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Hqjodqg/ XN
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Mrdqqd Sr|djr0Wkhrwrn|_

Vfkrro ri Hfrqrplfv

Xqlyhuvlw| ri Qrwwlqjkdp

Xqlyhuvlw| Sdun

Qrwwlqjkdp QJ: 5UG

Hqjodqg/ XN

mswCqrwwlqjkdp1df1xn

Iheuxdu| 5334

Devwudfw

Zh sursrvh wzr yhuvlrqv ri dq dgguhvv prgho 0 qdpho| �ploo0sulflqj�

dqg �glvfulplqdwru| sulflqj� 0 zlwk txdolw|0hqkdqflqj U)G dqg vslooryhuv

wkdw ghshqg rq �upv* orfdwlrq1 Rxu uhvxowv vkrz wkdw wkh glvwdqfh

ehwzhhq orfdwlrq lqfuhdvhv zlwk wkh ghjuhh ri surgxfw gl�huhqwldwlrq1

Ixuwkhu/ zh �qg wkdw plqlpdo txdolw| gl�huhqwldwlrq dozd|v rffxuv1

Plqlpdo surgxfw gl�huhqwldwlrq lv dvvrfldwhg zlwk qr lqyhvwphqw lq

U)G zkhuhdv pd{lpdo surgxfw gl�huhqwldwlrq hqjhqghuv wkh kljkhvw

U)G h�ruw1 Zh uhodwh wkhvh uhvxowv wr wkh olwhudwxuh rq devruswlyh

fdsdflw|1

Nh|zrugv= Hqgrjhqrxv vslooryhuv/ txdolw|/ U)G/ orfdwlrq1

MHO Fodvv1= O4/ 36

WDq hduolhu yhuvlrq ri wklv sdshu zdv suhvhqwhg dw wkh Zrunvkrs rq Lqqrydwlrq dqg

Surgxfw Gl�huhqwldwlrq/ Ehujdpr/ Rfwrehu 53331 Zh wkdqn sduwlflsdqwv iru wkhlu khosixo

frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1
_Fruuhvsrqglqj dxwkru1 Who1 .7704480<84879;/ Id{1 .7704480<84748<1
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4 Lqwurgxfwlrq

Uhfhqw hpslulfdo olwhudwxuh rq vslooryhuv vxjjhvwv wkdw wkhlu h�hfw lv sulpdulo|
orfdo lq wkdw lw vwurqjo| ghfuhdvhv zlwk lqfuhdvlqj glvwdqfh +h1j1 Dxguhwvfk
dqg Ihogpdq +4<<9, dqg Md�h hw do1 +4<<6,,1 Ixuwkhupruh/ Frkhq dqg
Ohylqwkdo +4<;<, kdyh lqwurgxfhg wkh frqfhsw ri devruswlyh fdsdflw| zklfk
uhihuv wr wkh h�ruwv wkdw d �up xqghuwdnhv wr hqkdqfh lwv delolw| wr pdnh xvh
ri wkh uhvhdufk uhvxowv rewdlqhg e| ulydov wkurxjk ehqh�fldo vslooryhuv1 Lq
Ndplhq dqg ]dqj +5333, +khqfhiruwk N],/ devruswlyh fdsdflw| lv qrw uhdolvhg
xqohvv �upv �phhw kdoizd|�/ wkdw lv/ xqohvv �upv xqghuwdnh d srvlwlyh U)G
h�ruw/ dqg wklv U)G lqyhvwphqw lv qrw �up0vshfl�f1

Lq wklv sdshu/ zh wdnh N]*v uhfrpphqgdwlrq wr wkh ohwwhu dqg sursrvh
wzr yhuvlrqv ri dq dgguhvv prgho zlwk txdgudwlf wudqvsruw frvwv wr vwxg| wkh
flufxpvwdqfhv xqghu zklfk �upv pd| fkrrvh wr �phhw kdoizd|� zkhq wkh
U)G vslooryhu ghshqgv rq wkh �upv* fkrlfh ri orfdwlrq1 Wkdw lv/ zh dvvxph
wkdw wkh forvhu �upv duh wr hdfk rwkhu/ wkh juhdwhu wkh ehqh�w wkh| uhfhlyh
iurp wkhlu ulydov* h�ruwv lq txdolw| hqkdqfhphqw +U)G,1 Xvlqj N]*v whupl0
qrorj|/ erwk �upv orfdwlqj dw wkh pdunhw hqgsrlqwv zrxog fruuhvsrqg wr wkh
fkrlfh ri d �up vshfl�f uhvhdufk dssurdfk/ zkloh vkdulqj wkh vdph orfdwlrq
zrxog eh wdqwdprxqw wr wkh fkrlfh ri d qrq0vshfl�f uhvhdufk dssurdfk1

Wkh dvvxpswlrq rq wkh qdwxuh ri wkh vslooryhu hqdeohv xv wr wdfnoh wkh
lvvxh ri zkhwkhu wkh lqfhqwlyh idfhg e| wkh �upv wr orfdwh forvhu wr hdfk
rwkhu pruh wkdq r�vhwv wkdw ri sxuvxlqj d pd{lpxp gl�huhqwldwlrq vwudwhj|
wr uhod{ sulfh frpshwlwlrq1 Lq wkh �uvw yhuvlrq/ zh frqvlghu d wudglwlrqdo
Krwhoolqj iudphzrun zkhuh wudqvsruw frvwv duh lqfxuuhg e| wkh frqvxphuv1
Zh ghqrwh wklv dv wkh �ploo sulflqj� prgho1 Lq wkh vhfrqg yhuvlrq/ wkh
�glvfulplqdwru| sulflqj� prgho/ wkh �upv sd| wkh wudqvsruw frvw exw fdq
sulfh glvfulplqdwh e| fkdujlqj d sulfh htxdo wr wkh wudqvsruw frvw wkdw wkh
ulydo zrxog lqfxu li lw vhuyhg wkdw orfdwlrq1 Wkh �uvw w|sh ri sulflqj srolf|
jlyhv ulvh wr zkdw lv uhihuuhg wr dv d *vkrsslqj* prgho zkloh wkh vhfrqg
fruuhvsrqgv wr d *vklsslqj* prgho1 Dowkrxjk lqwhuhvwlqj/ lw lv rxwvlgh wkh
vfrsh ri wklv sdshu wr frqvlghu wkh vwudwhjlf fkrlfh ri sulflqj srolf|> zh uhihu
wkh lqwhuhvwhg uhdghu wr Gh Iudmd dqg Qrupdq +4<<6,/ Wdexfkl +4<<<, dqg
Wklvvh dqg Ylyhv +4<;;,1

Lq erwk frqwh{wv lw wxuqv rxw wkdw d zlgh udqjh ri orfdwlrqdo fkrlfh lv
srvvleoh/ ghshqglqj rq wkh ghjuhh ri surgxfw gl�huhqwldwlrq uhsuhvhqwhg e|
wkh wudqvsruw frvw sdudphwhu1 Zh jhqhudoo| �qg wkdw wkh glvwdqfh ehwzhhq
orfdwlrq lv dq lqfuhdvlqj ixqfwlrq ri wkh wudqvsruw frvw sdudphwhu1 Krzhyhu/
�upv qhyhu fkrrvh pd{lpxp gl�huhqwldwlrq lq d vklsslqj prgho zkhuhe|
�upv sulfh glvfulplqdwh exw ehdu wkh frvw ri gholyhulqj wkh surgxfw wr wkh
frqvxphu*v orfdwlrq/ zkloh lq wkh vkrsslqj prgho �upv fkrrvh wr orfdwh dw
wkh pdunhw hqgsrlqwv iru d kljk hqrxjk ydoxh ri wkh wudqvsruw frvw sdudph0
whu1 Plqlpxp gl�huhqwldwlrq lv dovr dq htxloleulxp uhvxow lq erwk yhuvlrqv/
iru qhjoljleoh wudqvsruw frvw= lq wklv fdvh/ �upv orfdwh dw wkh fhqwuh ri wkh
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pdunhw/ exw fkrrvh }hur h�ruw lq txdolw| hqkdqfhphqw dqg pdnh qr sur�w
dv sulfh lv gulyhq grzq wr pdujlqdo frvw1

