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The Sustainability of Economic Unions in the Third-Market Model

by

Bernardo Moreno and José L. Torres

Abstract

This paper considers the formation of economic unions as an alternative to an export subsidies

trade war situation in the context of the third-market model of Brander and Spencer (1985). We

consider the possibility of an economic union of two producing countries plus a third importing

country, with a common economic authority choosing an optimal common output subsidy in the

union. We show that even although an economic union formed by all the countries may Pareto

dominate the non-union situation, if we take account of all possibilities of coalition formation in

hand of the countries, the coalition formed by all the countries is not stable in the single-shot

game. Specifically, the only stable coalition is the one formed by the more competitive country

and the consuming country when the more efficient firm is sufficiently more competitive than

the less competitive firm. Finally, it is shown in an infinitely repeated version of the game that

the economic union formed by the three countries is sustainable as a perfect equilibrium if the

two producing countries are sufficiently similar and the discount factor is sufficiently large.
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Non-Technical Summary

In this paper we focus on the incentives for countries to form an economic union as an alternative to a

trade war where producing countries use export subsidies in order to gain an advantage. We consider a

‘third market model’ in which there are two producing countries and one consuming country, with the

structure of the model as follows: in each of the producing countries a firm is located that produces a

homogeneous good with constant returns to scale; the firms compete on a Cournot basis; outside an

economic union, a country can use subsidies to improve the competitive position of the domestic firm;

there are asymmetric production costs between the firms.

In our analysis, we depart from the traditional literature by considering the possibility of the three countries

forming an economic union, with an economic authority choosing a common level of subsidy per unit of

output. The objective of the authority is to maximize the joint welfare of the three countries net of

subsidies. The total amount of subsidies in the union has to be paid by the three countries. Given the joint

financial responsibility by the countries in the union, the relevant question is how to share the subsidies

received by the firms among the three countries, in such a way that the three countries have an incentive

to form an economic union.

We find that the optimal subsidy, output and profit of firms within the economic union formed by the three

countries are larger than the equilibrium values in the non-cooperative export subsidy game. We show

that if the difference in competitiveness between the producing countries is low enough, the total social

welfare under the economic union formed by the three countries is greater than the total social welfare

under the non-union situation. Therefore, there exists in an economic union an equilibrium that Pareto

dominates the non-union situation.

The decision of the countries to form an economic union produces two effects. On the one hand, the so-

called technological effect, implies that increases in subsidies in an economic union cause the less

efficient firm increase its market share. Therefore, the economy as a whole is less efficient. On the other

hand, the subsidy effect, implies that as total output increases prices are driven downwards and hence

consumer surplus increases. When the competitive differences are sufficiently low, both firms will increase

their outputs and the second effect will dominate the first, and vice versa. In the second case, total

welfare is lower under an economic union and no division of revenues can make all countries better off.

In what follows, we assume that the difference in competitiveness is such that an economic union Pareto

dominates the non-union situation. We study the stability of the economic union in the basic single-shot

game by considering four possible coalitions: a three country union; a union formed by one producing



country and the consuming country; and the non-union situation. Each country can talk to another and

decide whether to form an economic union and how to share the cost of the subsidy to be paid to the

firm(s) inside the economic union. We find that (i) the unique stable coalition is the one formed by the

more efficient producing country plus the consuming country, as long as the efficient firm has a sufficient

competitive advantage and (ii) no situation is stable if the two firms are sufficiently similar.

Finally, it is shown in a dynamic version of the game, that the economic union formed by the three

countries can be sustainable as a perfect equilibrium, if the two producing countries are sufficiently similar

and the discount factor is sufficiently large. In this case, the economic union is sustainable as a perfect

equilibrium by the threat of deviations by the producing countries. However, the greater the difference in

competitiveness between the producing countries, the larger the discount factor required to sustain the

economic union. Thus, it is more likely that an economic union formed by the three countries can be

sustained the greater the size of the demand, the lower the cost differences between firms and the more

efficient the economy is as a whole.



4 Lqwurgxfwlrq

Lq wklv sdshu zh irfxv rq wkh lqfhqwlyhv ri frxqwulhv wr irup dq hfrqrplf
xqlrq dv dq dowhuqdwlyh wr d wudgh zdu dprqj surgxflqj frxqwulhv jlylqj d
surgxfwlrq vxevlg| wr wkhlu �upv1 Edodvvd +4<94, glvwlqjxlvkhv vhyhudo vwdjhv
ru ohyhov ri hfrqrplf lqwhjudwlrq dprqj frxqwulhv/ vxfk dv iuhh wudgh duhdv/
fxvwrpv xqlrqv/ frpprq pdunhwv dqg prqhwdu| xqlrqv41 Lq wklv sdshu/
zh frqvlghu dq hfrqrplf xqlrq dv dq duhd lq zklfk wkhuh h{lvwv d frpprq
hfrqrplf dxwkrulw| wkdw fkrrvh wkh vdph ohyho ri rxwsxw vxevlglhv iru doo wkh
�upv lq dq roljrsrolvwlf lqgxvwu|15

Zh frqvlghu d vlpsoh prgho zlwk wzr surgxflqj frxqwulhv dqg rqh frq0
vxplqj frxqwu|/ wkh vr fdoohg wklug0pdunhw prgho lqwurgxfhg e| Eudqghu dqg
Vshqfhu +4<;8, wr surylgh dq looxvwudwlrq ri vwudwhjlf wudgh srolf|61 Eudqghu
dqg Vshqfhu zhuh wkh �uvw wr vkrz wkdw/ lq d Frxuqrw gxrsro| vhwwlqj/ frxq0
wulhv kdyh lqfhqwlyhv wr jlyh dq rxwsxw vxevlg| wr grphvwlf �upv ehfdxvh lw
udlvhv �upv* pdunhw vkduh dqg sd|r�v dw wkh h{shqvh ri lwv iruhljq frpshwl0
wruv1 Ixuwkhu dqdo|vlv ri �up dv|pphwulhv lq wkh vwudwhjlhv vxevlglhv prgho
fdq eh irxqg lq Gh Ph}d +4<;9, dqg Qhdu| +4<<7,1 Froolh +4<<6, xvhv d
olqhdu yhuvlrq ri wkh prgho lq rughu wr vwxg| wkh vxvwdlqdelolw| ri iuhh wudgh
lq dq lq�qlwho| uhshdwhg jdph1 Iru dq h{fhoohqw vxuyh| derxw vwudwhjlf wudgh
srolf| dqg wkh gl�huhqw dvshfwv dqg h{whqvlrqv ri wkh wklug0pdunhw prgho vhh
Eudqghu +4<<8,1

Wkh vwuxfwxuh ri wkh prgho lv dv iroorzv1 Lq hdfk ri wkh surgxflqj frxq0
wulhv lw lv orfdwhg d �up1 Erwk �upv surgxfh dq krprjhqhrxv jrrg zlwk
frqvwdqw uhwxuq wr vfdoh dqg frpshwh ã od Frxuqrw1 Rxwvlgh wkh hfrqrplf
xqlrq/ hdfk frxqwu| pd| xvh vxevlglhv wr lpsuryh wkh uhodwlyh srvlwlrq ri
wkh grphvwlf �up lq d qrqfrrshudwlyh frpshwlwlrq zlwk wkh iruhljq �up1 Zh
frqvlghu dv|pphwu| ehwzhhq surgxfwlrq frvwv ehwzhhq wkh �upv1 Zh dvvxph
wkdw frxqwulhv* ghflvlrq rq vxevlglhv lv luuhyhuvleoh dqg sulru wr ghflvlrq ri

4Vhh Klqh +4<<7, iru d vxuyh| rq wkh lqwhuqdwlrqdo hfrqrplf lqwhjudwlrq olwhudwxuh1
5Wkh uhdvrq ehfdxvh zh vwxg| xqlirup rxwsxw vxevlglhv lv wkdw lw lv gl!fxow/ erwk

srolwlfdoo| dqg dgplqlvwudwlyho|/ wr lpsohphqw gl�huhqwldo vxevlglhv1 Lq sduwlfxodu/ wkh
Hxurshdq Xqlrq kdv dwwhpswhg wr kduprqlvh doo dlg ehlqj jlyhq e| wkh jryhuqphqwv ri
phpehu vwdwhv wr wkh gl�huhqw lqgxvwuldo vhfwruv1 Wklv zdv grqh wr holplwh ru uhgxfh
glvwruwlrq ri frpshwlwlrq zlwklq wkh HX1

6Eudqghu +4<<8, gh�qh wkh wklug0pdunhw prgho dv rqh lq zklfk �upv iurp d grphvwlf
frxqwu| dqg �upv iurp d iruhljq frxqwu| frpshwh rqo| lq d wklug pdunhw1
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�upv rq rxwsxw1 Wklv vlwxdwlrq lv prgho dv d wzr0vwdjh jdph1 Lq vwdjh 4/
frxqwulhv vlpxowdqhrxvo| fkrrvh d vxevlg| ohyho shu xqlw ri rxwsxw1 Lq vwdjh
5/ �upv vlpxowdqhrxvo| fkrrvh rxwsxw ohyhov iru wkh wklug pdunhw1 Eudqghu
dqg Vshqfhu +4<;8, vkrzhg wkdw qrqfrrshudwlyh ehkdylru |lhogv vxerswlpdo
vxevlglhv srolflhv frpsduhg wr wkh vlwxdwlrq lq zklfk wkh surgxflqj frxqwulhv
duh wdnhq wrjhwkhu1

