqv wkdw
wkh IFSWv duh wkh edvlv ri wkh zhoiduh lpsurylqj wudqvihuv/ dqg wkhuhiruh ri
6LVG1 Zklfk frqfoxghv wkh surri ri wkh sursrvlwlrq1

VWHS 7= Ilqdoo| zh vkrz wkdw wkh ghfrpsrvlwlrq lv lpsohphqwdeoh1 Zh
vxjjhvw dq dojrulwkp zklfk vkrzv d surfhgxuh iru ghfrpsrvlqj h{kdxvwlyho|
d vhw ri qhw wudqvihuv frqvlvwhqw zlwk 6LVG lqwr qhw wudqvihuv rewdlqhg wkurxjk
d vhtxhqfh ri IFSWv1

Frqvlghu wkh yhfwru ri qhw wudqvihuv

A ' dE|�c R��( E|2c R2�( E|�c R����E|�c R�����E|?c R?�o �

Ohw � ' iR� G |� 	 fjc � ' iR� G |� : fjc �ER�� ' iR� 5 � G R� : R�jc dqg
� ER�� ' iR� 5 � G R� : R�j�

l, Frqvlghu |� vxfk wkdw R� ' 4�?�� Frpsduh |� zlwk |� vxfk wkdw R� '
4�?� dqg |& vxfk wkdw R& ' 4�?� ER��� Qrwlfh wkdw R� 	 R� 	 R&c wkh vhfrqg
lqhtxdolw| lv rewdlqhg e| gh�qlwlrq/ zkloh wkh �uvw frph iurp wkh idfw wkdw
R� ' R� lq wklv �uvw vwdjh1 Zh qrz idfh wkuhh dowhuqdwlyh vlwxdwlrqv +d,/ +e,/
dqg +f,1

ll, +lld, Li �|�
R&3R�
R&3R�

� |�c dqg �|�
R�3R�

R&3R�
� |&c wkhq lpsohphqw wkh IFSW

A �

�c�c& '

�
E�|�

R& � R�
R& � R�

c R��( E|�c R��( E�|�
R� � R�
R& � R�

c R&�

�
zklfk holplqdwhv wkh lpsdfw ri |� iurp A�Rwkhuzlvh frqvlghu4�?E|� ER� � R�� c
|& ER& � R���c vxssrvh |� ER� � R�� lv wkh plqlpxp +lle,c dqg lpsohphqw wkh
iroorzlqj IFSW

A 2

�c�c& '

�
E|�c R��( E�|�

R& � R�
R& � R�

c R��( E|�
R� � R�
R& � R�

c R&�

�
77Wklv lv zk| zh qhhghg wkh suhylrxv ohppd/ zh kdyh ehhq deoh wr vkrz wkdw dq|

lqwhuydo fdq eh sduwlwlrqhg lqwr vxelqwhuydov zkhuh V+t, A 3 dqg wkh Jlql frh!flhqw lv ohiw

xqfkdqjhg e| wkh qhw wudqvihuv zlwklq dq| vxelqwhuydo1 Rwkhuzlvh wkh frqglwlrq V+t, � 3>
zrxog kdyh ehhq zhdnhu wkdq V+t, A 3 rewdlqhg lpsohphqwlqj vhtxhqfhv ri IFSWv1
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holplqdwlqj wkh lpsdfw ri |� iurp A� Dowhuqdwlyho| +llf, frqvlghu wkh IFSW

A �

�c�c& '

�
E|&

R& � R�
R� � R�

c R��( E�|&
R& � R�
R� � R�

c R��( E|&c R&�

�

holplqdwlqj wkh lpsdfw ri |& iurp A�
lll, Qrwlfh wkdw lq erwk fdvhv diwhu wkh IFSW +d, 4�?� 	 4�?�c dqg

+e, 4@ � : 4@ ��
ly, lwhudwh wkh surfhgxuh1
Wkh fodlp lq lll, lv lpsruwdqw/ ehfdxvh lw hqvxuhv wkdw diwhu kdylqj holp0

lqdwhg wkh h�hfw ri d IFSW lq +ll, rq Ac wkh uhpdlqlqj qhw yhfwru vdwlv�hv
wkh lqlwldo frqglwlrqv/ zh qrz suryh lw1

