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Summary We present the asymptotic properties of double-stage quantile regression 

estimators with random regressors, where the first stage is based on quantile regressions 

with the same quantile as in the second stage, which ensures robustness of the estimation 

procedure. We derive invariance properties with respect to the reformulation of the 

dependent variable. We propose a consistent estimator of the variance-covariance matrix 

of the new estimator. Finally, we investigate finite sample properties of this estimator by 

using Monte Carlo simulations. 
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Table 1.  Simulation Means and Standard Deviations of the Deviations from the True Value  
with One Step Quantile Estimator: N(0,1) 
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.45 -0.43 -0.43 -0.44 -0.44 
 Std  0.29 0.18 0.16 0.18 0.29 
         

0β̂ Mean 1.30 1.31 1.38 1.44 1.52 
 Std  1.40 0.74 0.55 0.50 0.56 
         

1β̂ Mean 0.17 0.17 0.16 0.16 0.16 

 
 
T  =  50 

 Std  0.35 0.22 0.20 0.22 0.34 
        

          γ̂ Mean -0.44 -0.44 -0.44 -0.44 -0.44 
 Std  0.11 0.07 0.06 0.07 0.11 
         

0β̂ Mean 1.23 1.32 1.39 1.46 1.57 
 Std  0.54 0.28 0.22 0.20 0.22 
         

1β̂ Mean 0.17 0.16 0.16 0.17 0.16 

 
 
T  =  300 

 Std  0.13 0.09 0.08 0.09 0.13 
 
 
Table 2. Simulation Means and Standard Deviations of the Deviations from the True Value  
with One Step Quantile Estimator: t (3) 
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.58 -0.49 -0.48 -0.50 -0.59 
 Std  0.44 0.16 0.13 0.16 0.43 
         

0β̂ Mean 1.89 1.53 1.55 1.64 1.89 
 Std  2.34 0.65 0.48 0.48 1.23 
         

1β̂ Mean 0.20 0.18 0.18 0.19 0.20 

 
 
T  =  50 

 Std  0.78 0.27 0.22 0.26 0.73 
        

          γ̂ Mean -0.57 -0.50 -0.49 -0.50 -0.57 
 Std  0.15 0.06 0.05 0.06 0.15 
         

0β̂ Mean 1.92 1.56 1.57 1.64 1.74 
 Std  0.84 0.26 0.18 0.19 0.37 
         

1β̂ Mean 0.22 0.18 0.18 0.18 0.21 

 
 
T  =  300 

 Std  0.28 0.10 0.08 0.11 0.27 
 
 
Table 3. Simulation Means and Standard Deviations of the Deviations from the True Value  
with One Step Quantile Estimator: LN(0,1) 
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean 0.38 0.47 0.52 0.54 0.56 
 Std  0.15 0.09 0.07 0.05 0.05 
         

0β̂ Mean -0.34 -0.18 0.02 0.29 0.81 
 Std  0.18 0.09 0.07 0.10 0.25 
         

1β̂ Mean -0.14 -0.17 -0.19 -0.20 -0.21 

 
 
T  =  50 

 Std  0.10 0.07 0.07 0.08 0.12 
        

          γ̂ Mean 0.35 0.48 0.53 0.56 0.58 
 Std  0.08 0.04 0.03 0.02 0.02 
        

0β̂
 Mean -0.31 -0.18 0.02 0.31 0.92 

 Std  0.09 0.04 0.03 0.04 0.10 
         

1β̂ Mean -0.13 -0.18 -0.19 -0.21 -0.21 

 
 
T  =  300 

 Std  0.04 0.03 0.03 0.03 0.05 
 
 



Table 4(a). Simulation Means and Standard Deviations of the Deviations from the True Value  
with : N(0,1). )1.0,( =qDSQR θ
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.06 0.01 0.01 0.01 -0.03 
 Std  0.80 0.64 0.40 0.48 0.93 
         

0β̂ Mean -0.07 -0.11 -0.02 0.04 0.37 
 Std  2.65 2.08 1.26 1.55 3.05 
         

1β̂ Mean 0.03 0.01 0.00 -0.01 0.03 

 
 
T  =  50 

 Std  0.52 0.30 0.26 0.30 0.50 
        

          γ̂ Mean 0.01 0.01 0.01 0.01 0.00 
 Std  0.24 0.15 0.14 0.15 0.23 
         

0β̂ Mean -0.11 -0.03 -0.02 0.00 0.07 
 Std  0.80 0.48 0.45 0.48 0.76 
         

1β̂ Mean 0.00 0.00 0.00 0.00 0.00 

 
 
T  =  300 

 Std  0.17 0.10 0.10 0.11 0.16 
 
 
Table 4(b). Simulation Means and Standard Deviations of the Deviations from the True Value  
with : N(0,1). )5.0,( =qDSQR θ
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.07 0.01 0.00 0.01 -0.03 
 Std  0.78 0.64 0.40 0.48 0.97 
         

0β̂ Mean 0.15 -0.07 0.00 -0.02 0.14 
 Std  2.58 2.10 1.26 1.54 3.18 
         

1β̂ Mean 0.04 0.01 0.00 0.00 0.03 

 
 