Wkh sdshu frqwulexwhv wr wzr duhdv ri dssolhg plfurhfrqrplfv/ rqh ghdo0
lqj zlwk vwudwhjlf U)G dqg hqgrjhqrxv vslooryhuv dqg wkh rwkhu zlwk wkh
lvvxh ri orfdwlrqdo fkrlfh lq vsdwldo frpshwlwlrq1 Ehiruh suhvhqwlqj wkh prgho
dqg lwv dqdo|vlv zh surylgh d yhu| eulhi uhylhz ri wkh uhohydqw olwhudwxuh/ lq
dgglwlrq wr Ndplhq dqg ]dqj +5333,1 Hfrqrplghv +4<;<, frqvlghuv txdolw|
hqkdqfhphqw 0 d irup ri U)G 0 lq wkh devhqfh ri vslooryhuv1 Wkh uhoh0
ydqw uhvxow vwdwhv wkdw lq wkh orfdwlrq0txdolw|0sulfh jdph wkhuh lv d xqltxh
htxloleulxp h{klelwlqj pd{lpdo ydulhwdo gl�huhqwldwlrq +�upv orfdwh dw wkh
h{wuhphv,/ plqlpdo txdolw| gl�huhqwldwlrq dqg htxdo sulfhv1 Wkxv/ wkh sulq0
flsoh ri pd{lpdo gl�huhqwldwlrq lq orfdwlrq krogv1 Lq frqwudvw/ Pdl dqg Shqj
+4<<<, vkrz wkdw wkh sulqflsoh ri pd{lpdo gl�huhqwldwlrq pd| qrw krog zkhq
�upv lqfxu d frppxqlfdwlrq frvw wkdw ghshqgv rq wkhlu uhodwlyh sur{lplw|1
Wkh| dvvxph wkdw vsdwldo sur{lplw| idflolwdwhv frppxqlfdwlrq dqg wkxv uh0
gxfhv U)G frvwv1 Krzhyhu/ wkh| gr qrw prgho U)G h{solflwo|1 Sr|djr0
Wkhrwrn| +4<<<, zklfk lv forvho| uhodwhg wr Ndplhq dqg ]dqj +5333, vkrzv
wkdw qrq0frrshudwlqj �upv fkrrvh d qrq0vshfl�f U)G dssurdfk zklfk lv
htxlydohqw wr dq hqgrjhqrxv vslooryhu htxdo wr }hur1

Wkh olwhudwxuh rq orfdwlrqdo fkrlfh lq wkh devhqfh ri U)G lv h{whqvlyh>
iru dq h{fhoohqw uhylhz vhh Jdevhzlf} dqg Wklvvh +4<<5,1 Rqh ri lwv pdlq
wkhphv kdv ehhq wkh h{dplqdwlrq ri wkh ydolglw| ru qrw ri Krwhoolqj*v +4<5<,
sulqflsoh ri plqlpxp gl�huhqwldwlrq1 Hfrqrplghv +4<;9, vkrzv wkdw wkh
htxloleulxp orfdwlrqv ghshqg rq wkh frqyh{lw| ri wkh wudqvsruw frvw ixqf0
wlrq dqg wkdw lqwhulru +qrq pd{lpdo gl�huhqwldwlrq, htxloleuld fdq h{lvw14

Iru wkh fdvh ri vsdwldo glvfulplqdwru| sulflqj/ zh qrwh wkdw Kdplowrq hw do1
+4<;<, kdyh hvwdeolvkhg/ xvlqj d gxrsro| prgho zlwk grzqzdug vorslqj gh0
pdqg/ frqvwdqw pdujlqdo surgxfwlrq frvwv dqg olqhdu wudqvsruw frvwv/ wkdw
xqghu Ehuwudqg frpshwlwlrq �upv orfdwh dw glvwlqfw orfdwlrqv lqvlgh wkh �uvw
dqg wklug txduwlohv1 Lq frqwudvw/ zkhq �upv frpshwh ã od Frxuqrw/ djjorp0
hudwlrq lv wkh htxloleulxp orfdwlrq/ d uhvxow dovr frq�uphg e| Dqghuvrq dqg
Qhyhq +4<<4,1

Wkh uhpdlqghu ri wkh sdshu lv rujdqlvhg dv iroorzv1 Lq vhfwlrq 5 zh
suhvhqw wkh prgho dqg h{sodlq lq pruh ghwdlo krz lw uhodwhv wr wkh qrwlrq ri
devruswlyh fdsdflw| dv xvhg lq Ndplhq dqg ]dqj +5333,1 Wkhq/ lq vhfwlrqv 6
dqg 7 zh surylgh wkh dqdo|vlv iru wkh �ploo sulflqj� dqg wkh �glvfulplqdwru|
sulflqj� yhuvlrqv ri wkh prgho/ uhvshfwlyho|1 Ilqdoo|/ lq vhfwlrq 8 zh surylgh
vrph frqfoxglqj uhpdunv1

4 Lq sduwlfxodu/ lqwhuqdo orfdwlrqv rewdlq lq htxloleulxp zkhq wkh wudqvsruwdwlrq frvw
+glvwdqfh, ixqfwlrq lv sE_� ' _kc D

e
	 k 	 D

�
1
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5 Wkh Prgho= Vhw0xs dqg qrwdwlrq

Frqvlghu wzr �upv/ �up 4 dqg �up 5/ hdfk surgxflqj d krprjhqrxv jrrg dw

frqvwdqw pdujlqdo frvw/ f � 3= Wkhuh lv d frqwlqxxp ri frqvxphuv xqlirupo|

glvwulexwhg rq d xqlw0ohqjwk lqwhuydo/ zlwk d pdvv qrupdol}hg wr xqlw| zlwk0

rxw orvv ri jhqhudolw|1 Ghqrwh wkh orfdwlrq ri �up l dv |� 5 ^3> 4`/ l @ 4> 5/
zlwk |2 � |�1 Wkhq �up l*v *h�hfwlyh* U)G h�ruw/ [�> fdq eh uhsuhvhqwhg
dv d ixqfwlrq ri erwk �upv* U)G h�ruwv/ {�> l @ 4> 5/ dqg orfdwlrqdo fkrlfh=

[� @ {� . +4� |2 . |�,{� > l> m @ 4> 5> l 9@ m1 +4,

Wklv h{suhvvlrq vxppdulvhv wkh uhodwlrqvkls ehwzhhq wkh vslooryhu h�hfw dqg
wkh glvwdqfh ehwzhhq wkh �upv* orfdwlrqv1 Wkh vslooryhu lv dw d pd{lpxp
zkhq �upv vkduh wkh vdph orfdwlrq> lw lv dw d plqlpxp zkhq �upv orfdwh
dw wkh pdunhw hqgsrlqwv1

Wkh deryh vshfl�fdwlrq iru *h�hfwlyh* U)G ehduv erwk gl�huhqfhv dqg
vlplodulwlhv zlwk wkdw lq N]/ zkr gh�qh lw dv=

[g~
� @ {� . +4� ��,+4� ��,�{

B�
� {

�3B�
� > +5,

zkhuh 3 � � � 4 lv wkh +h{rjhqrxvo| jlyhq, vslooryhu dqg 3 � ��> �� � 4 lv d
sdudphwhu wkdw fdswxuhv d �up*v uhvhdufk dssurdfk1 Ilup l fdqqrw uhdolvh
dq| ehqh�fldo vslooryhu iurp �up m zlwkrxw hqjdjlqj lq +frvw0uhgxflqj, U)G
lwvhoi/ l1h1 {� A 3/ xqohvv �� @ 3 dv zhoo1