Lq rxu dqdo|vlv/ zh ghsduw iurp wkh wudglwlrqdo olwhudwxuh e| frqvlghulqj
wkh srvvlelolw| ri frdolwlrqv dprqj wkh wkuhh frxqwulhv +l1 h1 wkh wzr surgxflqj
frxqwulhv dqg wkh frqvxplqj frxqwu|, iruplqj dq hfrqrplf xqlrq/ lq zklfk
wkhuh lv dq hfrqrplf dxwkrulw| fkrrvlqj d frpprq ohyho ri vxevlg| shu xqlw ri
rxwsxw1 Wkh remhfwlyh lv wr pd{lpl}h wkh mrlqw zhoiduh ri wkh wkuhh frxqwulhv
qhw ri vxevlglhv1 Wkh wrwdo dprxqw ri vxevlglhv lq wkh xqlrq kdyh wr eh sdlg e|
wkh wkuhh frxqwulhv1 Jlyhq wkh mrlqw �qdqfldo uhvsrqvlelolw| e| wkh frxqwulhv
lq wkh xqlrq/ wkh uhohydqw txhvwlrq lv krz wr vkduh wkh vxevlglhv uhfhlyhg e|
wkh �upv dprqj wkh wkuhh frxqwulhv/ lq vxfk d zd| wkdw wkh wkuhh frxqwulhv
kdyh lqfhqwlyhv wr irup dq hfrqrplf xqlrq1 Lw lv vkrzhg wkdw li wkh gl�huhqfh
lq frpshwlwlyhqhvv dprqj wkh �upv duh orz hqrxjk/ lw lv sur�wdeoh iru wkh
wkuhh frxqwulhv wr hqjdjh lq dq hfrqrplf xqlrq1 Krzhyhu/ li zh frqvlghu
rwkhu srvvlelolwlhv ri frdolwlrq irupdwlrq +l1h1 rqh ri wkh surgxflqj frxqwulhv
soxv wkh frqvxplqj frxqwu|,/ zh �qg wkdw +l, wkh xqltxh vwdeoh frdolwlrq lv
wkh rqh iruphg e| wkh pruh h!flhqw surgxflqj frxqwu| soxv wkh frqvxplqj
frxqwu| li wkh pruh h!flhqw �up lv vx!flhqwo| pruh frpshwlwlyh wkdw wkh
rwkhu �up dqg wkdw +ll, wkhuh lv qr vlwxdwlrq wkdw fdq eh uhjdughg dv vwdeoh
li wkh wzr �upv duh vx!flhqwo| vlplodu1 Ilqdoo|/ lw lv vkrzq lq d g|qdplf
yhuvlrq ri wkh jdph wkdw wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv
fdq eh vxvwdlqdeoh dv d shuihfw htxloleulxp li wkh wzr surgxflqj frxqwulhv duh
vx!flhqwo| vlplodu dqg wkh glvfrxqw idfwru lv vx!flhqwo| odujh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho dqg
frpsduhv wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv zlwk wkh qrq0
xqlrq vlwxdwlrq1 Wkh vwdelolw| ri wkh hfrqrplf xqlrqv lq wkh edvlf vlqjoh0vkrw
jdph lv vwxglhg lq Vhfwlrq 61 Vhfwlrq 7 orrnv dw wkh lq�qlwho| uhshdwhg yhuvlrq
ri wkh jdph suhvhqwhg lq Vhfwlrq 51 Ilqdoo|/ Vhfwlrq 8 frqfoxghv1
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5 Wkh Prgho

Iroorzlqj Eudqghu dqg Vshqfhu +4<;8,/ zh xvh d vlpsol�hg yhuvlrq ri wkh
wklug0pdunhw prgho ri lqwhuqdwlrqdo wudgh xqghu roljrsrolvwlf frpshwlwlrq1
Wkh ghvfulswlrq ri wkh prgho lv dv iroorzv1 Wkhuh duh wzr grphvwlf �upv/ hdfk
ri wkhp orfdwhg lq d gl�huhqw frxqwu|1 Ilupv duh txdqwlw| vhwwhuv/ surgxfh
dq krprjhqhrxv jrrg dqg kdyh qr remhfwlyhv rwkhu wkdq sur�wv1 Zlwkrxw
orvv ri jhqhudolw|/ zh zloo dvvxph wkdw frxqwu| 4*v �up lv pruh h!flhqw wkdq
frxqwu| 5*v �up1 Erwk �upv kdyh frqvwdqw uhwxuq wr vfdoh frvw ixqfwlrqv
ghqrwhg e| �� E%�� ' S%� dqg �2 E%2� ' qS%2/ zkhuh S : f dqg q : �1 Ohw
% ' %�n%2 eh wrwdo rxwsxw dqg R E%� ' @�% eh wkh lqyhuvh ghpdqg ixqfwlrq/
zlwk @ : f1 Ohw r� eh wkh vxevlg| shu xqlw ri rxwsxw uhfhlyhg e| �up � dqg
�� eh wkh wrwdo dprxqw ri prqh| wr eh sdlg e| frxqwu| �1 Ilupv* sur�w
ixqfwlrqv duh jlyhq e|

��E%�c %c r�� ' E@� S� %�%� n r�%�

�2E%2c %c r2� ' E@� qS� %�%2 n r2%2 +4,

dqg jlyhq wkdw wkhuh lv qr frqvxpswlrq lq wkh surgxflqj frxqwulhv wkh vrfldo
zhoiduh ri frxqwu| �/ iru � ' �c 2 ghshqgv rqo| rq �up*v sur�wv dqg wkh ydoxh
ri vxevlg| sd|phqwv/ dqg lw lv gh�qhg dv=

L�E%�c %c r�� ' ��E%�c %c r����� +5,

zkhuhdv wkh vrfldo zhoiduh ri frxqwu| � lv gh�qhg dv=

L� E%� ' T�E%���� +6,

zkhuh T�E%� '
%2

2
lv wkh frqvxphu vxusoxv1 Ohw � ' @� qS dqg |� ' @ � S/

zkhuh | ' @3S

@3qS
fdq eh lqwhusuhwhg d phdvxuh ri wkh gl�huhqfh lq frpshwl0

wlyhqhvv ehwzhhq wkh �upv dqg zloo wxuq rxw wr eh yhu| xvhixo lq vlpsoli|lqj
qrwdwlrq1 Qrwh wkdw wkh gl�huhqfh lq frpshwlwlyhqhvv lv ghfuhdvlqj lq wkh vl}h
ri wkh ghpdqg +@,/ dqg lqfuhdvlqj lq wkh frvw gl�huhqfhv dprqj wkh �upv +q,
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dqg lq wkh h!flhqf| ri wkh hfrqrp| +S,1 Wr hqvxuh wkdw wkhuh lv dozd|v dq lq0
whulru vroxwlrq lq wkh fdvh lq zklfk wkh frxqwulhv frpshwh lq vxevlglhv/ zkhuh
erwk �upv h{sruw srvlwlyh txdqwlwlhv wr wkh wklug frxqwu|/ lw zloo eh dvvxphg
wkdw � : f dqg | 	 �

2
1 Ohw wkh wrwdo vrfldo zhoiduh eh rewdlqhg dv wkh vxp ri

wkh zhoiduh ri wkh wkuhh frxqwulhv1

Zh qrz vwxg| wkh uhodwlrqvkls ehwzhhq d vlwxdwlrq lq zklfk frxqwulhv
frpshwh lq vxevlglhv zlwk d vlwxdwlrq lq zklfk wkh wkuhh frxqwulhv ghflgh
wr irup dq hfrqrplf xqlrq zlwk d frpprq hfrqrplf dxwkrulw| wkdw vhwv d
frpprq ohyho ri vxevlglhv iru erwk �upv lq rughu wr pd{lpl}h wkh mrlqw vrfldo
zhoiduh ri wkh wkuhh frxqwulhv71

514 Qrq0Frrshudwlyh Vxevlglhv

Lq wkh vlwxdwlrq lq zklfk frxqwulhv frpshwh lq vxevlglhv/ zh dvvxph wkdw
wkh ghflvlrq rq wkhp lv luuhyhuvleoh dqg sulru wr ghflvlrq ri �upv rq rxwsxw1
Zh zloo uhihu wr wklv vlwxdwlrq dv wkh qrq0xqlrq vlwxdwlrq ru wkh wudgh zdu
vlwxdwlrq1 Zh ghqrwh wkh Qdvk htxloleulxp yduldeohv lq wklv vlwxdwlrq zlwk
wkh vxshuvfulsw ?� +qrq0xqlrq,1 Wkh Qdvk htxloleulxp vxevlglhv/ rxwsxw dqg
sur�wv vxevlglhv iru hdfk �up duh

r?�
�

'
� E�|� 2�

D
c r?�

2
'

� E�� 2|�

D

%?�
�

'
2� E�|� 2�

D
c %?�

2
'

2� E�� 2|�

D
+7,

�?�
�

'
e

2D
d�E�|� 2�o2 c �?�

2
'

e

2D
d�E�� 2|�o2

Wkh qrqfrrshudwlyh Qdvk vxevlg| htxloleulxp lv fkdudfwhul}hg e| srvlwlyh
surgxfwlrq vxevlglhv lq erwk surgxflqj frxqwulhv1 Krzhyhu/ wkh pruh frvw
frpshwlwlyh �up jhwv wkh kljkhu ohyho ri vxevlg| dqg wkh vxevlg| gl�huhqwldo
htxdov wkh surgxfwlrq frvw gl�huhqwldo +vhh Qhdu|/ 4<<7,1