T  =  50 

 Std  0.50 0.29 0.26 0.30 0.50 
        

          γ̂ Mean 0.01 0.01 0.01 0.01 0.00 
 Std  0.25 0.15 0.14 0.15 0.23 
         

0β̂ Mean -0.04 -0.02 -0.02 -0.02 0.01 
 Std  0.80 0.48 0.45 0.48 0.74 
         

1β̂ Mean -0.01 0.00 0.00 0.00 0.00 

 
 
T  =  300 

 Std  0.17 0.10 0.10 0.11 0.16 
 
 
Table 4(c). Simulation Means and Standard Deviations of the Deviations from the True Value  
with : N(0,1). )1,( =qDSQR θ
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.04 0.02 0.00 0.00 -0.04 
 Std  0.85 0.68 0.41 0.49 0.88 
         

0β̂ Mean 0.11 -0.08 -0.01 -0.02 0.11 
 Std  2.82 2.22 1.30 1.59 2.87 
         

1β̂ Mean 0.02 0.00 0.00 0.00 0.02 

 
 
T  =  50 

 Std  0.53 0.31 0.26 0.31 0.51 
        

          γ̂ Mean 0.01 0.01 0.01 0.00 0.00 
 Std  0.25 0.15 0.14 0.15 0.23 
        

0β̂
 Mean -0.03 -0.02 -0.02 -0.02 0.01 

 Std  0.81 0.49 0.46 0.50 0.75 
         

1β̂ Mean 0.00 0.00 0.00 0.00 0.00 

 
 
T  =  300 

 Std  0.18 0.10 0.10 0.11 0.16 
 
 



Table 5. Simulation Means and Standard Deviations of the Deviations from the True Value  
with : t (3). )1,( =qDSQR θ
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean -0.31 -0.02 0.00 -0.05 -0.32 
 Std  1.40 0.73 0.49 0.81 1.35 
         

0β̂ Mean 0.80 0.07 0.00 0.19 1.26 
 Std  4.76 2.26 1.56 2.55 4.34 
         

1β̂ Mean 0.14 0.00 0.00 0.03 0.13 

 
 
T  =  50 

 Std  1.15 0.37 0.31 0.44 1.16 
        

          γ̂ Mean -0.06 0.00 -0.01 0.00 -0.07 
 Std  0.76 0.19 0.15 0.19 0.63 
         

0β̂ Mean 0.14 0.00 0.04 0.02 0.23 
 Std  2.46 0.62 0.49 0.62 2.17 
         

1β̂ Mean 0.03 -0.01 0.00 -0.01 0.02 

 
 
T  =  300 

 Std  0.41 0.13 0.11 0.14 0.41 
 
 
Table 6. Simulation Means and Standard Deviations of the Deviations from the True Value  
with : LN(0,1). )1,( =qDSQR θ
                     θ           0.05           0.25           0.50           0.75           0.95 
        

          γ̂ Mean 0.00 0.00 0.02 0.12 0.49 ( 0.47) 
 Std  0.08 0.11 0.34 0.70 0.44 ( 0.34) 
         

0β̂ Mean -0.06 -0.05 -0.02 0.00 0.37 ( 0.40) 
 Std  0.05 0.07 0.18 0.31 0.78 ( 0.60) 
         

1β̂ Mean 0.00 0.00 -0.01 -0.04 -0.19 (-0.20) 

 
 
T  =  50 

 Std  0.06 0.08 0.15 0.27 0.49 ( 0.46) 
        

          γ̂ Mean 0.00 0.00 0.00 0.00 0.29 ( 0.30) 
 Std  0.02 0.04 0.07 0.15 0.52 ( 0.33) 
         

0β̂ Mean -0.08 -0.06 -0.04 0.01 0.28 ( 0.32) 
 Std  0.02 0.03 0.05 0.10 0.47 ( 0.43) 
         

1β̂ Mean 0.00 0.00 0.00 0.00 -0.10 (-0.12) 

 
 
T  =  300 

 Std  0.02 0.03 0.05 0.11 0.40 ( 0.33) 
 
 
Table 7. Simulation Means and Standard Deviations of the Deviations from the True Value  
with  and 2  with a single outlier: N(0,1). )1,( =qDSQR θ SLS
                     θ           0.05           0.25           0.50           0.75           0.95      SLS2
         

          γ̂ Mean -0.04 0.02 0.01 0.01 0.02 0.24 
 Std  0.86 0.64 0.42 0.52 1.56 2.08 
         

0β̂ Mean 0.12 -0.05 0.00 0.02 0.53 0.23 
 Std  2.89 2.05 1.33 1.67 4.91 6.51 
         

1β̂ Mean 0.03 0.00 0.00 0.00 0.01 -0.01 

 
 
T  =  50 

 Std  0.53 0.31 0.27 0.33 1.47 1.54 
         

          γ̂ Mean 0.01 0.01 0.01 0.00 0.00 0.04 
 Std  0.25 0.15 0.14 0.15 0.24 0.32 
        

0β̂
 Mean -0.03 -0.02 -0.02 -0.01 0.03 0.04 

 Std  0.81 0.49 0.46 0.50 0.79 1.03 
         

1β̂ Mean 0.00 0.00 0.00 0.00 0.01 0.01 

 
 
T  =  300 

 Std  0.18 0.11 0.10 0.11 0.17 0.25 
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