Wkh vlwxdwlrq lq zklfk �upv lq N] fkrrvh d �up0vshfl�f dssurdfk lq
U)G/ l1h1 �� @ 4> l @ 4> 5/ lv htxlydohqw wr rxu fdvh zkhq �upv fkrrvh
wr orfdwh dw wkh pdunhw h{wuhphv= lq erwk fdvhv wkh uhdolvhg vslooryhu lv
htxdo wr }hur1 Wkh vlwxdwlrq lq zklfk �upv lq N] dgrsw d edvlf uhvhdufk
dssurdfk/ l1h1 �� @ 3> l @ 4> 5/ fruuhvsrqgv lq rxu fdvh wr d vlwxdwlrq zkhuh
�upv fkrrvh wkh vdph orfdwlrq dqg ehqh�w iurp wkh pd{lpxp vslooryhu1
Wkh pdlq gl�huhqfh ehwzhhq wkh wzr vshfl�fdwlrqv/ +4, dqg +5,/ olhv lq wkh
idfw wkdw wkh vslooryhu iru �up l lq rxu vshfl�fdwlrq grhv qrw ghshqg xsrq
kdylqj �up l lqyhvwlqj lq U)G1 Wkdw lv/ lq rxu dssurdfk �upv pd| ghflgh
qrw wr hqjdjh lq dq| lqyhvwphqw dfwlylw| dqg |hw ehqh�w iurp wkh rwkhu
�up*v lqyhvwphqw1 Krzhyhu/ wkh dqdorj| ehwzhhq wkh wzr vshfl�fdwlrqv lv
uhlqirufhg e| wkh revhuydwlrq wkdw lq N] wkh +vxejdph0shuihfw, htxloleulxp
ydoxh ri �� lv hlwkhu }hur ru rqh1 Wkxv/ gh idfwr/ wkh htxloleulxp ydoxh ri
wkh h�hfwlyh U)G lq N] lv hlwkhu [� @ {� . �{� ru [� @ {�1 Wkdw lv/ wkh
uhdolvhg vslooryhu iru �up l lv lqghshqghqw ri zkhwkhu �up l lqyhvwv lq U)G
ru qrw/ dv lq wkh fdvh frqvlghuhg lq wklv sdshu1

D frqvxphu orfdwhg dw v 5 ^3> 4`/ zkr ghflghv wr ex| +rqh xqlw, iurp
�up l/ ghulyhv vxusoxv

y .[� � s� � w+v� |�,
2> +6,

zkhuh y � 3 lv wkh edvlf uhvhuydwlrq xwlolw| rewdlqhg e| dq| frqvxphu zkr
sxufkdvhv iurp dq| ri wkh wzr �upv dqg s� lv wkh +ploo, sulfh ri �up l*v
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surgxfw dqg w � 3 lv dq lqgh{ ri wkh wudqvsruwdwlrq frvw shu xqlw +ru glvxwlolw|
lq wkh frqwh{w ri fkdudfwhulvwlfv vsdfh,15 Wkh txdgudwlf frvw dvvxpswlrq lv
lqyrnhg ehfdxvh lw jxdudqwhhv h{lvwhqfh ri htxloleulxp lq wkh sulfh vwdjh1 Zh
dvvxph wkdw y lv odujh hqrxjk vr wkdw/ lq htxloleulxp/ frqvxphuv dozd|v pdnh
d sxufkdvh dqg wkdw d frqvxphu ex|v +rqh xqlw, iurp wkh �up wkdw r�huv
khu wkh kljkhvw vxusoxv ru/ htxlydohqwo|/ wkh orzhvw ixoo sulfh1 Wr dyrlg dq|
duelwudjh ehwzhhq frqvxphuv zh dvvxph wkdw wkh wudqvdfwlrq frvwv iru wkh
uhvdoh ri jrrgv duh surklelwlyho| kljk1 Qrwh wkdw lq +6,/ h�hfwlyh U)G/[�/ lv
htxlydohqw wr d txdolw| hqkdqfhphqw iru surgxfw l> wkxv y.[� lv wkh kljkhvw
sulfh d frqvxphu zrxog sd| iru wkh surgxfw +Hfrqrplghv 4<;<,1 Krzhyhu/
jlyhq rxu dvvxpswlrq ri frqvwdqw pdujlqdo frvw/ lw lv vwudljkwiruzdug wr
yhuli| wkdw rxu dqdo|vlv zrxog |lhog lghqwlfdo uhvxowv li zh rplwwhg [� iurp
+6, dqg dvvxphg wkdw U)G lv frvw0uhgxflqj= PF� @ f � [�1 Wr vdyh rq
qrwdwlrq dqg frpsoh{lw|/ zh vhw f @ 3 zlwkrxw orvv ri jhqhudolw| dqg wr
dyrlg kdylqj wr frqvlghu wkh frqglwlrqv iru d qrq0qhjdwlyh pdujlqdo frvw/ zh
dgrsw wkh txdolw| hqkdqfhphqw vshfl�fdwlrq/ dv lq +6,/ iru wkh uhpdlqghu ri
wkh sdshu1

6 Ploo sulflqj

Iroorzlqj Krwhoolqj*v +4<5<, fodvvlf sdshu zh suhvhqw d vsdwldo gxrsro| prgho
zkhuh �upv* jhrjudsklfdo orfdwlrq +ru fkrlfh ri surgxfw fkdudfwhulvwlfv, gh0
whuplqhv hqgrjhqrxvo| wkh h{whqw ri nqrzohgjh vslooryhuv wkdw d �up fdq
ehqh�w iurp1 Qrwh wkdw lq wkh frqwh{w ri ploo sulflqj wudqvsruw frvwv duh
eruqh e| frqvxphuv1 Zh irupxodwh d wkuhh0vwdjh qrq0frrshudwlyh jdph
zkhuh lq wkh �uvw vwdjh �upv fkrrvh wkhlu orfdwlrq/ wkhq wkh| fkrrvh U)G
h{shqglwxuh wr lpsuryh wkh txdolw| ri wkhlu surgxfw lq vwdjh wzr/ dqg �0
qdoo|/ lq wkh wklug vwdjh wkh| frpshwh e| vhwwlqj sulfh1 Dv zh duh vhhnlqj
wkh vxejdph0shuihfw htxloleulxp ri wklv jdph zh vwduw e| dqdo|vlqj wkh odvw
vwdjh1

614 Wkh Sulfh Jdph

Wkh �uvw vwhs lv wr ghulyh wkh ghpdqgv iru wkh wzr �upv1 Wkh vxusoxv iurp
ex|lqj d xqlw iurp �up 4 wr d frqvxphu orfdwhg dw v> v 5 ^3> 4`> lv y.[� �

s��w+v�|�,
2/ dqg wkh vxusoxv iru ex|lqj iurp �up 5 lv y.[2�s2�w+v�|2,

21
Wkxv/ wkh *lqgl�huhqw* frqvxphu lv gh�qhg e| wkh iroorzlqj htxdolw|

y .[� � s� � w+ev� |�,
2 @ y .[2 � s2 � w+ev� |2,

2

zklfk |lhogv

ev @
+s2 � s�,� +[2 �[�,

5w+|2 � |�,
.

|2 . |�

5
= +7,

5D vlplodu dvvxpswlrq lv pdgh lq Sljd +4<<;, lq wkh frqwh{w ri d prgho ri dgyhuwlvlqj1
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Iru wkh wzr �upv wr eh dfwlyh lq wkh pdunhw lw pxvw eh wkh fdvh wkdw |� �
ev � |21 Wklv frqglwlrq lv vdwlv�hg li m+s2 � s�,� +[2 �[�,m � w+|2 � |�,21
Iru |2 ? ev rqo| �up 4 lv dfwlyh vhuylqj wkh zkroh pdunhw> wklv lv vr li
s��[� ? s2�[2�w+|2�|�,2 zkloh iru ev ? |� ru s��[� A s2�[2�w+|2�|�,2

�up 5 wdnhv wkh zkroh pdunhw1 Khqfh/ djjuhjdwh ghpdqg iru �up 4 lv

G� @

;A?
A=

4 li s� �[� ? s2 �[2 � w+|2 � |�,
2

ev li m+s2 � s�,� +[2 �[�,m � w+|2 � |�,
2

3 li s� �[� A s2 �[2 � w+|2 � |�,
2

= +8,

Dq dqdorjrxv h{suhvvlrq krogv iru �up 5*v ghpdqg/ G2 5 ^3> 4`1 Wkh sur�w
ixqfwlrq iru �up l/ l @ 4> 5/ lv jlyhq e|

�� @ s�G� � f+{�, +9,

zkhuh f+{�, lv wkh U)G frvw dqg f� A 3/ f�� A 3 wr fdswxuh ghfuhdvlqj uhwxuqv
lq U)G vshqglqj1 Lq zkdw iroorzv zh zloo xvh f+{�, @