7Qrwh wkdw wkh iuhh wudgh vlwxdwlrq fdq eh xqghuvwrrg dv dq hfrqrplf xqlrq zlwk d
frpprq ohyho ri vxevlglhv htxdo wr }hur1
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Lq wklv vlwxdwlrq hdfk ri wkh surgxflqj frxqwulhv sd|v wkh wrwdo dprxqw
ri vxevlglhv wr klv �up dqg frxqwu| � sd|v qrwklqj1 Wkhuhiruh/ �?�

� '
r?�� %?�� iru � ' �c 2 dqg �?�

�
' f1 Rshudwlqj/ wkh vrfldo zhoiduh dw wkh Qdvk

htxloleulxp iru hdfk ri wkh wkuhh frxqwulhv fdq eh gh�qhg dv

L?�
�

'
2

2D
d� E�|� 2�o2 c

L?�
2

'
2

2D
d� E�� 2|�o2 +8,

L?�
�

'
2

2D
d�E|n ��o2

Dv lw lv vkrzq e| Froolh +4<<6, wkh vrfldo zhoiduh ri wkh surgxflqj frxq0
wulhv zloo xvxdoo| eh orzhu dw wkh Qdvk htxloleulxp lq surgxfwlrq vxevlglhv
wkdq xqghu iuhh wudgh1 Wkhuhiruh/ erwk frxqwulhv zloo xvxdoo| orvh li wkhuh lv
d wudgh zdu dv Ekdjzdwl +4<;;, fodlphg1 Rqo| zlwk vljql�fdqw frvwv gl�hu0
hqfhv lw lv srvvleoh wkdw wkh pruh h!flhqw frxqwu| zloo eh ehwwhu r� dw wkh
Qdvk htxloleulxp lq h{sruw vxevlglhv wkdq xqghu iuhh wudgh1 Ilqdoo|/ frxqwu|
6 lqfuhdvhv wkh vrfldo zhoiduh jlyhq wkdw wkh vxevlglhv ghfuhdvh wkh sulfh dqg
lqfuhdvh wrwdo rxwsxw81

515 Hfrqrplf Xqlrq iruphg e| wkh Wkuhh Frxqwulhv

Lq wkh vlwxdwlrq lq zklfk wkh wkuhh frxqwulhv ghflgh wr irup dq hfrqrplf xqlrq
zh dvvxph wkh h{lvwhqfh ri d frpprq hfrqrplf dxwkrulw|1 Wklv frpprq
dxwkrulw| ghflghv d frpprq ohyho ri vxevlglhv iru erwk �upv vxfk wkdw wkh
vrfldo zhoiduh ri wkh hfrqrplf xqlrq lv pd{lpl}hg1 Dv ehiruh/ zh dvvxph
wkdw wkh ghflvlrq rq wkh ohyho ri vxevlg| lv luuhyhuvleoh dqg sulru wr ghflvlrq
ri �upv rq rxwsxw1 Zh ghqrwh wkh htxloleulxp yduldeohv lq wklv vlwxdwlrq
zlwk wkh vxshuvfulsw �2� +wkh wkuhh frxqwulhv lq wkh hfrqrplf xqlrq,1 Zh
dvvxph wkdw wkhuh lv d mrlqw �qdqfldo uhvsrqvlelolw| e| wkh frxqwulhv lq wkh
xqlrq1 Wkh vrfldo zhoiduh ixqfwlrq lq wklv fdvh lv gh�qhg dv=

8Dv Eudqghu dqg Vshqfhu +4<;8, vd|/ li frxqwulhv 4 dqg 5 zlvk wr vxevlgl}h frxqwu| 6
wr frqvxph wkh jrrgv wkh| surgxfh/ vr pxfk wkh ehwwhu iru frxqwu| 61
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L�2�Er� ' ��E%�c %c r� n �2E%2c %c r� n T�E%c r��� +9,

zkhuh� '
S

�

�'�
��1 Wkh uhohydqw txhvwlrq lv krz wr vkduh wkh wrwdo dprxqw

ri prqh| uhfhlyhg e| wkh �upv dprqj wkh wkuhh frxqwulhv/ lq vxfk d zd|
wkdw wkh wkuhh frxqwulhv kdyh lqfhqwlyhv wr irup dq hfrqrplf xqlrq1 Lq wklv
vlwxdwlrq/ wkh wrwdo dprxqw ri prqh| wr eh sdlg wr wkh �upv lv jlyhq e|
r�2�%�2�/ dqg ��2�

� ' k�2�� r�2�%�2�/ zkhuh k�2�� 5 Efc �� lv wkh sursruwlrq ri

wkh vxevlg| sdlg e| frxqwu| �/ dqg
S

�

�'�
k�2�� ' �1 Wkh Qdvk htxloleulxp

frpprq vxevlg|/ rxwsxw/ dqg sur�wv ri hdfk �up lq wkh hfrqrplf xqlrq ri
wkh wkuhh frxqwulhv duh=

r�2� '
� E|n ��

e

%�2�
�

'
� E�|� ��

e
c %�2�

2
'

� E�� |�

e
+:,

��2�

�
'

�

�S
d�E�|� ��o2 c ��2�

2
'

�

�S
d�E�� |�o2

Dv zh fdq revhuyh/ wkh rswlpdo vxevlg|/ rxwsxw dqg sur�wv ri erwk �upv
lq wkh hfrqrplf xqlrq ri wkh wkuhh frxqwulhv duh odujhu wkdq wkh htxloleulxp
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Lq Sursrvlwlrq 4 zh vkrz wkdw li wkh gl�huhqfh lq frpshwlwlyhqhvv ehwzhhq
wkh surgxflqj frxqwulhv lv orz hqrxjk/ wkh wrwdo vrfldo zhoiduh xqghu wkh
hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv juhdwhu wkdq wkh wrwdo vrfldo
zhoiduh xqghu wkh qrq0xqlrq vlwxdwlrq1 Wkhuhiruh/ wkhuh h{lvw sursruwlrqv ri
wkh prqhwdu| frvw ri wkh xqlrq wr eh sdlg e| wkh frxqwulhv vxfk wkdw wkh
hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv Sduhwr grplqdwhv wkh qrq0
xqlrq vlwxdwlrq1

Sursrvlwlrq 4 Iru doo | � ��

b
wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxq0

wulhv Sduhwr grplqdwhv wkh qrq0xqlrq vlwxdwlrq/ hdfk ri wkh surgxflqj frxq0

wulhv sd|v d juhdwhu dprxqw ri prqh| dqg wkh �upv kdyh juhdwhu sd|r�v1

Surri= Vhh Dsshqgl{1

Wkh ghflvlrq ri wkh frxqwulhv wr irup dq hfrqrplf xqlrq surgxfhv wzr
h�hfwv1 Rq wkh rqh kdqg/ wkh vr0fdoohg whfkqrorjlfdo h�hfw/ lpso|lqj wkdw wkh
lqfuhdvhv lq wkh ohyho ri vxevlglhv shu xqlw ri rxwsxw lq wkh hfrqrplf xqlrq
frpsduhg wr wkh qrq0xqlrq vlwxdwlrq +r�2� : r?�

�
: r?�

2
, pdnhv wkh ohvv h!0

flhqw �up wr lqfuhdvh lwv pdunhw vkduh1 Wkhuhiruh/ wkh hfrqrp| dv d zkroh
surgxfhv ohvv h!flhqwo|1 Rq wkh rwkhu kdqg/ wkh vxevlg| h�hfw/ lpso|lqj wkdw
wrwdo rxwsxw lqfuhdvhv/ sulfhv duh gulyhq grzqzdugv dqg wkhuhiruh wkh frq0
vxphu vxusoxv lqfuhdvhv1 Lq wklv vhqvh/ zkhq wkh gl�huhqfh lq frpshwlwlyhqhvv
lv vx!flhqwo| orz/ | � ��

b
/ erwk �upv lqfuhdvh wkhlu rxwsxwv dqg wkhlu sd|r�v

dqg wkh vhfrqg h�hfw suhydlo ryhu wkh �uvw rqh1 Krzhyhu/ zkhq wkh gl�huhqfh
lq frpshwlwlyhqhvv lv vx!flhqwo| kljk/ | : ��

b
/ wkh pruh h!flhqw �up frq0

wudfwv klv rxwsxw dqg sd|r� dqg wkh �uvw h�hfw suhydlo ryhu wkh vhfrqg rqh1
Dv d uhvxow/ wkh wrwdo vrfldo zhoiduh xqghu wkh hfrqrplf xqlrq lv orzhu wkdq
xqghu wkh qrq0xqlrq vlwxdwlrq/ dqg wkhuhiruh wkhuh duh qr sursruwlrqv ri wkh
prqh| wr eh sdlg wr wkh �upv e| hdfk frxqwu| vxfk wkdw doo wkh frxqwulhv eh
ehwwhu r�91

Iurp Sursrvlwlrq 4 lw fdq eh frqfoxghg wkdw qrw rqo| wkh frxqwu| 6 sd|v
d srvlwlyh sursruwlrq ri wkh dprxqw ri prqh| wr eh sdlg wr wkh �upv +xs wr
69 shufhqw,/ exw dovr wkh surgxflqj frxqwulhv sd| pruh prqh| wkdq lq wkh
qrq0xqlrq vlwxdwlrq1

Lq zkdw iroorzv/ zh zloo dvvxph wkdw | � ��

b
wr hqvxuh wkdw wkh vlwxdwlrq lq

zklfk wkh wkuhh frxqwulhv irup dq hfrqrplf xqlrq lv Sduhwr h!flhqw frpsduhg

9Qrwh wkdw zkhq w @ 4/ erwk �upv duh lghqwlfdo/ wkh whfkqrorjlfdo h�hfw glvdsshduv dqg

wkh hfrqrplf xqlrq lv dozd|v zhoiduh lpsurylqj zlwk uhvshfw wr wkh qrq0xqlrq vlwxdwlrq1