Fodlp 5: Diwhu wkh IFSW lq +ll,=
+d, 4�?� 	 4�?�c dqg
+e, 4@ � : 4@ ��

Surri= Zh zloo suryh fodlpv +@, dqg +K, iru doo IFSWv lq +ll,1
Zh suryh fodlp +@, iru +lld,=
Vxssrvh zh lpsohphqw A �

�c�c&c wkhq +@, lv ylrodwhg rqo| li |� ' �|�
R&3R�
R&3R�

c

� ' � n �c dqg |�n� 	 f� Wklv fdqqrw kdsshq ehfdxvh lq wklv fdvh zh kdyh
|� ER& � R�� n |� ER& � R�� ' f� Vr hlwkhu & ' �n �c lq zklfk fdvh wklv ylrodwhv
7ER&� : fc vlqfh lw lv 7ER&� ' |� ER& � R��n |� ER& � R�� ' fc ru & : �n�c wkhq
7ER&� : f li dqg rqo| li |�n� ER& � R�n�� n ���n |&3� ER& � R&3�� : f exw vlqfh
e| gh�qlwlrq R& ' 4�?� ER�� wkhq doo wkh ydoxhv |�n�c |�n2c ���|&3� duh qhjdwlyh
zklfk frqwudglfwv 7ER&� : f�

Frqvlghu fodlp +K, iru +lld,1
Li zh lpsohphqw A �

�c�c&c wkhq +K, lv ylrodwhg li dqg rqo| li R& ' 4@ �c

|& ' �|�
R�3R�

R&3R�
dqg |&3� 	 fc iru & � � : �� Zh vkrz wkdw wklv lv qrw wkh fdvh1

Iluvw/ qrwlfh wkdw A �
�c�c& lv lpsohphqwhg li |& ER& � R�� ' �|� ER� � R�� c dqg

li �|�
R&3R�
R&3R�

� |�c zklfk jlyhv |& ER& � R�� � |� ER� � R�� � Wkhq/ frqvlghu wkh

frqglwlrq
S&

,'� |,R, ' f frqfhuqlqj lqyduldqfh ri wkh Jlql frh!flhqw ryhu wkh
vhw ri vwduwlqj qhw wudqvihuv1 Qrwlfh wkdw e| gh�qlwlrq |, : f li � : , � � dqg
, ' &c zkloh |, 	 f li & : , � �c wkhq wkh plqlpxp ydoxh wkdw

S&3�
,'� �|,R,

frxog jhw lv
S&3�

,'� �|,R�c wkdw lv
S&3�

,'� |,R, � R�
S&3�

,'� |, 	 f� Rq wkh rwkhu

kdqgv/ wkh pd{lpxp ydoxh wkdw
S�3�

,'� |,R, n |&R& +wkh zhljkwhg dyhudjh ri
srvlwlyh |,� frxog uhdfk lv zkhq doo |,c iru doo , vxfk wkdw � : , : � kdyh
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zhljkw R�c ru zkhq � ' � n �c wkdw lv
S�3�

,'�n� |,R� n |&R& n |�R�c iurp zklfk

R�
S�3�

,'�n� |, �
S�3�

,'�n� |,R,�

Lw lv qrz fohdu wkdw/ vlqfh wkh frqglwlrq
S&

,'� |,R, ' f frxog eh uhzulwwhq

dv
S&3�

,'� |,R,n
S�3�

,'� |,R, ' �|&R&�|�R� wklv lpsolhv wkdw/ vlqfh dv vkrzq deryh

R�
S&3�

,'� |, n R�
S�3�

,'�n� |, �
S&3�

,'� |,R, n
S�3�

,'� |,R,c zh kdyh=

R�
[&3�

,'�n�
|, � �|&R& � |�R��

Qrwlfh/ wkdw dovr wkh frqglwlrq
S&

,'� |, ' f vkrxog eh vdwlv�hg/ iurp zklfk

|�n
S�3�

,'�n� |,n
S&3�

,'� |,n|& ' f zklfk jlyhv
S&3�

,'�n� |, ' �|&�|�� Vxevwlwxwlqj
lqwr wkh suhylrxv frqglwlrq zh jhw

R�E|& n |�� � |&R& n |�R�c +54,

zklfk lv frqvlvwhqw zlwk wkh frqglwlrq |& ER& � R�� � |� ER� � R�� vwdwhg dw wkh
ehjlqqlqj/ rqo| li |& ER& � R�� ' |� ER� � R�� � Lq wklv fdvh

S�3�
,'�n� |, ' f 'S&3�

,'�n� |,c wkdw lv wkh rqo| |, 9' f duh |&c |�c dqg |�c dqg wkh IFSW lv wkh �qdo
ri wkh vhtxhqfh ruljlqdwhg e| wkh dojrulwkp1

Frqvlghu qrz fodlp +@, iru +lle,1
Iru A 2

�c�c& wr ylrodwh +@, lw vkrxog eh wkdw/ jlyhq wkh gh�qlwlrq ri |�c � n
� ' �� Vlqfh |� ER� � R�� 	 |& ER& � R�� zh kdyh wkdw dw ohdvw �|� ER& � R�� :
|� ER& � R�� c uhphpehu wkdw e| gh�qlwlrq |, 	 f iru doo , vxfk wkdw & : , : �
li wkhuh duh dq|/ wkhq lw lv hylghqw wkdw wkh frqglwlrq 7ER&� : f lv ylrodwhg/
vlqfh f : |� ER& � R��n |� ER& � R�� dqg e| gh�qlwlrq doo |, vxfk wkdw & : , : �
duh qhjdwlyh/ wkhuhiruh lw vkrxog eh wkh fdvh wkdw � n � 	 � dqg |, : f iru doo
, vxfk wkdw � : , : � n ��

Fodlp +K, iru +lle,1

Qrwlfh wkdw A 2
�c�c& fdq ylrodwh frqglwlrq +K,/ rqo| li |�

ER�3R��

ER&3R��
' |& dqg

R& ' 4@ �c li wklv lv wkh fdvh wkhq �|� �
ER&3R��

ER�3R��
|& '

ER&3R��

ER&3R��
|�� Zh mxvw qhhg

wr iroorz wkh vdph frqvlghudwlrqv dgrswhg zkhq zh suryhg wkdw A �
�c�c& fdqqrw

ylrodwh +K,1 Lq zklfk fdvh zh jhw +54,/ zklfk lv frqvlvwhqw zlwk |� ER� � R�� '

|& ER& � R�� rqo| li
S�3�

,'�n� |, ' f '
S&3�

,'�n� |,� Wkh vdph frqvlghudwlrqv pdgh
ehiruh iru fodlp +K, krog li dssolhg wr +lld,1

Fodlp +@, iru +llf,1
Frqvlghu qrz A �

�c�c&c wkh lpsohphqwdwlrq ri wklv IFSW ylrodwhv +@, rqo|

li |&
R&3R�
R�3R�

' |�c |� 	 �|&
R&3R�

R�3R�
c dqg wkhuh h{lvw |, 	 f iru doo , vxfk wkdw
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� 	 , 	 &� Lw iroorzv |� 	 �|�
R&3R�

R&3R�
c zklfk jlyhv |� ER& � R�� n |� ER& � R�� 	 f

zklfk ylrodwhg 7ER&� : f dv glvfxvvhg iru wkh A 2
�c�c& ylrodwlrq ri +d,1

Fodlp +K, iru +llf,1
Ilqdoo| zh kdyh wr fkhfn wkdw lpsohphqwdwlrq ri A �

�c�c& fdqqrw ylrodwh +e,1
Wklv frxog kdsshq rqo| li R& ' 4@ � dqg wkhuh h{lvw |, 	 f iru doo , vxfk
wkdw � 	 , 	 &c ru li |� 	 �|&