�

2
{2

�
1 Lq wkh uhpdlqghu

ri wkh sdshu zh zloo frqfhqwudwh rq wkh txdgudwlf sduw ri wkh sur�w ixqfwlrqv/
l1h1 zh zloo frqvlghu wkh fdvh zkhq erwk �upv duh dfwlyh/ G� 5 +3> 4,1 Iurp
wkh �uvw rughu frqglwlrqv zh rewdlq wkh htxloleulxp sulfhv=6

s� @
4

6
^+[� �[2, . w+|2 � |�,+5 . |2 . |�,` +:,

@
4

6
+|2 � |�, ^+{� � {2, . w+5 . |2 . |�,`

s2 @
4

6
^+[2 �[�, . w+|2 � |�,+7� |2 � |�,` +;,

@
4

6
+|2 � |�, ^+{2 � {�, . w+7� |2 � |�,` =

Qrwh wkdw zkhq �upv orfdwh dw wkh vdph srvlwlrq/ |� @ |2/ sulfhv duh htxdo
wr wkh xqlw frvw ri surgxfwlrq +qrupdol}hg wr }hur,/ s� @ s2 @ 3/ l1h1 wkh
Ehuwudqg rxwfrph zlwk krprjhqhrxv jrrgv1 Vxevwlwxwlqj wkh htxloleulxp
sulfhv/ +:, dqg +;,/ lqwr wkh sur�wv h{suhvvlrq/ +9,/ zh rewdlq=

�� @
4

5w+|2 � |�,
s2
�
@

^[� �[2 . w+|2 � |�,+5 . |2 . |�,`
2

4;w+|2 � |�,
+<,

dqg

�2 @
4

5w+|2 � |�,
s2
2
@

^[2 �[� . w+|2 � |�,+7� |2 � |�,`
2

4;w+|2 � |�,
= +43,

Wklv frqfoxghv wkh dqdo|vlv ri wkh sulfh jdph1

6Wkh vhfrqg rughu frqglwlrq lv vdwlv�hg/
Y5Zl

YR5
l

' 3
�

|E+53+4�
	 f1

9



615 Wkh U)G2Txdolw| Jdph

Lq wkh vhfrqg vwdjh �upv fkrrvh wkhlu U)G h�ruw/ {�/ l> m @ 4> 5> l 9@ m>

qrqfrrshudwlyho|/ wdnlqj orfdwlrqv dv jlyhq1 Xvlqj wkh h{suhvvlrqv iru sur�wv
ghulyhg lq wkh suhylrxv vhfwlrq/ +<, ru +43,/ dqg wkh h{suhvvlrq iru *h�hfwlyh*
U)G/ +4,/ diwhu wdnlqj �uvw0rughu frqglwlrqv zh rewdlq wkh ehvw0uhvsrqvh
ixqfwlrqv=

{�+{2, @
+|2 � |�,^w+5 . |2 . |�,� {2`

<w� +|2 � |�,
+44,

{2+{�, @
+|2 � |�,^w+7� |2 � |�,� {�`

<w� +|2 � |�,
+45,

dqg khqfh wkh htxloleulxp U)G h�ruwv +txdolwlhv,

{� @
+|2 � |�,^6w+5 . |2 . |�,� 5+|2 � |�,`

6^<w� 5+|2 � |�,`
+46,

{2 @
+|2 � |�,^6w+7� |2 � |�,� 5+|2 � |�,`

6^<w� 5+|2 � |�,`
= +47,

Qrwh wkdw wkh vhfrqg0rughu frqglwlrq uhtxluhv <w� +|2 � |�, A 3/ iru jlyhq
orfdwlrqv |�+w, dqg |2+w,1 Iurp wkh uhdfwlrq ixqfwlrqv/ +44, dqg +45,/ lw lv

hdv| wr vhh wkdw wkh| duh qhjdwlyho| vorshg/ _%�
_%2

@ _%2
_%�
�

E+23+��
b|3E+23+��

? 3> l1h1

U)G h�ruw lv shufhlyhg dv d vwudwhjlf vxevwlwxwh e| �upv1 Ixuwkhu/ vwdelolw|

uhtxluhv wkdw
�
�
�
_%�

_%�

�
�
� ? 4> l> m @ 4> 5> l 9@ m> zklfk lv vdwlv�hg li <w � 5+|2 �

|�, A 3 dqg lv vwurqjhu wkdq wkh vhfrqg0rughu frqglwlrq1 Qrwh wkdw iurp
wkh htxloleulxp U)G h�ruwv/ +46, dqg +47,/ wkhuh lv qr txdolw| lpsuryhphqw
li wkh wzr �upv fkrrvh lghqwlfdo orfdwlrqv/ l1h1 {� @ {2 @ 3 li |� @ |2/
dv h{shfwhg lqwxlwlyho|1 Wr jxdudqwhh srvlwlyh txdolw| lpsuryhphqwv wkh
iroorzlqj frqglwlrqv pxvw krog=

{� A 3, 6w+5 . |2 . |�,� 5+|2 � |�, A 3

{2 A 3, 6w+7� |2 � |�,� 5+|2 � |�, A 3=

Lw lv reylrxv wkdw �upv zloo fkrrvh wkh vdph txdolw| lpsuryhphqw/ {� @ {2/
li wkh| fkrrvh v|pphwulf orfdwlrqv/ |� . |2 @ 41 Zh fdq wkhq vwdwh=

Ohppd 4 Iru dq| v|pphwulf orfdwlrqv ri wkh wzr �upv/ |� . |2 @ 4/ wkh
htxloleulxp U)G h�ruwv duh htxdo/ {� @ {2> l1h1 wkhuh lv qr txdolw| gl�huhq0

wldwlrq1

Wkh frqwhqw ri Ohppd 4 lv vlplodu wr wkh uhvxow rq plqlpdo txdolw|
gl�huhqwldwlrq rewdlqhg e| Hfrqrplghv +4<;<,1

Qh{w/ xvlqj +46, dqg +47, zh fdq frpsxwh htxloleulxp sur�wv=

e�2

�
@

+|2 � |�,^<w� +|2 � |�,`^6w+5 . |2 . |�,� 5+|2 � |�,`2

4;^<w� 5+|2 � |�,`2
+48d,

e�2

2 @
+|2 � |�,^<w� +|2 � |�,`^6w+7� |2 � |�,� 5+|2 � |�,`

2

4;^<w� 5+|2 � |�,`2
= +48e,

:



Zh fdq wkhq surfhhg wr wkh dqdo|vlv ri wkh orfdwlrq fkrlfh1

616 Wkh Orfdwlrq Jdph

Lq wkh �uvw vwdjh/ �upv fkrrvh wkhlu orfdwlrqv/ |�> l @ 4> 5/ dqwlflsdwlqj krz
wklv fkrlfh zloo d�hfw wkhlu vxevhtxhqw fkrlfhv ri U)G dqg sulfh1 Xvlqj
wkh h{suhvvlrqv iru sur�wv rewdlqhg lq wkh suhylrxv vwdjh/ +48d, dqg +48e,/
wdnlqj �uvw0rughu frqglwlrqv dqg wkhq uhvwulfwlqj wkh uhvxowlqj vroxwlrq wr d
v|pphwulf rqh/ l1h |� . |2 @ 4/ zh rewdlq wzr vhwv ri fdqglgdwh htxloleulxp
orfdwlrqv=7

|W
�

@
7� 45w� 5:w2 . <w�*2

s
9 . <w

7+5 . 6w,
+49,

|W2 @
7 . 57w . 5:w2 � <w�*2

s
9 . <w

7+5 . 6w,
+4:,

dqg

h|� @
7� 45w� 5:w2 � <w�*2

s
9 . <w

7+5 . 6w,

h|2 @
7. 57w. 5:w2 . <w�*2

s
9 . <w

7+5 . 6w,
=

Lq wkh suhylrxv vhfwlrq/ zh kdyh hvwdeolvkhg wkdw wkh vwdelolw| frqglwlrq lq
wkh U)G vwdjh uhtxluhv wkdw <w�5+|2� |�, A 31 Lw lv hdv| +wkrxjk whglrxv,
wr fkhfn wkdw wkh vwdelolw| frqglwlrq lv vdwlv�hg e| wkh �uvw vhw ri orfdwlrq
fkrlfhv/ |W