:



wr wkh qrq0xqlrq vlwxdwlrq1 Dw wkh oljkw ri Sursrvlwlrq 4/ rqh zrxog eh
whpswhg wr vd| wkdw wkh wkuhh frxqwulhv duh zloolqj wr irup dq hfrqrplf xqlrq1
Krzhyhu/ e| grlqj vr zh zrxog qrw eh wdnlqj dffrxqw ri doo srvvlelolwlhv ri
frdolwlrq irupdwlrq dprqj wkh frxqwulhv1 Lq wkh qh{w vhfwlrq/ zh vwxg| wkh
vwdelolw| ri wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv dqg ri dq|
rwkhu frdolwlrq zlwk wkh uhvwulfwlrq wkdw lq dq| vlwxdwlrq �upv* sd|r� pxvw
eh juhdwhu wkdq lq wkh qrq0xqlrq vlwxdwlrq1

6 Wkh Vwdelolw| ri wkh Hfrqrplf Xqlrqv lq

wkh Edvlf Vlqjoh0Vkrw Jdph

Lq rughu wr vwxg| wkh vwdelolw| ri wkh hfrqrplf xqlrq iruphg iru wkh wkuhh
frxqwulhv lq wkh edvlf vlqjoh0vkrw jdph/ zh frqvlghu wkh iroorzlqj irxu srvvleoh
frdolwlrqv= wkh wkuhh frxqwulhv iruplqj wkh hfrqrplf xqlrq/ wkh hfrqrplf
xqlrqv iruphg e| rqh surgxflqj frxqwu| dqg wkh frqvxplqj frxqwu|/ +l1h1
frxqwulhv 4 dqg 6 ru frxqwulhv 5 dqg 6, dqg wkh qrq0xqlrq vlwxdwlrq1 Wkh
lghd lv wkdw frxqwulhv fdq wdon hdfk rwkhu dqg ghflgh zkhwkhu wr irup dq
hfrqrplf xqlrq dqg krz wr vkduh wkh frvw ri wkh vxevlg| wr eh sdlg wr wkh
�up+v, lqvlgh wkh hfrqrplf xqlrq:1

614 Hfrqrplf Xqlrq iruphg e| wkh Pruh Frpshwlwlyh

Frxqwu| dqg wkh Frqvxplqj Frxqwu|

Zh �uvw dqdo|}h wkh vlwxdwlrq lq zklfk frxqwulhv � +wkh prvw frpshwlwlyh
frxqwu|, dqg � irup dq hfrqrplf xqlrq zlwk d frpprq dxwkrulw| wkdw ghflgh
wkh ohyho ri vxevlg| wr eh sdlg wr �up �1 Frxqwu| 2 +wkh ohvv frpshwlwlyh
frxqwu|, lv rxw wkh hfrqrplf xqlrq1 Zh ghqrwh wkh htxloleulxp yduldeohv lq
wklv vlwxdwlrq zlwk wkh vxshuvfulsw ��1 Wkh vrfldo zhoiduh ixqfwlrqv iru wkh
hfrqrplf xqlrq dqg iru wkh frxqwu| rxw wkh hfrqrplf xqlrq duh=

:Dv Eudqghu dqg Vshqfhu +4<;8, vkrzhg/ zkhq wkhuh lv qr frqvxpswlrq ri wkh jrrg
e| wkh wzr surgxflqj frxqwulhv/ wkh mrlqwo| rswlpdo srolf| ri wkh hfrqrplf xqlrq iruphg

e| wkh surgxflqj frxqwulhv zrxog eh wr wd{ surgxfwlrq1 Zh gr qrw frqvlghu wkh frdolwlrq
iruphg e| wkh surgxflqj frxqwulhv e| wzr uhdvrqv= +d, lw lv xqolnho| wkdw wkh surgxflqj

frxqwulhv eh deoh wr pdnh elqglqj djuhhphqwv ri wklv vruw dqg +e, wkh sd|r� ri wkh pruh

h!flhqw �up lv orzhu xqghu wkh hfrqrplf xqlrq ri wkh wzr surgxflqj frxqwulhv wkdq xqghu
wkh qrq0xqlrq vlwxdwlrq1

;
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ri wkh ohyho ri vxevlg| fkrvhq e| frxqwu| 21 Krzhyhu/ dv zh fdq revhuyh/ wkh
rxwsxw ri wkh �up lq frxqwu| 5 lv }hur lq wklv vlwxdwlrq1 Iurp wkdw/ wkh
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615 Hfrqrplf Xqlrq iruphg e| wkh Ohvv Frpshwlwlyh

Frxqwu| dqg wkh Frqvxplqj Frxqwu|

Zh vhfrqg dqdo|}h wkh vlwxdwlrq lq zklfk frxqwulhv 2 +wkh rqh zlwk wkh kljkhu
frvw �up, dqg � irup dq hfrqrplf xqlrq zlwk d frpprq dxwkrulw| wkdw
ghflgh wkh ohyho ri vxevlglhv wr eh sdlg wr �up 2/ dqg frxqwu| � lv rxw ri wkh
hfrqrplf xqlrq1 Zh ghqrwh wkh htxloleulxp yduldeohv lq wklv vlwxdwlrq zlwk
wkh vxshuvfulsw 2�1 Wkh vrfldo zhoiduh ixqfwlrqv iru wkh hfrqrplf xqlrq dqg
iru wkh frxqwu| rxw wkh hfrqrplf xqlrq duh=
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Dv deryh/ wkh ehvw uhvsrqvh ri frxqwu| � wr wklv vlwxdwlrq lv wr vhw dq
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sdlg e| frxqwu| 2/ dqg ��k2�

2
e| frxqwu| �1 Rshudwlqj/ wkh Qdvk htxloleulxp

vxevlglhv/ rxwsxwv dqg sur�wv ri hdfk �up duh=
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zkhuh wkh htxloleulxp vxevlg| lq wkh xqlrq +uhfhlyhg e| �up 2, lv lqghshqghqw
ri wkh ohyho ri vxevlg| fkrvhq e| frxqwu| � dqg hyhq dowkrxjk | : �/ zh kdyh
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frqwudu| wr wkh wudglwlrqdo uhvxow wkdw wkh orz frvw �up jhwv
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d kljkhu ohyho ri vxevlg|1 Iurp wkdw/ wkh Qdvk htxloleulxp vrfldo zhoiduh iru
hdfk frxqwu| lv=
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616 Hfrqrplf Xqlrq ri Wzr Frxqwulhv yhuvxv Qrq0

Frrshudwlyh H{sruw Vxevlglhv

Wkh iroorzlqj vwhs lv wr frpsduh doo srvvleoh vlwxdwlrqv1 Zh frpsduh wkh
deryh wzr vlwxdwlrqv +hfrqrplf xqlrq ri rqh surgxflqj frxqwu| dqg wkh frq0
vxplqj frxqwu|, zlwk wkh qrq0xqlrq vlwxdwlrq1

Lq Ohppd 5 dqg 6 zh vkrz wkdw xqghu wkh hfrqrplf xqlrq iruphg e| rqh
ri wkh surgxflqj frxqwulhv dqg wkh frqvxplqj frxqwu| wkh vxp ri wkh vrfldo
zhoiduh ri wkhvh frxqwulhv lv juhdwhu wkdq xqghu wkh qrq0xqlrq vlwxdwlrq1

Ohppd 5 Xqghu wkh hfrqrplf xqlrq iruphg e| wkh pruh frpshwlwlyh frxq0

wu| dqg wkh frqvxplqj frxqwu|/ wkh vrfldo zhoiduh ri wkhvh frxqwulhv dqg wkh

wrwdo vrfldo zhoiduh duh juhdwhu wkdq xqghu wkh qrq0xqlrq vlwxdwlrq;1

Surri= Vhh Dsshqgl{1

;Lq wkh fdvh lq zklfk w @ 4/ wkh hfrqrplf xqlrq iruphg e| frxqwulhv 4 dqg 6 lv Sduhwr
h!flhqw frpsduhg wr wkh qr0xqlrq vlwxdwlrq li dqg rqo| li ;5

433
? �

46
4
?