R&3R�

R�3R�
c wkh odvw frqglwlrq jlyhv �|� ER� � R�� :

|& ER& � R�� � Iroorzlqj wkh vdph dujxphqw dv lq wkh suhylrxv glvfxvvlrq ri
ylrodwlrq ri +e, zh jhw wkh frqglwlrq R�E|& n |�� � |&R& n |�R� dv lq +54,/
uhphpehu wkdw zh kdyh lpsohphqwhg A �

�c�c& ehfdxvh |� ER� � R�� � |& ER& � R�� c
zklfk ohdg xv wr wkh vdph frqfoxvlrqv dv lq wkh suhylrxv fdvhv1

Lw lv �qdoo| wlph wr frqfoxgh1 Zkdw zh kdyh vxjjhvwhg lv dq dojrulwkp
vxfk wkdw iru dq| vhw ri qhw wudqvihuv A zklfk duh frqvlvwhqw zlwk zhoiduh
grplqdqfh lq whupv ri \VZIv lq �Z^c dqg wkhuhiruh frqvlvwhqw zlwk 6LVG/
doorzv wr uhfryhu d vhtxhqfh ri IFSWv zklfk ruljlqdwhv lw1 Wkh gl�huhqw vwhsv
ri wkh ghfrpsrvlwlrq duh vxfk wkdw wkh uhvxowlqj qhw wudqvihuv vwloo vdwlvi| wkh
uhtxluhphqwv ri frqvlvwhqf| zlwk \VZIv lq �Z^� Pruhryhu/ zkdw zh kdyh
ohiw diwhu wkh �uvw vwdjh lv d vhw ri qhw wudqvihuv lqfoxglqj dw wkh prvw ? � �
hohphqwv1 Frqwlqxlqj zlwk wkh surfhgxuh wkh zkroh vhw ri wudqvihuv frxog eh
wkhuhiruh fryhuhg lq d �qlwh qxpehu ri vwhsv1

Wkh iroorzlqj h{dpsoh pdnh xvh ri wkh ghvfulehg dojrulwkp=

H{dpsoh 5; Frqvlghu

A ' dE2c ���( E��c �2�( E2c ���( EDc �e�( E�Hc �D�( E��c �S�( Efc �.�( E�c �H�o

zklfk vdwlv�hv wkh deryh frqglwlrqv iru zhoiduh grplqdqfh1 Lw fdq eh ghfrp0
srvhg wkurxjk wkh iroorzlqj IFSWv=

A�c2c� ' dE��Dc ���( E��c �2�( E��Dc ���o

A�cDcH ' dE�Dc ���( E�.*Sc �D�( E2*�c �H�o

A�cDcH ' dE�Dc ���( E�D*Sc �D�( E�*�c �H�o

AecDcH ' dEe�Dc ���( E�Sc �D�( E��Dc �H�o

AecScH ' dE�Dc �e�( E��c �S�( E�Dc �H�o �

Uhihuhqfhv

^4` Ddehujh/ U1 +5333,= Udqnlqj lqwhuvhfwlqj Oruhq} fxuyhv1 Glvfxvvlrq Sd0
shu 5:41 Vwdwlvwlfv Qruzd| Uhvhdufk Ghsduwphqw1
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^5` Dwnlqvrq/ D1 E1 +4<:3,= Rq wkh phdvxuhphqw ri lqhtxdolw|1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 5/ 57705961

^6` Dwnlqvrq/ D1 E1 +4<:6,= Pruh rq wkh phdvxuhphqw ri lqhtxdolw|1 Plphr1

^7` Ehq Srudwk/ H1 dqg Jloerd/ L1 +4<<7,= Olqhdu phdvxuhv/ wkh Jlql lqgh{/
dqg wkh lqfrph0htxdolw| wudgh0r�1 Mrxuqdo ri Hfrqrplf Wkhru|/ 4;/ 8<0
;31

^8` Eodfnrue|/ F1 dqg Grqdogvrq/ G1 +4<:;,= Phdvxuhv ri uhodwlyh lqhtxdo0
lw| dqg wkhlu phdqlqj lq whupv ri vrfldo zhoiduh1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 97/ 776079:1