�
dqg |W

2
/ exw qrw e| wkh vhfrqg vhw/ h|� dqg h|21Wkxv wkh htxloleulxp

orfdwlrqv duh jlyhq e| |W
�
dqg |W

2
1

Xvlqj wklv vroxwlrq zh fdq frpsxwh wkh vxejdph0shuihfw htxloleulxp
ohyhov iru doo uhohydqw yduldeohv1 Wkhvh ydoxhv duh uhsruwhg lq Wdeoh 41

Wdeoh 41 Vxejdph0shuihfw Htxloleulxp Ydoxhv0Ploo sulflqj

Orfdwlrq |W
�
@ e3�2|32.|2nb|�*2

I
Snb|

eE2n�|� > |W2 @ 4� |W�

U)G {W� @ {W2 @
�|E2n�|3

I
|
I
Snb|�

enS|

H�hfwlyh U)G [W
� @ [W

2 @
�|de3�|E�nb|�nEb|32�

I
|
I
Snb|o

enS|

Sur�w �W� @ �W2 @
b|2

Hn�2|

Sulfh sW� @ sW2 @
b|2E2n�|3

I
|
I
Snb|�

enS|

7
Qrwh wkdw wkh vhfrqg0rughu frqglwlrq/ hydoxdwhg dw wkh v|pphwulf htxloleulxp lv vdw0

lv�hg/ Y5Z4
Y+5

4

�
�
�
+�
4

' Y5Z4
Y+5

4

�
�
�h+4

' 3E �
2
|n �

�
� 	 f� Vlploduo| iru �up 51

;



Jlyhq v|pphwulf orfdwlrqv/ iurp Ohppd 4 zh douhdg| nqrz wkdw �upv
zloo fkrrvh wkh vdph txdolw|2U)G ohyho dqg lw lv hdvlo| fkhfnhg iurp wkh
h{suhvvlrq iru U)G wkdw {W

�
> {W

2
� 3 dv w � 31 Lw lv dovr hdv| wr hvwdeolvk wkdw

U)G/ sur�wv dqg sulfh duh lqfuhdvlqj lq wkh wudqvsruwdwlrq frvw/ C{�@Cw A
3> C��@Cw A 3 dqg Cs�@Cw A 3> l @ 4> 51 Zh wkhq vwdwh rxu pdlq uhvxowv lq
wkh iroorzlqj sursrvlwlrqv1

Sursrvlwlrq 4 Wkhuh h{lvwv d vxejdph0shuihfw v|pphwulf orfdwlrq htxlole0

ulxp jlyhq e| |W�+w, @ e3�2|32.|2nb|�*2
I
Snb|

eE2n�|� dqg |W2+w, @ 4 � |W�+w,1 Jlyhq

frqwlqxlw| ri |W�+w, dqg |W2+w,/ wkhuh h{lvwv d wudqvsruwdwlrq frvw w vxfk wkdw

dq| v|pphwulf orfdwlrq rq wkh xqlw lqwhuydo/ |� 5 ^3> 4`> l @ 4> 5> |� . |2 @ 4/
fdq eh dq htxloleulxp1 Lq sduwlfxodu=

+d, djjorphudwlrq ru plqlpdo surgxfw gl�huhqwldwlrq/ |W� @ |W2 � �
2 / lv dq

htxloleulxp dv wkh wudqvsruwdwlrq frvw ehfrphv qhjoljleoh/ w$ 3>
+e, ghjorphudwlrq ru pd{lpdo surgxfw gl�huhqwldwlrq rffxuv/ |W� @ 3 dqg

|W2 @ 4/ iru uhodwlyho| odujh wudqvsruwdwlrq frvw/ w @ �
b+8 .

s
46, � 3=<895>

+f, dq lqwhuphgldwh orfdwlrq lv dq htxloleulxp iru 3 ? w ? 3=<8951
Ixuwkhu/ wkh vxejdph0shuihfw htxloleulxp h{klelwv plqlpdo txdolw| gl�huhqwl0

dwlrq/ {W� @ {W2 @
�|E2n�|3

I
|
I
Snb|�

enS| / htxdo sulfhv/ sW� @ sW2 @
b|2E2n�|3

I
|
I
Snb|�

enS|

dqg sur�wv e| �W� @ �W2 @
b|2

Hn�2| =
8

Wxuqlqj wr wkh htxloleulxp orfdwlrqv/ iurp +49, dqg +4:,/ lw lv dssduhqw
wkdw orfdwlrq lv d ixqfwlrq ri wkh wudqvsruwdwlrq udwh/ w/ dqg lv lqwulfdwho|
uhodwhg wr rxu qrwlrq ri orfdwlrq0uhodwhg vslooryhu/ 4 � |2 . |�1 Wkh frp0
sdudwlyh vwdwlf h�hfw ri dq lqfuhdvh lq w rq wkh htxloleulxp orfdwlrqv fdq eh
hydoxdwhg dv iroorzv=

C|W
�

Cw
@

<

7

%
�4 .

6
s
w+4 . w,

s
9 . <w

+5 . 6w,2

&
? 3

C|W
2

Cw
@

<

7

%
4�

6
s
w+4 . w,

s
9 . <w

+5 . 6w,2

&
A 3=

Lq dgglwlrq/ xvlqj +49, dqg +4:,/ wkh hqgrjhqrxv vslooryhu lv jlyhq e| 4 �
|W
2
. |W

�
@ e3�|Eenb|3�

I
|
I
Snb|�

enS| dqg wkh h�hfw ri dq lqfuhdvh lq w lv qhjdwlyh/
YE�3+W

2
n+W

�
�

Y|
? 319 Khqfh zh fdq vwdwh wkh iroorzlqj=

Sursrvlwlrq 5 Wkh kljkhu wkh wudqvsruwdwlrq frvw/ wkh ixuwkhu dsduw �upv
zloo fkrrvh wr orfdwh dqg wkh orzhu wkh hqgrjhqrxv +orfdwlrq0uhodwhg, vslooryhu
zloo eh1

8
Qrwh wkdw zkhq | < fc lq wkh VSQH �upv orfdwh lq wkh fhqwuh/ +� ' +2/ sulfh lv vhw

htxdo wr pdujlqdo frvw +}hur e| dvvxpswlrq, dqg sur�wv duh }hur1
9Wklv h�hfw lv

YE�3+�
5
n+�

4
�

Y|
'

b
2

�
3� n

�
I
|E�n|�

I
Snb|

E2n�|�5

�
	 f�

<



Dq lqwxlwlyh glvfxvvlrq ri wkh wzr sursrvlwlrqv iroorzv1 Zkhq wkh wudqv0

sruwdwlrq frvw lv qhjoljleoh/ w $ 3> zh nqrz iurp Sursrvlwlrq 4 wkdw �upv
zloo fkrrvh wr orfdwh dw wkh fhqwuh ri wkh xqlw lqwhuydo/ |� � |21 Lq wklv fdvh
wkh orfdwlrq0uhodwhg +hqgrjhqrxv, vslooryhu lv dw d pd{lpxp/ 4�|2.|� @ 4/
dqg wkh �upv vwdqg wr ehqh�w juhdwo| iurp hdfk rwkhu*v U)G h�ruw1 Krz0
hyhu/ d fhqwudo orfdwlrq iru erwk �upv lpsolhv wkdw wkh| gr qrw gl�huhqwldwh
wkhlu surgxfw1 Wkh lqwhqvlyh sulfh frpshwlwlrq wkdw hqvxhv glvvlsdwhv dq|
lqfhqwlyh wrzdugv txdolw|0hqkdqflqj U)G vr wkdw �upv gr qr U)G dw doo/
{� @ {2 @ 31 Dv wkh wudqvsruwdwlrq frvw lqfuhdvhv �upv fkrrvh glvwlqfw
orfdwlrqv/ |� 9@ |21 Sursrvlwlrq 5 hvwdeolvkhv wkdw wkh kljkhu wkh wudqvsruwd0
wlrq frvw wkh ixuwkhu dsduw �upv orfdwh/ r�hulqj lqfuhdvlqjo| gl�huhqwldwhg
surgxfwv/ dqg wkh ohvv wkh| ehqh�w iurp hdfk rwkhu*v U)G1 Orfdwlrq dw wkh
hqgsrlqwv/ |� @ 3 dqg |2 @ 4/ fruuhvsrqgv wr d }hur vslooryhu dqg pd{l0
pdo surgxfw gl�huhqwldwlrq1 Wklv odwwhu uhvxow fruuhvsrqgv wr Uhpdun 5 ri
Ndplhq dqg ]dqj +5333, zklfk vwdwhv wkdw �upv fkrrvh �up0vshfl�f U)G
dssurdfkhv wr r�vhw h{rjhqrxv vslooryhuv1 D �up0vshfl�f U)G dssurdfk lq
wkhlu prgho fruuhvsrqgv wr pd{lpdo surgxfw gl�huhqwldwlrq lq rxu prgho1
Lq wkh vdph Uhpdun/ N] �qg wkdw d eurdg dssurdfk lq U)G lv fkrvhq rqo|
zkhq wkhuh lv qr gdqjhu iru �upv wr frqihu d ehqh�w wr wkhlu ulydo1 E| wkh
vdph wrnhq/ rxu uhvxowv vkrz wkdw plqlpdo gl�huhqwldwlrq lv dffrpsdqlhg e|
qr lqyhvwphqw lq U)G1