<5

433
/ ru htxlydohqwo|/

frxqwu| 6 lv zloolqj wr sd| d sursruwlrq ri wkh wrwdo vxevlg| ehwzhhq ; dqg 4; shufhqw1
Jlyhq v|pphwu|/ wkh vlwxdwlrq ri wkh xqlrq iruphg e| frxqwulhv 5 dqg 6 lv dqdorjrxv1
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Ohppd 6 Xqghu wkh hfrqrplf xqlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu|

dqg wkh frqvxplqj frxqwu|/ wkh vrfldo zhoiduh ri wkhvh frxqwulhv dqg wkh wrwdo

vrfldo zhoiduh lv juhdwhu wkdq xqghu wkh qrq0xqlrq vlwxdwlrq1

Surri= Vhh Dsshqgl{1

Qrwh wkdw iurp wkh qrq0xqlrq vlwxdwlrq/ wkhuh dozd|v h{lvwv d sur�wdeoh
ghyldwlrq ri dq| frdolwlrq iruphg hlwkhu e| rqh surgxflqj frxqwu| dqg wkh
frqvxplqj frxqwu| ru e| wkh wkuhh frxqwulhv1 Pruhryhu/ doo hfrqrplf xqlrqv
vkduh wkh vdph ihdwxuhv/ +d, wkh| duh zhoiduh lpsurylqj iru wkh frxqwulhv
iruplqj wkh hfrqrplf xqlrq zlwk uhvshfw wr wkh qrq0xqlrq vlwxdwlrq/ +e, wkh
frxqwulhv lq wkh hfrqrplf xqlrq sd| pruh prqh| dqg +f, �upv lqvlgh wkh
hfrqrplf xqlrqv kdyh juhdwhu sd|r�v1

617 Wzr Frxqwulhv Xqlrq yhuvxv Wkuhh Frxqwulhv Xqlrq

Zh qrz frpsduh wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv zlwk wkh
hfrqrplf xqlrq ri rqh surgxflqj frxqwu| dqg wkh frqvxplqj frxqwu|1

Lq Ohppd 7 zh vkrz wkdw wkh wrwdo vrfldo zhoiduh xqghu wkh hfrqrplf
xqlrq iruphg e| wkh surgxflqj frxqwu| zlwk wkh pruh h!flhqw �up dqg wkh
frqvxplqj frxqwu| lv juhdwhu wkdq wkh wrwdo vrfldo zhoiduh xqghu wkh hfrqrplf
xqlrq iruphg e| wkh wkuhh frxqwulhv1 Vlqfh wkh hfrqrplf xqlrq iruphg e|
wkh pruh frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu| fdq eh uhjdughg
dv wkh rswlpdo vlwxdwlrq lq zklfk wkh rxwsxw lv wkh rqh wkdw pd{lpl}h vrfldo
zhoiduh dqg wkh ohvv h!flhqw �up grhv qrw surgxfh/ wklv uhvxow lv qrw yhu|
vxusulvlqj1

Ohppd 7 Xqghu wkh hfrqrplf xqlrq iruphg e| wkh pruh frpshwlwlyh frxq0

wu| dqg wkh frqvxplqj frxqwu|/ wkh zhoiduh ri wkhvh frxqwulhv dqg wkh wrwdo

vrfldo zhoiduh lv juhdwhu wkdq xqghu wkh hfrqrplf xqlrq iruphg e| wkh wkuhh

frxqwulhv1

Surri= Vhh Dsshqgl{1

Wkh lqwxlwlrq ri wkh deryh uhvxow lv wkdw wkh whfkqrorjlfdo dqg wkh vxevlg|
h�hfwv jr lq wkh vdph gluhfwlrq1 Wkh lqfuhdvhv lq wkh ohyho ri vxevlglhv shu
xqlw ri rxwsxw lq wkh hfrqrplf xqlrq iruphg e| wkh pruh frpshwlwlyh frxqwu|
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dqg wkh frqvxplqj frxqwu|/ frpsduhg wr hfrqrplf xqlrq iruphg e| wkh wkuhh
frxqwulhv +r��

�
: r�2� : r��

2
' f, pdnhv wkh ohvv h!flhqw �up qrw wr surgxfh

dqg wkh wrwdo rxwsxw wr lqfuhdvh1 Wkhuhiruh/ wkh hfrqrp| dv d zkroh surgxfhv
pruh h!flhqwo|/ wkh frqvxphu vxusoxv lqfuhdvhv dqg wkh pruh h!flhqw �up
sd|r�v duh juhdwhu1

Lq Ohppd 8 zh vkrz wkdw wkh wrwdo vrfldo zhoiduh lq wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv lv juhdwhu wkdq wkh wrwdo vrfldo zhoiduh lq wkh
hfrqrplf xqlrq iruphg e| wkh surgxflqj frxqwu| zlwk wkh ohvv h!flhqw �up
dqg wkh frqvxplqj frxqwu|1

Ohppd 8 Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv Sduhwr grp0

lqdwhv wkh hfrqrplf xqlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu| dqg wkh

frqvxplqj frxqwu|1

Surri= Vhh Dsshqgl{1

Wkh lqwxlwlrq ri wkh deryh uhvxow lv wkdw lq wklv fdvh wkh vxevlg| h�hfw lv
fdqfho rxw e| wkh whfkqrorjlfdo h�hfw1 Wrwdo rxwsxw uhpdlq xqfkdqjhg lq wkh
sdvv iurp wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv wr wkh hfrqrplf
xqlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu|/
exw wkh pruh h!flhqw �up frqwudfwv klv rxwsxw1 Wkhuhiruh/ wkh hfrqrp| dv
d zkroh surgxfhv ohvv h!flhqwo|/ dqg wkhuh h{lvw sursruwlrqv ri wkh prqh|
wr eh sdlg wr wkh �upv vxfk wkdw doo wkh frxqwulhv duh ehwwhu r� xqghu wkh
hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv1

Ilqdoo|/ lq Wkhruhp 4/ zh vkrz wkdw wkh hfrqrplf xqlrq iruphg e| wkh
pruh frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu| lv vwdeoh li wkh gl�hu0
hqfh lq frpshwlwlyhqhvv ehwzhhq wkh �upv lv odujh hqrxjk1

Wkhruhp 9 Wkhuh h{lvwv d fxw0r� ohyho ri wkh gl�huhqfh lq frpshwlwlyhqhvv/

|W 5 E�c ��
b
�</ vxfk wkdw iru doo | 	 |W wkhuh lv qr hfrqrplf xqlrq wkdw fdq

eh uhjdughg dv vwdeoh dqg iru doo | � |W wkh xqltxh vwdeoh frdolwlrq lv wkh rqh

iruphg e| wkh pruh frpshwlwlyh frxqwu| soxv wkh frqvxplqj frxqwu|1

Surri= Vhh Dsshqgl{1
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Wkh hfrqrplf lqwxlwlrq ehklqg Wkhruhp 9 lv wkh iroorzlqj1 Wkh hfrqrplf
xqlrq iruphg e| wkh pruh frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu|
pd{lpl}hv wkh wrwdo vrfldo zhoiduh1 Krzhyhu/ xqghu wklv vlwxdwlrq wkh vrfldo
zhoiduh ri wkh ohvv frpshwlwlyh frxqwu| lv }hur1 Wkhuhiruh/ wklv frxqwu| lv
zloolqj wr sd| doprvw doo wkh prqhwdu| frvw ri wkh hfrqrplf xqlrq zlwk wkh
frqvxplqj frxqwu|1 Wkh juhdwhu duh wkh gl�huhqfh lq frpshwlwlyhqhvv eh0
wzhhq erwk �upv/ pruh lqh!flhqwo| surgxfhv wkh hfrqrplf xqlrq iruphg e|
wkh ohvv frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu| dqg pruh gl!fxow lv
wkdw wkh ohvv frpshwlwlyh frxqwu| pd| jxdudqwhh wr wkh frqvxplqj frxqwu|
wkh vrfldo zhoiduh wkdw wklv frxqwu| jhwv xqghu wkh hfrqrplf xqlrq zlwk wkh
pruh frpshwlwlyh frxqwu|1

7 Wkh Vxvwdlqdelolw| ri wkh Hfrqrplf Xqlrq

iruphg e| wkh Wkuhh Frxqwulhv

Lq wklv vhfwlrq/ zh vwxg| zkhwkhu wkh hfrqrplf xqlrq iruphg e| wkh wkuhh
frxqwulhv fdq eh vxssruwhg dv d shuihfw htxloleulxp ri dq lq�qlwho| uhshdwhg
yhuvlrq ri wkh jdph lq Vhfwlrq 6/ xvlqj wuljjhu vwudwhjlhv dv lq Iulhgpdq
+4<:4,1 Froolh +4<<6, frqvlghuv d g|qdplf yhuvlrq ri Eudqghu dqg Vshqfhu
+4<;8, h{sruw vxevlglhv prgho dqg �qgv wkdw iuhh wudgh fdq eh vxssruwhg
li wkh frxqwulhv duh vx!flhqwo| vlplodu dqg wkh glvfrxqw idfwru lv vx!flhqwo|
orz1

Ohw B eh wkh glvfrxqw idfwru zklfk lv ehwzhhq }hur dqg rqh dqg zloo
eh dvvxphg wr eh wkh vdph iru wkh wkuhh frxqwulhv1 Wkh vwudwhj| ri hdfk
frxqwu| lv wr sod| wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv xqwlo
wkh rwkhu frxqwulhv ghyldwh e| iruplqj rwkhu frdolwlrq1 Wkh vwudwhj| iru dq|
ri wkh surgxflqj frxqwulhv lv wkhuhdiwhu +l, wr r�hu dq hfrqrplf xqlrq wr wkh
frqvxplqj frxqwu| li lq wkh odvw shulrg wkhuh zdv dq hfrqrplf xqlrq ehwzhhq
dq| ri wkh surgxflqj frxqwulhv dqg wkh frqvxplqj frxqwu| dqg +ll, wr jr wr
wkh qrq0xqlrq vlwxdwlrq li wkh frqvxplqj frxqwu| r�hu lw dq hfrqrplf xqlrq
ru li lq wkh odvw shulrg wkhuh zdv d qrq0xqlrq vlwxdwlrq1 Wkh vwudwhj| iru wkh
frqvxplqj frxqwu| lv +l, wr dffhsw wkh prvw sur�wdeoh hfrqrplf xqlrq lq hdfk
shulrg li lwv vrfldo zhoiduh lv juhdwhu wkdq wkh zhoiduh xqghu wkh qrq0xqlrq
vlwxdwlrq dqg wr jr wkh qrq0xqlrq vlwxdwlrq rwkhuzlvh dqg +ll, wr uhpdlq lq wkh
qrq0xqlrq vlwxdwlrq li lq wkh odvw shulrg wkhuh zdv d qrq0xqlrq vlwxdwlrq1 Zh
zloo dvvxph wkdw wkh qrq0xqlrq vlwxdwlrq lv wkh ghidxow vlwxdwlrq zkhq wkhuh
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lv qr djuhhphqw ehwzhhq wkh frxqwulhv +l1h1 vwduwlqj iurp wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv/ li rqh ri wkh surgxflqj frxqwulhv sursrvhv dq
hfrqrplf xqlrq wr wkh frqvxplqj frxqwu| dqg lw uhmhfwv wkh r�hu/ wkhq wkh
frxqwulhv zrxog eh xqghu wkh qrq0xqlrq vlwxdwlrq,1