^9` Eodfnrue|/ F1 dqg Grqdogvrq/ G1 +4<;7,= Hwklfdoo| vljql�fdqw ruglqdo
lqgh{ ri uhodwlyh lqhtxdolw|1 Lq Dgydqfhv lq Hfrqrphwulfv/ Yro1 6/ +Edv0
pdq/ U1 O1 h Ukrghv/ J1 I1 hg1,/ 46407:1 Orqgrq= MDL Suhvv lqf1

^:` Ervvhuw/ Z1 dqg S�qjvwhq/ D1 +4<<3,= Lqwhuphgldwh lqhtxdolw|= frq0
fhswv/ lqglfhv dqg zhoiduh lpsolfdwlrqv1 Pdwkhpdwlfdo Vrfldo Vflhqfhv/
4</ 44:04671

^;` Fkdnudyduw|/ V1 U1 +4<;;,= Rq txdvl rughulqjv ri lqfrph sur�ohv1 Xqlyhu0
vlw| ri Sdghueruq/ Phwkrgv ri Rshudwlrqv Uhvhdufk 93/ [LLL V|psrvlxp
rq Rshudwlrqv Uhvhdufk/ 78807:61

^<` Fkdwhdxqhxi/ D1/ Jdmgrv/ W1 dqg Zlowklhq/ S1 K1 +4<<<,= Wkh sulqflsoh
ri vwurqj glplqlvklqj wudqvihu1 Zrunlqj Sdshu/ iruwkfrplqj Mrxuqdo ri
Hfrqrplf Wkhru|1

^43` Fkdwhdxqhxi/ D dqg Zlowklhq/ S1K1 +5333,= Wklug lqyhuvh vwrfkdvwlf
grplqdqfh/ Oruhq} fxuyhv dqg idyrxudeoh grxeoh wudqvihuv1 Zrunlqj Sd0
shu FHUPVHP1

^44` Gdowrq/ K1 +4<53,= Wkh phdvxuhphqw ri wkh lqhtxdolw| ri lqfrphv1 Hfr0
qrplf Mrxuqdo/ 53/ 67;06941

^45` Gdugdqrql/ Y1 dqg Odpehuw/ S1 M1 +4<;;,= Zhoiduh udqnlqjv ri lqfrph
glvwulexwlrqv= d uroh iru wkh yduldqfh dqg vrph lqvljkwv iru wd{ uhirup1
Vrfldo Fkrlfh dqg Zhoiduh/ 8/ 404:1

^46` Gdvjxswd/ S1/ Vhq/ D1 N1 dqg Vwduuhww/ G1 +4<:6,= Qrwhv rq wkh phd0
vxuhphqw ri lqhtxdolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 4;304;:1
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^47` Gdylhv/ M1 dqg Kr|/ P1 +4<<8,= Pdnlqj lqhtxdolw| frpsdulvrqv zkhq
Oruhq} fxuyhv lqwhuvhfw1 Dphulfdq Hfrqrplf Uhylhz/ ;8/ <;30<;91

^48` Gdylhv/ M1 dqg Kr|/ P1 +4<<7,= Wkh qrupdwlyh vljql�fdqfh ri xvlqj
wklug0 ghjuhh vwrfkdvwlf grplqdqfh lq frpsdulqj lqfrph glvwulexwlrqv1
Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 85308631

^49` Grqdogvrq/ G1 dqg Zh|pdun/ M1 D1 +4<;3,= D vlqjoh0sdudphwhu jhqhu0
dol}dwlrq ri wkh Jlql lqglfhv ri lqhtxdolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/
55/ 9:0;91

^4:` Grqdogvrq/ G1 dqg Zh|pdun/ M1 D1 +4<;6,= Hwklfdoo|  h{leoh Jlql lq0
glfhv iru lqfrph glvwulexwlrqv lq wkh frqwlqxxp1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 5</ 686068;1

^4;` Gxwwd/ E1 dqg Hvwhedq/ M1 +4<<5,= Vrfldo zhoiduh dqg htxdolw|1 Vrfldo
Fkrlfh dqg Zhoiduh/ </ 59:05:91

^4<` Hehuw/ X1 +4<;:,= Vl}h dqg glvwulexwlrq ri lqfrph dv ghwhuplqdqwv ri
vrfldo zhoiduh1 Mrxuqdo ri Hfrqrplf Wkhru|/ 74/ 560661

^53` Hehuw/ X1 +4<;;,= Phdvxuhphqw ri lqhtxdolw|= dq dwwhpsw dw xql�fdwlrq
dqg jhqhudol}dwlrq1 Vrfldo Fkrlfh dqg Zhoiduh/ 8/ 47:09<1

^54` Hlfkkruq/ Z1 +4<;;,= Rq d fodvv ri lqhtxdolw| phdvxuhv1 Vrfldo Fkrlfh
dqg Zhoiduh/ 8/ 4:404::1

^55` Ilhogv/ J1 V1 dqg Ihl/ F1 K1 +4<:;,= Rq lqhtxdolw| frpsdulvrqv1 Hfrqr0
phwulfd/ 79/ 63606491

^56` Ilvkexuq/ S1 F1 dqg Zloolj/ U1 G1 +4<;7,= Wudqvihu sulqflsohv lq lqfrph
uhglvwulexwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/ 656065;1

^57` Jdvwzluwk/ M1 O1 +4<:4,= D jhqhudo gh�qlwlrq ri wkh Oruhq} fxuyh1 Hfrqr0
phwulfd/ 6</ 436:0436<1

^58` Ndnzdql/ Q1 F1 +4<;3,= Rq d fodvv ri sryhuw| phdvxuhv1 Hfrqrphwulfd/
7;/ 76:07791

^59` Nrop/ V1 F1 +4<9<,= Wkh rswlpdo surgxfwlrq ri vrfldo mxvwlfh1 Lq Sxe0
olf Hfrqrplfv +Pdujrolv/ M1 h Jxwwrq/ K1 hg1,/ ss1 47805331 Orqgrq=
Pfploodq1
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^5:` Nrop/ V1 F1 +4<:9d,= Xqhtxdo lqhtxdolwlhv1 L1 Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 45/ 74907751

^5;` Nrop/ V1 F1 +4<:9e,= Xqhtxdo lqhtxdolwlhv1 LL1 Mrxuqdo ri Hfrqrplf
Wkhru|/ 46/ ;504441

^5<` Odpehuw/ S1 M1 +4<<6,= Wkh Glvwulexwlrq dqg Uhglvwulexwlrq ri Lqfrph=
d Pdwkhpdwlfdo Dqdo|vlv1 Pdqfkhvwhu= Pdqfkhvwhu Xqlyhuvlw| Suhvv1

^63` Phkudq/ I1 +4<:9,= Olqhdu phdvxuhv ri lqfrph lqhtxdolw|1 Hfrqrphwulfd/
77/ ;380;3<1

^64` Phqh}hv/ F1/ Jhlvv/ F1 dqg Wuhvvohu/ M1 +4<;3,= Lqfuhdvlqj grzqvlgh ulvn1
Dphulfdq Hfrqrplf Uhylhz/ :3/ <540<651

^65` Pr|hv/ S1 +4<;:,= D qhz frqfhsw ri Oruhq} grplqdwlrq1 Hfrqrplf Ohw0
whuv/ 56/ 536053:1

^66` Prvohu/ N1 dqg Pxolhuh/ S1 +4<<;,= Zhoiduh phdqv dqg htxdol}lqj wudqv0
ihuv1 Phwurq/ 88/ 4608511

^67` Pxolhuh/ S1 dqg Vfduvlql/ P1 +4<;<,= D qrwh rq vwrfkdvwlf grplqdqfh
dqg lqhtxdolw| phdvxuhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 7</ 64706561