Ixuwkhu/ wkh kljkhu wkh wudqvsruwdwlrq frvw wkh pruh �upv gl�huhqwldwh
wkhlu surgxfw dqg uhod{ sulfh frpshwlwlrq1 Uhod{lqj sulfh frpshwlwlrq doorzv
�upv wr lqyhvw lq txdolw| hqkdqfhphqw wkdw lqfuhdvhv frqvxphu*v vxusoxv dqg
zloolqjqhvv wr sd| dqg ohdgv wr kljkhu sur�wv1

Rxu uhvxowv duh vlplodu wr wkrvh rewdlqhg e| Pdl dqg Shqj +4<<<, lq wkdw
zh dovr �qg wkdw wkh htxloleulxp orfdwlrqv ghshqg rq wkh wudqvsruwdwlrq frvw
dqg wkdw �upv zloo orfdwh dw dq lqfuhdvlqj glvwdqfh iurp hdfk rwkhu dv wkh
wudqvsruwdwlrq frvw lqfuhdvhv1 Krzhyhu/ dv phqwlrqhg lq wkh Lqwurgxfwlrq/
wkh gh�qlqj gl�huhqfh ri rxu dssurdfk lv wkdw zh prgho U)G h{solflwo| dqg
hqgrjhqlvh wkh orfdwlrq0uhodwhg vslooryhu h{whuqdolw|1

7 Glvfulplqdwru| sulflqj

Lq wklv vhfwlrq ri wkh sdshu zh frqvlghu glvfulplqdwru| sulflqj/ l1h1 �upv ehdu
wkh frvwv ri wudqvsruwdwlrq1 Qrwh wkdw lq wkh frqwh{w ri surgxfw frpshwlwlrq
lq fkdudfwhulvwlfv vsdfh +surgxfw gl�huhqwldwlrq lq ydulhw|,/ glvfulplqdwru|
sulflqj fruuhvsrqgv wr wkh vhoolqj fxvwrp0pdgh surgxfwv/ h1j1 pdlqiudph
frpsxwhuv/ dlufudiw/ SFv hwf1

Uhfdoo wkdw wr dyrlg dq| duelwudjh ehwzhhq frqvxphuv/ zh kdyh dvvxphg
wkdw wkh wudqvdfwlrq frvwv iru wkh uhvdoh ri jrrgv duh surklelwlyho| kljk1
Lq wkh fdvh ri glvfulplqdwru| sulflqj/ wkh ixoo sulfh iru d xqlw ri wkh jrrg
lv htxlydohqw wr wkh gholyhuhg sulfh lq hdfk orfdwlrq1 Iroorzlqj Wdexfkl
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+4<<<,/ zh gh�qh wkh htxloleulxp sulfh vfkhgxoh ri �up l dv wkh vhfrqg
orzhvw gholyhuhg +wudqvsruwdwlrq, frvw qhw ri *h�hfwlyh* U)G=

s_� @ w+v� |�,
2 �[�c iru v 5 ^3> v` +4;,

@ w+v� |�,
2 �[�> iru v 5 ^v>4`

l> m @ 4> 5> l 9@ m> zkhuh v 5 ^3> 4` uhsuhvhqwv d frqvxphu*v orfdwlrq dqg v lv wkh
pdunhw erxqgdu| gh�qhg e| v � iv m w+v�|�,2�[� @ w+v�|2,2�[2j1 Wkh

pdunhw erxqgdu| lv wkhq v @ |E+23+��n%�3%2
2| 1 Iru hdfk frqvxphu orfdwlrq/

v/ d �up kdv wr sd| wkh wudqvsruwdwlrq frvw +qhw ri *h�hfwlyh* U)G, iru wkh
udqjh ri v zkhuh lw kdv d srvlwlyh pdunhw duhd1 Khqfh/ wkh sur�w iru �up 4
lv jlyhq e|=

�� @
] r

f

k
w+v� |2,

2
�[2 � w+v� |�,

2 .[�

l
gv�

4

5
{2� +4<,

dqg iru �up 5=

�2 @
]

�

r

k
w+v� |�,

2
�[� � w+v� |2,

2 .[2

l
gv�

4

5
{2
2
= +53,

Kdylqj ghvfulehg wkh sulfh vfkhgxohv dqg wkh uhvxowlqj sur�w ixqfwlrqv
zh fdq qrz wxuq wr wkh fkrlfh ri U)G h�ruwv1

714 Wkh U)G2Txdolw| Jdph

Lq wklv vwdjh �upv fkrrvh wkhlu U)G h�ruwv/ {�> l> m @ 4> 5> l 9@ m/ wdnlqj
orfdwlrqv dv jlyhq1 Xvlqj sur�wv dv jlyhq e| +4<,/ +53, dqg +4,/ diwhu wdnlqj
�uvw0rughu frqglwlrqv zh fdq ghulyh wkh ehvw0uhvsrqvh ixqfwlrqv=:

{�+{2, @
+|2 � |�, ^w+|2 . |�,� {2`

5w� +|2 � |�,
+54,

{2+{�, @
+|2 � |�, ^w+5� |2 � |�,� {2`

5w� +|2 � |�,
+55,

dqg wkh htxloleulxp U)G h�ruwv=

{� @
+|2 � |�, ^w+|2 . |�,� +|2 � |�,`

5+w� |2 . |�,
+56,

{2 @
+|2 � |�, ^w+5� |2 � |�,� +|2 � |�,`

5+w� |2 . |�,
= +57,

Iurp wkh ehvw0uhvsrqvh ixqfwlrqv zh fdq hdvlo| hvwdeolvk wkdw lq wklv fdvh wrr
U)G lv d vwudwhjlf vxevwlwxwh/ _%�

_%�
@ � E+23+��

2|3E+23+��
? 3/ l> m @ 4> 5> l 9@ m/ zkhuh

:
Qrwh wkdw wkh vhfrqg rughu frqglwlrq uhtxluhv wkdw 2|3E+23+�� : f iru jlyhq orfdwlrqv

+�E|� dqg +2E|�1
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wkh ghqrplqdwru lv srvlwlyh iurp wkh vhfrqg0rughu frqglwlrq1 Pruhryhu/ wkh

vwdelolw| frqglwlrq/
�
�
�
_%�

_%�

�
�
� ? 4> l> m @ 4> 5> l 9@ m/ uhtxluhv wkdw 5w � 5+|2 �

|�, A 3/ zklfk lv d vwurqjhu frqglwlrq wkdq wkh vhfrqg0rughu frqglwlrq/
5w � +|2 � |�, A 31 Lq wkh uhpdlqghu ri wklv dqg wkh iroorzlqj vhfwlrq zh
lpsrvh wklv vwurqjhu frqglwlrq1 Qh{w/ xvlqj wkh h{suhvvlrqv iru htxloleulxp
U)G/ +56, dqg +57,/ zh rewdlq htxloleulxp sur�wv=
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;+w� |2 . |�,2
= +59,

Qh{w zh wxuq rxu dwwhqwlrq wr wkh fkrlfh ri orfdwlrq1

715 Wkh Orfdwlrq Jdph

Lq wklv vwdjh �upv fkrrvh d orfdwlrq/ |� 5 ^3> 4`> l @ 4> 5> qrq0frrshudwlyho|1
Xvlqj wkh sur�w h{suhvvlrqv iurp wkh suhylrxv vwdjh/ +58, dqg +59,/ wdnlqj
wkh �uvw0rughu frqglwlrqv dqg wkhq lpsrvlqj v|pphwu|/ |� . |2 @ 4/ zh
rewdlq wzr vhwv ri vroxwlrqv=;
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Iroorzlqj wkh vdph phwkrgrorj| xvhg lq vhfwlrq 616 / zh duh ohiw zlwk rqo|
rqh vwdeoh vroxwlrq/ wkdw lv |� dqg |2=

< Xvlqj wklv vroxwlrq/ wkdw lv +5:, dqg
+5;,/ zh fdq fdofxodwh wkh vxejdph0shuihfw htxloleulxp ohyhov iru doo uhohydqw
yduldeohv1 Wdeoh 5 vxppdulvhv wkhvh1

;Wkh vhfrqg rughu frqglwlrq/ hydoxdwhg dw wkh v|pphwulf htxloleulxp lv vdwlv�hg/
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E� n |� 	 f1 D vlplodu frqglwlrq krogv iru �up 51

<Wkh vwdelolw| frqglwlrq/ 2E|3 +2n +�� : f lv vdwlv�hg iru +W
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Wdeoh 51 Vxejdph0shuihfw Htxloleulxp Ydoxhv0Glvfulplqdwru| sulflqj

Orfdwlrq |� @
�
2 ^4� w. |

�

2I
�n|

`> |2 @ 4� |�

U)G {� @ {2 @
|E�n|3

I
|
I
�n|�

2E�n|�

H�hfwlyh U)G [� @ [2 @
|d2n|32|2n2E|3��

I
|
I
�n|o

2E�n|�

Sur�w �� @ �2 @
|
2

HE�n|�

Sulfh vhh h{suhvvlrq +4;,

Iurp Wdeoh 5 lw lv hylghqw wkdw/ jlyhq v|pphwulf orfdwlrqv/ �upv zloo
fkrrvh wkh vdph ohyho ri txdolw| hqkdqfhphqw/ {� @ {2/ ohdglqj wr wkh vdph
ohyho ri *h�hfwlyh* U)G/[� @ [2 dqg htxdo sur�wv1 Ixuwkhu/ lw fdq eh vkrzq
wkdw Y%�

Y|
A 3 dqg YZ�

Y|
A 3= Wkhvh uhvxowv duh lq olqh zlwk wkrvh rewdlqhg iru

wkh fdvh ri ploo sulflqj1
Wkh htxloleulxp orfdwlrqv/ |� dqg |2> ghshqg rq wkh wudqvsruwdwlrq frvw/

w1 Lw lv hdv| wr fkhfn wkdw wkhuh grhv qrw h{lvw w 5 U wkdw zrxog uhvxow lq
pd{lpdo surgxfw gl�huhqwldwlrq/ l1h1 |� @ 3 dqg |2 @ 41 Ixuwkhu/ qrwh wkdw
olp|<n" |� @ �

e
dqg olp|<n" |2 @ �

e
= Krzhyhu/ dq lq�qlwh wudqvsruwdwlrq

frvw lv qrw frqvlvwhqw zlwk d qrq0qhjdwlyh vxusoxv +vhh ^6`, vr wkdw/ vwulfwo|
vshdnlqj/ wkh deryh ydoxhv vkrxog eh ylhzhg dv erxqgdu| orfdwlrqv= �upv
zloo qhyhu fkrrvh wr orfdwh dw wkhvh srlqwv ru eh|rqg1 Wkxv/ iru �qlwh w �upv
zloo orfdwh v|pphwulfdoo| zlwklq wkh lqwhuydo +�

e
> �
e
,1 Zh fdq wkhq vwdwh=

Sursrvlwlrq 6 Wkhuh h{lvwv d vxejdph0shuihfw v|pphwulf orfdwlrq htxlole0

ulxp jlyhq e| |�+w, @
�
2 ^4�w. |

�

2I
�n|

` dqg |2+w, @ 4�|�+w,1 Jlyhq frqwlqxlw|

ri |�+w, dqg |2+w,/ wkhuh h{lvwv d �qlwh wudqvsruwdwlrq frvw w vxfk wkdw dq|
v|pphwulf orfdwlrq rq wkh lqwhuydo +�e >

�
e,/ fdq eh dq htxloleulxp1 Lq sduwlf0

xodu=
+d, djjorphudwlrq ru plqlpdo surgxfw gl�huhqwldwlrq/ |� @ |2 �

�
2 / lv dq

htxloleulxp iru qhjoljleoh wudqvsruwdwlrq frvw/ w$ 31
+e, ghjorphudwlrq ru pd{lpdo surgxfw gl�huhqwldwlrq lv qrw dq htxlole0

ulxp1
Ixuwkhu/ wkh vxejdph htxloleulxp h{klelwv plqlpdo txdolw| gl�huhqwldwlrq/
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|
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HE�n|� 1

Lq olqh zlwk wkh fdvh ri ploo0sulflqj +vhh Sursrvlwlrq 5,/ wkh h�hfw ri d
kljkhu wudqvsruwdwlrq frvw lv wr vkliw �upv ixuwkhu dsduw vr wkdw wkh| ehqh�w
ohvv iurp hdfk rwkhu*v U)G1 Lqghhg/ Y+
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Khqfh/ zh fdq uhvwdwh Sursrvlwlrq 5 dv iroorzv=
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Sursrvlwlrq 5U Zkhwkhu �upv xvh ploo0sulflqj ru glvfulplqdwru| sulflqj/
wkh kljkhu wkh wudqvsruwdwlrq frvw wkh ixuwkhu dsduw �upv zloo orfdwh dqg
wkh orzhu wkh hqgrjhqrxv +orfdwlrq0uhodwhg, vslooryhu zloo eh1

Wkh lqwxlwlrq lv prvwo| vlplodu wr wkdw jlyhq iru wkh ploo0sulflqj yhu0
vlrq ri wkh prgho1 Wkhuhiruh/ zh vwuhvv khuh wkh gl�huhqfhv dqg r�hu vrph
h{sodqdwru| frpphqwv1 Iluvw/ zlwk glvfulplqdwru| sulflqj wkhuh fdq eh qr
pd{lpdo surgxfw gl�huhqwldwlrq dv �upv qhyhu orfdwh dw wkh h{wuhphv1 Wklv
lv h{sodlqhg e| qrwlqj wkdw �upv fkrrvh d orzhu ohyho ri txdolw| hqkdqfh0
phqw iru doo ydoxhv ri wudqvsruwdwlrq frvw uhodwlyh wr wkh fdvh ri ploo sulflqj/
{� ? {

W

�
/ wkxv lqfxuulqj orzhu U)G h{shqglwxuh jlyhq wkdw wkh| kdyh wr

sd| iru wkh jrrg wr eh gholyhuhg wr frqvxphuv* orfdwlrqv144 Orfdwlqj dw wkh
hqgsrlqwv zrxog ohdg wr qhjdwlyh sur�wv1 Pruhryhu/ plqlpdo txdolw| gl�hu0
hqwldwlrq lv dq htxloleulxp iru }hur wudqvsruwdwlrq frvwv1 Wkxv/ rxu uhvxowv
frpsohphqw dqg hqkdqfh wkrvh rewdlqhg e| Kdplowrq hw do1 +4<;<, zkr/ lq
wkh devhqfh ri U)G/ irxqg wkdw djjorphudwlrq qhyhu rffxuv dqg wkdw wkhuh
lv qr pd{lpdo gl�huhqwldwlrq 1 Vhfrqg/ d vlpsoh frpsdulvrq ri htxloleulxp
sur�wv uhyhdov wkdw sur�wv duh orzhu lq wkh fdvh ri glvfulplqdwru| sulflqj/
�� ? �

W

�
145 Dw �uvw wklv uhvxow pd| vhhp vxusulvlqj1 Krzhyhu/ lw fdq eh

h{sodlqhg e| revhuylqj wkdw iru jlyhq wudqvsruwdwlrq frvw/ lq wkh fdvh ri glv0
fulplqdwru| sulflqj �upv zloo orfdwh qhduhu wr hdfk rwkhu wkdq lq wkh fdvh ri
ploo sulflqj +h{fhsw iru wkh fdvh ri }hur wudqvsruw frvw zkhq wkh| fkrrvh wkh
fhqwudo orfdwlrq,1 Khqfh/ wkh| zloo eh vxemhfwhg wr �hufhu sulfh frpshwlwlrq
dqg dv wkh| dovr kdyh wr ehdu wkh wudqvsruwdwlrq frvwv wkh| zloo hduq orzhu
sur�wv1

8 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh kdyh ghyhorshg d wkuhh0vwdjh jdph ri dq dgguhvv prgho
zlwk txdolw|0hqkdqflqj U)G dqg hqgrjhqrxv vslooryhuv1 Wkh orfdwlrqdo lq0
whusuhwdwlrq ri rxu prgho hqdeohv xv wr lghqwli| wkh frqglwlrqv xqghu zklfk
�upv �phhw kdoizd|�/ d phwdskru xvhg e| Ndplhq dqg ]dqj +5333, wr pdnh
rshudwlrqdo wkh qrwlrq ri devruswlyh fdsdflw| lq prghov ri U)G1 Fhqwudo wr
rxu �qglqjv lv wkh uroh sod|hg e| wkh wudqvsruw frvw sdudphwhu/ xvxdoo| lq0
whusuhwhg dv d phdvxuh ri wkh lpsruwdqfh ri surgxfw gl�huhqwldwlrq1 Lq rxu
prgho �upv zloo vkduh wkh vdph orfdwlrq/ l1h1 �phhw kdoizd|�/ rqo| zkhq
wkh surgxfwv duh qrw gl�huhqwldwhg1 Krzhyhu/ zkhq �upv djjorphudwh wkhlu
U)G h�ruw lv }hur1 Wkxv/ rxu wkhruhwlfdo suhglfwlrq lqglfdwhv dq lqyhuvh

44Iurp Wdeohv 4 dqg 5/ %W� 3 %� ' | n
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2
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�
1 Lw fdq eh vkrzq wkdw wklv

lv srvlwlyh iru wkh uhohydqw udqjh ri |1
45Iurp Wdeohv 4 dqg 5 uhvshfwlyho|/ zh kdyh ZW� '

b|5

Hn�2| dqg Z� '
|
5

HE�n|� 1 Lw lv hdvlo|

revhuyhg wkdw Z� 	 Z
W

� 1 D vlplodu uhvxow lv rewdlqhg e| Wdexfkl +4<<<, iru �{hg orfdwlrqv
wkrxjk1
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uhodwlrq ehwzhhq djjorphudwlrq dqg U)G h�ruw1 Zkloh wklv pd| qrw sur0
ylgh dq dssursuldwh ghvfulswlrq ri �upv* U)G ehkdylrxu lq d jhrjudsklfdo
frqwh{w +h1j1 lqgxvwuldo glvwulfwv, lw qhyhuwkhohvv jhqhudwhv d vhw ri whvwdeoh
k|srwkhvhv rq wkh uhodwlrqvkls ehwzhhq surgxfw gl�huhqwldwlrq dulvlqj iurp
d surgxfw*v fkdudfwhulvwlfv dssurdfk dqg U)G1 Lqghhg/ zh �qg wkdw wkh
kljkhu wkh wudqvsruw frvw sdudphwhu wkh ixuwkhu dzd| �upv fkrrvh wr sr0
vlwlrq wkhlu surgxfwv1 Krzhyhu/ uhjdugohvv ri wkh wudqvsruw frvw zh dozd|v
rewdlq plqlpdo txdolw| gl�huhqwldwlrq/ wkdw lv �upv dozd|v h{huw htxdo U)G
h�ruwv1

Uhihuhqfhv

^4` Dqghuvrq/ V1 dqg G1 Qhyhq/ 4<<4/ �Frxuqrw Frpshwlwlrq |lhogv Vsdwldo
Djjorphudwlrq/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 65/ :9:0:;51

^5` Dxguhwvfk/ G1 dqg P1 Ihogpdq/ 4<<9/ �U)G Vslooryhuv dqg wkh Jh0
rjudsk| ri Lqqrydwlrq dqg Surgxfwlrq/� Dphulfdq Hfrqrplf Uhylhz/
;9+6,/ 96309731

^6` Frkhq/ Z1 dqg G1D1 Ohylqwkdo/ 4<;</ �Lqqrydwlrq dqg Ohduqlqj= Wkh
Wzr Idfhv ri U)G/� Hfrqrplf Mrxuqdo/ <7/ 89<08<91

^7` Gh Iudmd/ J1 dqg J1 Qrupdq/ 4<<6/ �Surgxfw Gl�huhqwldwlrq/ Sulflqj
Srolf| dqg Htxloleulxp/� Mrxuqdo ri Uhjlrqdo Vflhqfh/ 66/ 67606961

^8` Hfrqrplghv/ Q1/ 4<;9/ �Plqlpdo dqg Pd{lpdo Surgxfw Gl�huhqwldwlrq
lq Krwhoolqj*v Gxrsro|/� Hfrqrplfv Ohwwhuv/ 54/ 9:0:41

^9` Hfrqrplghv/ Q1/ 4<;</ �Txdolw| Yduldwlrqv dqg Pd{lpdo Ydulhw| Gli0
ihuhqwldwlrq/� Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 4</ 5405<1

^:` Jdev}hzlf}/ M1M1 dqg M10I1 Wklvvh/ 4<<5/ �Orfdwlrq/� lq U1M1 Dxpdqq
dqg V1 Kduw/ hgv1/ Kdqgerrn ri Jdph Wkhru|/ y14/ Dpvwhugdp= Qruwk0
Kroodqg/ 5;406371

^;` Kdplowrq/ M1K1/ M10I1 Wklvvh/ dqg D1 Zhvndps/ 4<;</ �Vsdwldo Glvfulpl0
qdwlrq= Ehuwudqg yv1 Frxuqrw lq d Prgho ri Orfdwlrq Fkrlfh/�Uhjlrqdo
Vflhqfh dqg Xuedq Hfrqrplfv/ 4</ ;:04351

^<` Krwhoolqj/ K1/ 4<5</ �Vwdelolw| lq Frpshwlwlrq/� Hfrqrplf Mrxuqdo/ 6</
7408:1

^43` Md�h/ D1/ P1 Wudmwhqehuj dqg U1 Khqghuvrq/4<<6/ �Jhrjudsklf Or0
fdol}dwlrq ri Nqrzohgjh Vslooryhuv dv hylghqfhg e| Sdwhqw Flwdwlrqv/�
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;/ 8::08<;1
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^44` Ndplhq/ P1L1 dqg L1 ]dqj/ 5333/�Phhw ph kdoizd|= Uhvhdufk Mrlqw
Yhqwxuhv dqg Devruswlyh Fdsdflw|/� Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo
Rujdql}dwlrq/ 4;/ <<8043451

^45` Pdl/ F1 dqg V1 Shqj/ 4<<</ �Frrshudwlrq yv1 Frpshwlwlrq lq d Vsdwldo
Prgho/� Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 5</ 79607:51

^46` Sljd/ F1D1/ 4<<;/ �D G|qdplf Prgho ri Dgyhuwlvlqj dqg Surgxfw Gli0
ihuhqwldwlrq/� Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 46/ 83<08551

^47` Sr|djr0Wkhrwrn|/ M1 4<<</ �D Qrwh rq Hqgrjhqrxv Vslooryhuv lq d Qrq0
Wrxuqdphqw U)G Gxrsro|/� Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 48/
58605951

^48` Wdexfkl/ W1/ 4<<</ �Sulflqj Srolf| lq Vsdwldo Frpshwlwlrq/� Uhjlrqdo

Vflhqfh dqg Xuedq Hfrqrplfv/ 5</ 94:09641

^49` Wklvvh/ M10I1 dqg [1 Ylyhv/ 4<;;/ �Rq wkh Vwudwhjlf Fkrlfh ri Vsdwldo
Sulfh Srolf|/� Dphulfdq Hfrqrplf Uhylhz/ :;/ 455046:1
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