Iurp Sursrvlwlrq 4 zh nqrz wkdw qrqh ri wkh frxqwulhv kdv lqfhqwlyh wr
euhdn wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv dqg jr wr wkh qrq0
xqlrq vlwxdwlrq1 Zh kdyh dovr wkh iroorzlqj suhylrxv uhvxow uhjduglqj wkh
vrfldo zhoiduh ri wkh pruh frpshwlwlyh frxqwu|1

Ohppd : Wkh pruh frpshwlwlyh frxqwu| dozd|v kdyh lqfhqwlyh wr dyrlg wkh

ghyldwlrq iurp wkh hfrqrplf xqlrq iruphg e| lwvhoi dqg wkh frqvxplqj frxq0

wu| e| wkh frdolwlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu| dqg wkh frqvxplqj

frxqwu|1

Surri= Vhh Dsshqgl{1

Wkh Frqvxplqj Frxqwu| Lq wkh lq�qlwho| uhshdwhg jdph/ dvvxplqj wkh

rwkhu wzr frxqwulhv xvh wkh wuljjhu vwudwhjlhv/ li wkh frqvxplqj frxqwu| gh0
yldwhv iurp wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv e| r�hulqj dq
hfrqrplf xqlrq wr rqh ri wkh surgxflqj frxqwulhv lwv vrfldo zhoiduh zkhq lw
ghyldwhv zloo eh L?�

� wkhuhdiwhu1 Iurp Sursrvlwlrq 4/ zh nqrz wkdw frxqwu|
� zloo qrw kdyh lqfhqwlyh wr ghyldwh1 Reylrxvo|/ wr dffhsw wkh prvw suri0
lwdeoh hfrqrplf xqlrq lv dq rswlpdo uhvsrqvh iru wkh frqvxplqj frxqwu| wr
wkh surgxflqj frxqwulhv zkhqhyhu lwv vrfldo zhoiduh lv juhdwhu wkdq xqghu wkh
qrq0xqlrq vlwxdwlrq1

Wkh Ohvv Frpshwlwlyh Frxqwu| Lq wkh lq�qlwho| uhshdwhg jdph/ dvvxp0

lqj wkh rwkhu wzr frxqwulhv xvh wkh wuljjhu vwudwhjlhv/ iurp Sursrvlwlrq 4 dqg
Ohppd 8/ lw lv fohdu wkdw wkh ohvv frpshwlwlyh frxqwu| kdv qr lqfhqwlyh wr
ghyldwh1 Li lq wkh odvw shulrg wkhuh zdv dq hfrqrplf xqlrq ehwzhhq wkh rwkhu
wzr frxqwulhv/ vlqfh frxqwu| 2 jhwv }hur vrfldo zhoiduh dq|zd|/ dq rswlpdo
uhvsrqvh lv wr r�hu dq hfrqrplf xqlrq wr wkh frqvxplqj frxqwu| |lhoglqj lw
}hur vrfldo zhoiduh1 Ilqdoo|/ zh kdyh wkh iroorzlqj uhvxow1
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Ohppd ; Iru wkh ohvv frpshwlwlyh frxqwu|/ wr uhmhfw wkh r�hu ri wkh frqvxp0

lqj frxqwu| wr irup dq hfrqrplf xqlrq dprqj wkhp lv dq rswlpdo uhvsrqvh

li lwv glvfrxqw idfwru lv vx!flhqwo| odujh1

Surri= Vhh Dsshqgl{1

Wkh Pruh Frpshwlwlyh Frxqwu| Lq wkh lq�qlwho| uhshdwhg jdph/ dv0

vxplqj wkh rwkhu wzr frxqwulhv xvh wkh wuljjhu vwudwhjlhv/ li wkh ohvv frp0
shwlwlyh frxqwu| r�hu dq hfrqrplf xqlrq wr wkh frqvxplqj frxqwu| dqg wklv
frxqwu| dffhswv/ lw lv fohdu iurp Ohppd : wkdw wkh ehvw uhvsrqvh e| wkh pruh
frpshwlwlyh frxqwu| lv wr r�hu dq hfrqrplf xqlrq wr wkh frqvxplqj frxqwu|
lq wkh qh{w shulrg1 Ilqdoo|/ zh kdyh wkh iroorzlqj wzr uhvxowv1

Ohppd < Iru wkh pruh frpshwlwlyh frxqwu|/ wr uhmhfw wkh r�hu ri wkh frq0

vxplqj frxqwu| wr irup dq hfrqrplf xqlrq dprqj wkhp lv dq rswlpdo uh0

vsrqvh li lwv glvfrxqw idfwru lv vx!flhqwo| odujh dqg wkh surgxflqj frxqwulhv

duh vx!flhqwo| vlplodu1

Surri= Vhh Dsshqgl{1

Wkhruhp 43 Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv vxvwdlq0

deoh dv d shuihfw Qdvk htxloleulxp xvlqj wuljjhu vwudwhjlhv li wkh wzr surgxflqj

frxqwulhv duh vx!flhqwo| vlplodu/ | 	 |W/ dqg wkh glvfrxqw idfwru lv vx!flhqwo|

odujh1

Surri1 Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv vxvwdlqdeoh
dv d shuihfw Qdvk htxloleulxp xvlqj wuljjhu vwudwhjlhv li f � B � � dqg
B � BW�1 Iluvw/ zh nqrz wkdw wkh frqvxplqj frxqwu| kdv qr lqfhqwlyh wr
ghyldwh1 Vhfrqg/ iurp Ohppd ; zh kdyh wkdw li B � BW2/ e| ghyldwlqj wkh ohvv
frpshwlwlyh frxqwu| zloo kdyh d vrfldo zhoiduh orzhu wkdq xqghu wkh qrq0xqlrq
vlwxdwlrq wkdw lw lv dovr orzhu wkdq wkh vrfldo zhoiduh ri wklv frxqwu| xqghu
wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv e| Sursrvlwlrq 4/ +L��

2 	

L?�

2 	 L�2�
2 �1 Wklug/ iurp Ohppd < zh kdyh wkdw li wkh surgxflqj frxqwulhv

duh vx!flhqwo| vlplodu dqg B � BW�/ e| ghyldwlqj wkh pruh frpshwlwlyh frxqwu|
zloo kdyh d vrfldo zhoiduh orzhu wkdq xqghu wkh qrq0xqlrq vlwxdwlrq wkdw
lw lv dovr orzhu wkdq wkh vrfldo zhoiduh ri wklv frxqwu| xqghu wkh hfrqrplf
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xqlrq iruphg e| wkh wkuhh frxqwulhv e| Sursrvlwlrq 4/ +L�2
� 	 L?�

� 	 L�2�
� �1

Wkhuhiruh/ li wkh surgxflqj frxqwulhv duh vx!flhqwo| vlplodu dqg e| wdnlqj
B � BW� +zkhuh BW� � BW2,/ qr frxqwu| zloo ghyldwh dqg wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv lv vxvwdlqdeoh1

Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv vxvwdlqhg dv d shuihfw
htxloleulxp e| wkh wkuhdw ri ghyldwlrqv e| wkh surgxflqj frxqwulhv1 Krzhyhu/
wkh lqwhuhvwlqj srlqw wr qrwh lv wkdw wkh odujhu lv wkh gl�huhqfh lq frpshw0
lwlyhqhvv ehwzhhq wkh surgxflqj frxqwulhv/ wkh odujhu lv wkh glvfrxqw idfwru
uhtxluhg wr vxvwdlq wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv1 Wkxv/
lw lv pruh olnho| wkdw dq hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv fdq
eh vxvwdlqhg wkh juhdwhu lv wkh vl}h ri wkh ghpdqg/ wkh orzhu duh wkh frvw
gl�huhqfhv dprqj wkh �upv dqg wkh pruh h!flhqw lv wkh hfrqrp| wdnhq dv d
zkroh1

8 Ilqdo Uhpdunv

Lq wklv sdshu/ zh kdyh suhvhqwhg d vlpsoh prgho ri hfrqrplf xqlrqv dv dq
dowhuqdwlyh wr dq h{sruw vxevlg| wudgh zdu lq wkh frqwh{w ri wkh wklug0pdunhw
prgho1 Zh frqvlghu wkh srvvlelolw| ri dq hfrqrplf xqlrq ri wzr surgxflqj
frxqwulhv soxv d wklug lpsruwlqj frxqwu|/ zlwk d frpprq hfrqrplf dxwkrulw|
wkdw fkrrvh wkh rswlpdo vxevlg| lq wkh xqlrq1 Zh vkrz wkdw hyhq dowkrxjk
dq hfrqrplf xqlrq iruphg e| doo wkh frxqwulhv pd| Sduhwr grplqdwh wkh qrq0
xqlrq vlwxdwlrq/ li zh wdnh dffrxqw ri doo srvvlelolwlhv ri frdolwlrq irupdwlrq
lq kdqg ri wkh frxqwulhv/ wkh frdolwlrq iruphg e| doo wkh frxqwulhv lv qr vwdeoh
lq wkh vlqjoh0vkrw jdph1 Vshfl�fdoo|/ wkhuh lv d sur�wdeoh ghyldwlrq e| wkh
pruh frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu| iurp wkh hfrqrplf
xqlrq iruphg e| doo wkh frxqwulhv/ wkdw lv vwdeoh li wkh pruh h!flhqw �up lv
vx!flhqwo| pruh frpshwlwlyh wkdq wkh ohvv frpshwlwlyh �up1