^68` Sljrx/ D1 F1 +4<45,= Zhdowk dqg Zhoiduh1 PdfPloodq= Qhz \run1

^69` Txljjlq/ M1 +4<<6,= Jhqhudol}hg H{shfwhg Xwlolw| Wkhru|1 Wkh Udqn Gh0
shqghqw Prgho1 Gruguhfkw= Noxzhu1

^6:` Urwkvfklog/ P1 dqg Vwljolw}/ M1 H1 +4<:6,= Vrph ixuwkhu uhvxowv rq wkh
phdvxuhphqw ri lqhtxdolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 4;;05371

^6;` Vdiud/ ]1 dqg Vhjdo/ X1 +4<<;, Frqvwdqw ulvn dyhuvlrq1 Mrxuqdo ri Hfr0
qrplf Wkhru|/ ;6/ 4<0751

^6<` Vhq/ D1 N1 +4<:6,= Rq Hfrqrplf Lqhtxdolw|1 R{irug= Foduhgrq Suhvv1
+4<<:, h{sdqghg hglwlrq zlwk wkh dqqh{h �Rq Hfrqrplf Lqhtxdolw| Diwhu
d Txduwhu Fhqwxu|� e| Irvwhu/ M1 Dqg Vhq/ D1N1

^73` Vkruurfnv/ D1 I1 +4<;6,= Udqnlqj lqfrph glvwulexwlrqv1 Hfrqrplfd/ 83/
604:1
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^74` Vkruurfnv/ D1 I1 dqg Irvwhu/ M1 H1 +4<;:,= Wudqvihu vhqvlwlyh lqhtxdolw|
phdvxuhv1 Uhylhz ri Hfrqrplf Vwxglhv/ 47 / 7;807<:1

^75` Zdqj/ V1 V1 dqg \rxqj/ Y1 U1 +4<<;,= Rughulqj ulvnv= H{shfwhg xwlolw|
wkhrxu| yhuvxv \ddul*v gxdo wkhru| ri ulvn1 Lqvxudqfh= Pdwkhpdwlfv dqg
Hfrqrplfv/ 55/ 47804941

^76` Zh|pdun/ M1 D1 +4<;4,= Jhqhudol}hg Jlql lqhtxdolw| lqglfhv1 Pdwkhpdw0
lfdo Vrfldo Vflhqfhv/ 4/ 73<07631

^77` Zlwkpruh/ J1 D1 +4<:3,= Wklug0ghjuhh vwrfkdvwlf grplqdqfh1 Dphulfdq
Hfrqrplf Uhylhz/ 83/ 78:08<1

^78` \ddul/ P1 H1 +4<;:,= Wkh gxdo wkhru| ri fkrlfh xqghu ulvn1 Hfrqrphwulfd/
88/ <<04481

^79` \ddul/ P1 H1 +4<;;,= D frqwuryhuvldo sursrvdo frqfhuqlqj lqhtxdolw| phd0
vxuhphqw1 Mrxuqdo ri Hfrqrplf Wkhru|/ 77/ 6;406<:1

^7:` \lw}kdnl/ V1 +4<;5,= Vwrfkdvwlf grplqdqfh/ phdq yduldqfh/ dqg Jlql*v
phdq gl�huhqfh1 Dphulfdq Hfrqrplf Uhylhz/ :5/ 4:;04;81

^7;` \lw}kdnl/ V1 +4<;6,= Rq dq h{whqvlrq ri wkh Jlql lqhtxdolw| lqgh{1 Lq0
whuqdwlrqdo Hfrqrplf Uhylhz/ 57/ 94:095;1

^7<` ]rol/ F1 +4<<:,= Lqwhuvhfwlqj jhqhudol}hg Oruhq} fxuyhv dqg wkh Jlql
lqgh{1 Txdghuql gho Glsduwlphqwr gl Hfrqrpld Sxeeolfd h Whuulwruldoh
Xqlyhuvlwã gl Sdyld q1 524<<:1

^83` ]rol/ F1 +4<<<,= Lqwhuvhfwlqj jhqhudol}hg Oruhq} fxuyhv dqg wkh Jlql
lqgh{1 Vrfldo Fkrlfh dqg Zhoiduh/ 49/ 4;604<91
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