Ilqdoo|/ lw lv vkrzq lq d uhshdwhg yhuvlrq ri wkh jdph wkdw wkh hfrqrplf
xqlrq iruphg e| wkh wkuhh frxqwulhv lv vxvwdlqdeoh dv d shuihfw htxloleulxp li
wkh wzr frxqwulhv duh vx!flhqwo| vlplodu dqg wkh glvfrxqw idfwru lv vx!flhqwo|
odujh1 Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv vxvwdlqhg e| wkh
wkuhdw ri vhtxhqfh ri frqwlqxrxv ghyldwlrqv li dq| frxqwu| ghyldwh e| ohdylqj
wkh hfrqrplf xqlrq zlwk wkh wkuhh frxqwulhv dqg iruplqj dq hfrqrplf xqlrq
zlwk wkh frqvxplqj frxqwu|1 Wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxq0
wulhv lv pruh gl!fxow wr vxvwdlq dv wkh gl�huhqfh lq frpshwlwlyhqhvv ehwzhhq
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wkh wzr surgxflqj frxqwulhv lqfuhdvhv dqg wkhuhiruh lw lv pruh olnho| wkdw dq
hfrqrplf xqlrq eh vwdeoh wkh juhdwhu duh wkh vl}h ri wkh ghpdqg/ dqg wkh
orzhu duh wkh frvw gl�huhqfhv dprqj wkh �upv dqg wkh lqh!flhqf| ri wkh
hfrqrp|1

Wkh dvvxpswlrq ri olqhdu ghpdqg kdv ehhq pdgh wr jhw h{solflw vroxwlrqv/
dqg zlwkrxw wklv dvvxpswlrq lw zrxog qrw eh srvvleoh wr frpsduh wkh vrfldo
zhoiduh lq wkh gl�huhqw srolf| uhjlphv1 Wkh dvvxpswlrq ri frqvwdqw uhwxuq
wr vfdoh lv d vwdqgdug dvvxpswlrq lq wkh vwudwhjlf wudgh srolf| olwhudwxuh1
Krzhyhu/ zh ohiw dv dq rshq txhvwlrq krz wkh uhvxowv rewdlqhg lq wklv sdshu
pljkw fkdqjh li zh dvvxph whfkqrorjlhv zlwk qrq0ghfuhdvlqj uhwxuq wr vfdoh1
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Dsshqgl{

Surri ri Sursrvlwlrq 4= Zh pdnh wkh surri lq wkuhh vwhsv1
Vwhs 41 Wkh zhoiduh ri doo wkh frxqwulhv lv juhdwhu xqghu wkh hfrqrplf

xqlrq wkdq lq wkh qrq0xqlrq vlwxdwlrq1 Lq wkh fdvh ri frxqwu| 6/ wkh xqlrq
zloo eh suhihuuhg li

d�E|n ��o2

H

�
k�2�
� n k�2�

2

�
' L�2�

� : L?�

� '
2

2D
d� E|n ��o2 +48,

Uhduudqjlqj whupv zh jhw wkdw

k�2�
� n k�2�

2 :
Se

�ff
+49,

ru htxlydohqwo| k�2�
� 	 �S

�ff
1

Iru frxqwu| 4/ wkh xqlrq zloo eh suhihuuhg li

d� E�|� ��o

�S

2

� k�2�
�

d� E|n ��o2

H
' L�2�

� : L?�

� '
2

2D
d� E�|� 2�o2 +4:,

Uhduudqjlqj whupv zh jhw wkdw

k�2�
� 	

2�e|� �f�� S�|2

Df E|n ��2
+4;,

Ilqdoo|/ iru frxqwu| 5/ wkh xqlrq zloo eh suhihuuhg li

d� E�� |�o2

�S
� k�2�

2

d� E|n ��o2

H
' L�2�

2 : L?�

2 '
2

2D
d� E�� 2|�o2 +4<,

Uhduudqjlqj whupv zh jhw wkdw

k�2�
2 	

2�e|� S�� �f�|2

Df E|n ��2
+53,

H{suhvvlrqv +49,/ +4;, dqg +53, duh frpsdwleoh li dqg rqo| li
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bb|2 � 2f2|n bb 	 f +54,

wkdw krogv doo | 5
�
�c ��

b

�
1

Vwhs 51 Wkh dprxqw ri prqh| sdlg e| hdfk ri wkh surgxflqj frxqwulhv
lv juhdwhu xqghu wkh hfrqrplf xqlrq wkdq lq wkh qrq0xqlrq vlwxdwlrq1 Lq wkh
fdvh ri frxqwu| �/ lw pxvw krog wkdw � :

�
?�

�

��2�

�

/ ru htxlydohqwo|

� :
�S

2D

�

k�2�
�

�
�|� 2

|n �

�2

+55,

Vlqfh k�2�
� 	 2�e|3�f�3S�|2

DfE|n��
2 / zh kdyh wkdw h{suhvvlrq +55, lv htxlydohqw wr

�D�|2 � S�H|n 2�� 	 f +56,

Lq wkh fdvh ri frxqwu| 2/ lw pxvw krog wkdw � :
�
?�

2

��2�

2

/ ru htxlydohqwo|

� :
�S

2D

�

k�2�
2

�
�� 2|

|n �

�2

+57,

Vlqfh k�2�
2 	 2�e|3S�3�f�|2

DfE|n��
2 / zh kdyh wkdw h{suhvvlrq +57, lv htxlydohqw wr

2��|2 � S�H|n �D� 	 f +58,

Ilqdoo| h{suhvvlrqv +56, dqg +58, krogv iru doo | � ��

b
1

Vwhs 61 Wkh �upv kdyh juhdwhu sd|r�v xqghu wkh hfrqrplf xqlrq wkdq
lq wkh qrq0xqlrq vlwxdwlrq1 Lw iroorzv e| gluhfw frpsdulvrq ri �upv* sd|r�v
xqghu wkh hfrqrplf xqlrq dqg wkh qrq0xqlrq vlwxdwlrq1

Surri ri Ohppd 5= Lq wkh fdvh ri frxqwu| 4/ wkh xqlrq zlwk 6 zloo eh
suhihuuhg wr wkh qrq0xqlrq vlwxdwlrq li

E|��2
�
�� k��

�

�
' L��

� : L?�

� '
2

2D
d� E�|� 2�o2 +59,
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ru htxlydohqwo|

k��
� 	

.|2 n 2e|� H

2D|2
+5:,

dqg iru frxqwu| 6/ wkh xqlrq zlwk 4 zloo eh suhihuuhg li

E|��2
�
k��
� �

�

2

�
' L��

� : L rr

� '
2

2D
d� E|n ��o2 +5;,

ru htxlydohqwo|

k��
� :

2b|2 n H|n e

Df|2
+5<,

Qrwh wkdw iru +5:, dqg +5<, wr eh frpsdwleoh zh kdyh

�|2 � H|n e 	 f +63,

wkdw krogv iru doo | � ��

b
1 Ilqdoo| wkh wrwdo vrfldo zhoiduh xqghu wkh hfrqrplf

xqlrq iruphg e| frxqwulhv � dqg � lv juhdwhu wkdq lq wkh qrq0xqlrq vlwxdwlrq
li ��|2 � HH|n DS 	 f wkdw krogv iru doo | � ��

b
1

Surri ri Ohppd 6= Lq wkh fdvh ri frxqwu| 5/ wkh xqlrq zlwk 6 zloo eh
suhihuuhg li=

d� E�� |�o2

e
� k2�

2 �

�
� E�� |�

2

�
' L2�

2 : L?�

2 '
2

2D
d� E�� 2|�o2 +64,

ru htxlydohqwo|

k2�
2 	

�D�� .|2 � De|

Df E�� |�
+65,

dqg iru frxqwu| 6/ wkh xqlrq zlwk 5 zloo eh suhihuuhg li=
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d� E|n ��o2

H
�
�
�� k2�

2

�
�
� E�� |�

2
' L2�

� : L?�

� '
2

2D
d� E|n ��o2 +66,

ru htxlydohqwo|

k2�
2 : �� b E|n ��2

�ff E�� |�
+67,

Qrwh wkdw iru h{suhvvlrqv +65, dqg +67, eh frpsdwleoh zh kdyh

|2 � 2|� � 	 f +68,

wkdw krogv iru doo | � ��

b
1 Ilqdoo| wkh wrwdo vrfldo zhoiduh xqghu wkh hfrqrplf

xqlrq iruphg e| frxqwulhv 2 dqg � lv juhdwhu wkdq lq wkh qrq0xqlrq vlwxdwlrq
li �2e|2 � �D2|� 2.S 	 f wkdw krogv iru doo | � ��

b
1

Surri ri Ohppd 7= Vlqfh wkh zhoiduh ri wkh ohvv frpshwlwlyh frxqwu|
lv }hur xqghu wkh hfrqrplf xqlrq ri wkh prvw frpshwlwlyh frxqwu| dqg wkh
frqvxplqj frxqwu|/ zh kdyh rqo| wr vkrz wkdw wkh wrwdo vrfldo zhoiduh xqghu
wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv orzhu wkdq wkh wrwdo
vrfldo zhoiduh ri wkh wkuhh frxqwulhv xqghu wkh hfrqrplf xqlrq iruphg e|
frxqwulhv � dqg �

E��2 ED|2 � S|n D�

H
' L�2�

� n L�2�
2 n L�2�

� 	 L��
� n L��

2 n L��
� '

E|��2

2
+69,

ru htxlydohqwo|

|2 � S|n D 	 f +6:,

wkdw krogv iru doo | � ��

b
1 Ilqdoo|/ iru wkh frqvxplqj frxqwu| wr suhihu wkh

hfrqrplf xqlrq zlwk wkh prvw frpshwlwlyh frxqwu| wr wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv/ lw pxvw krog wkdw L��

� : L�2�
� / ru htxlydohqwo|

k��
� :

E|n ��2 Ek�2�
� n k�2�

2 �

H|2
n

�

2
+6;,
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Surri ri Ohppd 8= Iluvw zh vkrz wkdw wkh wrwdo vrfldo zhoiduh xqghu
wkh hfrqrplf xqlrq iruphg e| wkh wkuhh frxqwulhv lv juhdwhu wkdq wkh vxp
ri wkh zhoiduh ri wkh wkuhh frxqwulhv xqghu wkh hfrqrplf xqlrq iruphg e|
frxqwulhv 2 dqg �

E��
2ED|23S|nD�

H
' L�2�

� n L�2�
2 n L�2�

� :

L2�
� n L2�

2 n L2�
� '

E��
2E.|23�e|n���

H

+6<,

ru htxlydohqwo|

|2 � e|n � 	 f +73,

wkdw krogv iru doo | � ��

b
1 Vhfrqg zh vkrz wkdw

E��
2dE�3|�2n2E|n��

2
k�2�
� o

�S
' L�2�

2 n L�2�
� :

L2�
2 n L2�

� '
E��

2d2E�3|�2nE|n��
2
3eE�3|�o

H

+74,

ru htxlydohqwo|

k�2�
� :

�|2 n S|� ��

2 E|n ��2
+75,

wkdw krogv iru doo | � ��

b
1 Ilqdoo|/ iru wkh frqvxplqj frxqwu| wr suhihu wkh

hfrqrplf xqlrq zlwk wkh ohvv frpshwlwlyh frxqwu| wr wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv/ lw pxvw krog wkdw L2�

� : L�2�
� / ru htxlydohqwo|

k2�
� : �� E|n ��2 E�� k�2�

� � k�2�
2 �

e E�� |�
+76,
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Surri ri Wkhruhp 9= Qrwh wkdw wkh rqo| vlwxdwlrq wkdw fdq eh vwdeoh
lv wkh hfrqrplf xqlrq iruphg e| frxqwulhv � dqg �1 Wklv vlwxdwlrq zloo eh
vwdeoh li wkhuh lv qr frdolwlrq dqg qr sur�wdeoh ghyldwlrq e| wklv frdolwlrq1
Wkhuhiruh/ zh kdyh wr fkhfn wkh frdolwlrq iruphg e| wkh frxqwulhv 2 dqg �/ wkh
frdolwlrq iruphg e| wkh wkuhh frxqwulhv |lhoglqj wr wkh qrq0xqlrq vlwxdwlrq
dqg wkh frdolwlrq iruphg e| wkh wkuhh frxqwulhv |lhoglqj wkh hfrqrplf xqlrq
iruphg e| wkh wkuhh frxqwulhv1

Iurp Ohppd 7/ zh nqrz wkdw wkh hfrqrplf xqlrq iruphg e| wkh wkuhh
frxqwulhv lv qrw Sduhwr h!flhqw frpsduhg wr wkh hfrqrplf xqlrq iruphg e|
frxqwulhv � dqg �1

Iurp Ohppd 5/ zh nqrz wkdw frxqwulhv � dqg � suhihu wkh hfrqrplf xqlrq
iruphg e| erwk ri wkhp wr wkh qrq0xqlrq vlwxdwlrq li

2b|2 n H|n e

Df|2
� k��

� �
.|2 n 2e|� H

2D|2
+77,

Ilqdoo|/ qrwh wkdw wkh frdolwlrq iruphg e| frxqwulhv 2 dqg � zrxog qrw
ghyldwh li

E|��2
�
k��
� �

�

2

�
' L��

2 n L��
� � L2�

2 n L2�
� '

E��2 E.� S|n �|2�

H
+78,

ru htxlydohqwo| li

k��
� �

�

2
n

.� S|n �|2

H|2
+79,

Qrwh wkdw iru h{suhvvlrqv +77, dqg +79, eh frpsdwleoh lw pxvw krog wkdw

�e2|� ��b|2 � 2�b � f +7:,

Qrwh wkdw +7:, krogv iru doo | 5 d�.�
��b
� 2f

��b

s
2c ��

b
o exw lw grhv qrw krog iru doo

| 	 �.�

��b
� 2f

��b

s
21

Surri ri Ohppd :1 Rq wkh rqh kdqg/ wkh pruh frpshwlwlyh frxqwu|
dyrlg wkh ghyldwlrq e| wkh frdolwlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu|
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dqg wkh frqvxplqj frxqwu| li k��
� � �

2
n .3S|n�|2

H|2
1 Rq wkh rwkhu kdqg/ wkh

vrfldo zhoiduh ri wkh pruh frpshwlwlyh frxqwu| lv juhdwhu xqghu wkh hfrqrplf
xqlrq iruphg e| lwvhoi dqg wkh frqvxplqj frxqwu| wkdq xqghu wkh hfrqrplf
xqlrq iruphg e| wkh ohvv frpshwlwlyh frxqwu| dqg wkh frqvxplqj frxqwu| li

k��
� 	

|2 n 2|� �

2|2
+7;,

Qrwh wkdw iru h{suhvvlrqv +79, dqg +7;, wr eh frpsdwleoh zh kdyh wkdw

�|2 � �e|n �� 	 f +7<,

wkdw krogv iru doo | � ��

b
1

Surri ri Ohppd ;1 Li wkh ohvv frpshwlwlyh frxqwu| uhmhfwv wkh r�hu
ri wkh frxqvxplqj frxqwu|/ khuhdiwhu wkh wkuhh frxqwulhv zloo eh xqghu wkh
qrq0xqlrq vlwxdwlrq1 Li wkh ohvv frpshwlwlyh frxqwu| dffhswv wkh r�hu ri wkh
frqvxplqj frxqwu|/ lq wkh �uvw shulrg lw zloo jhw d vrfldo zhoiduh ri L2�

2 '
�2E�3|�

2

�
�3|

2
� k2�

2

�
/ exw lq wkh iroorzlqj shulrgv lw zloo jhw d vrfldo zhoiduh

ri }hur1 Wkhuhiruh/ iru wkh ohvv frpshwlwlyh frxqwu| wr uhmhfw wkh r�hu ri wkh
frqvxplqj frxqwu| zloo eh dq rswlpdo uhvsrqvh li
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�� B2

2

2D
�2 E�� 2|�2 :

�2 E�� |�

2

�
�� |

2
� k2�

2

�
+83,

ru htxlydohqwo| li

k2�
2 :

E�� |�

2
� e E�� 2|�2

2D E�� |� E�� B2�
+84,

Krzhyhu/ wkh uljkw kdqg vlgh ri h{suhvvlrq +84, lv orzhu ru htxdo wr }hur
zkhqhyhu

BW2 � �� H E�� 2|�2

2D E�� |�2
+85,
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Wkhuhiruh/ zh kdyh wkdw iru doo | 	 �

2
/ wkhuh h{lvwv yxoxhv ri wkh glvfrxqw

idfwru vxfk wkdw wr uhmhfw wkh r�hu ri wkh frqvxplqj frxqwu| lv dq rswlpdo
uhvsrqvh iru wkh ohvv frpshwlwlyh frxqwu|1

Surri ri Ohppd <1 Li wkh pruh frpshwlwlyh frxqwu| uhmhfwv wkh r�hu
ri wkh frqvxplqj frxqwu|/ khuhdiwhu wkh wkuhh frxqwulhv zloo eh xqghu wkh
qrq0xqlrq vlwxdwlrq1 Li wkh pruh frpshwlwlyh frxqwu| dffhswv wkh r�hu ri wkh
frqvxplqj frxqwu|/ lq wkh �uvw shulrg lw zloo jhw d vrfldo zhoiduh ri L��

� '
|2�2 E�� k��

� �/ exw lq wkh iroorzlqj shulrgv lw zloo jhw d vrfldo zhoiduh ri L��
� '

�2E|2nS|3.�
H

jlyhq wkh vwudwhj| ri wkh ohvv frpshwlwlyh frxqwu|1 Wkhuhiruh/ iru
wkh pruh frpshwlwlyh frxqwu| wr uhmhfw wkh r�hu ri wkh frqvxplqj frxqwu|
zloo eh dq rswlpdo uhvsrqvh li
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2

2D
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�� k��
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�
n
�2 E|2 n S|� .�
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�� B�
+86,

ru htxlydohqwo|

k��
� : �� �S E�|� 2�2 � 2DB� E|

2 n S|� .�

2ff|2 E�� B��
+87,

Zkhuh wkh uljkw kdqg vlgh ri h{suhvvlrq +87, lv orzhu ru htxdo wr }hur
zkhqhyhu

BW� �
2ff|2 � �S E�|� 2�2

�.D|2 � �Df|n �.D
+88,

Wkhuhiruh/ zh kdyh wkdw iru doo | 	 �.�

��b
� 2f

��b

s
2/ wkhuh h{lvwv d glvfrxqw

idfwru vxfk wkdw wr uhmhfw wkh r�hu ri wkh frqvxplqj frxqwu| lv dq rswlpdo
uhvsrqvh iru wkh pruh frpshwlwlyh frxqwu|1

5:


