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Multilateral Environmental Agreements and
Environmental Technology Transfer

by

Larry D. Qiu and Zhihao Yu

Abstract

We develop a North-South model of international trade and transboundary pollution to analyse

the relationship between environmental technology transfer and the South's incentive to sign a

multilateral environmental agreement (MEA). First, we show that technology transfer could

either increase or reduce the South's incentive to sign the MEA. Second, we show that the

South's participation in the MEA would reduce the market incentive of technology transfer.

Both results have very clear policy implications for (i) the sequence of technology transfer and

the South's MEA membership and (ii) the legitimacy of South's subsidies for technology

transfer.
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Non-Technical Summary
With increasing awareness of environment issues, we have witnessed the emergence of many multilateral
environmental agreements (MEAs) over the past two decades. While signatory countries are expending
efforts to adhere to the agreements, they are also trying hard to increase the number of signatories using
various measures and opportunities. So far over 20 MEAs have included trade measures to induce
nonsignatories to sign the agreements. However, discriminatory trade-restricting measures are neither
consistent with the most-favored-nation principle of the World Trade Organization (WTO) nor are they
effective. Instead, a view is commonly shared that nonsignatory countries, which are most likely
developing countries, may not be able to afford to raise their environmental standards given their existing
technologies. Accordingly, it is often recommended that positive measures and incentives, such financial
assistance and environmental technology transfer, should be used since they are more efficient and
effective than punitive measures.

In this paper, we develop a North-South model of international trade and transboundary pollution to
analyze formally the relationship between environmental technology transfer and the South's (a
nonsignatory country) incentive to sign an MEA (formed by the North). Two questions are particularly
interesting. First, will technology transfer induce the South to sign the MEA? Second, will the South's
participation in the MEA increase the market incentives for technology transfer? Our model highlights the
trade effects of both national environmental policy as it is the key issue that fuels the discussion about
market access and competitiveness. By signing an MEA, the South has to increase its environmental
taxes from an optimal level to an MEA-specified higher level. But, in return, it receives financial transfers
from the North as compensation.

We first show that the transfer of environmental technology may either raise or reduce the South's
incentive to sign the MEA. On the one hand, with cleaner environmental technology due to technology
transfer, the negative effect of an increase in environmental taxes on the South's welfare becomes
smaller. This raises the South's incentive to sign. On the other hand, however, the South's optimal
environmental tax after technology transfer is found to be lower than before. Because of this, the MEA
membership requires the South to depart from its optimal policy level more in the case of technology
transfer than in the case of no technology transfer. Hence, the South is less reluctant to sign the MEA
after receiving the better technology. The South's incentive depends on the relative importance of these
two effects. An implication of this result is that the assisted environmental technology transfer by the MEA
member countries should be given before a developing country becomes a signatory of the MEA if
technology transfer raises the participation incentive, but it should be given after the country commits to
signing the MEA if the technology transfer reduces the participation incentive.

Second, we show that the South's MEA membership reduces the market incentives for technology
transfer. Participation in the MEA is the Southern government's decision, but the technology transfer
involves decisions by firms in both the North and the South. Because of the financial compensation, the
Southern government may be willing to sign the MEA, but the South's inclusion in the MEA means that the
average pollution tax increases, which in turn means less profit gains to the firms from a technology
transfer. Based on this finding, we can draw the following policy implication: Financial transfer, at least in
part, should be provided to assist firms in environmental technology transfer or the South should be
allowed to subsidize environmental technology transfer.



41 Lqwurgxfwlrq

Zlwk lqfuhdvlqj dzduhqhvv ri hqylurqphqw lvvxhv/ zh kdyh zlwqhvvhg wkh hphujhqfh ri

pdq| pxowlodwhudo hqylurqphqwdo djuhhphqwv +PHDv, ryhu wkh sdvw wzr ghfdghv1 Zkloh vlj0

qdwru| frxqwulhv duh h{shqglqj h�ruwv wr dgkhuh wr wkh djuhhphqwv/ wkh| duh dovr wu|lqj kdug

wr lqfuhdvh wkh qxpehu ri vljqdwrulhv xvlqj ydulrxv phdvxuhv dqg rssruwxqlwlhv1 Vr idu ryhu

53 PHDv kdyh lqfoxghg wudgh phdvxuhv wr lqgxfh qrqvljqdwrulhv wr vljq wkh djuhhphqwv14

Krzhyhu/ glvfulplqdwru| wudgh0uhvwulfwlqj phdvxuhv duh qhlwkhu frqvlvwhqw zlwk wkh prvw0

idyruhg0qdwlrq sulqflsoh ri wkh Zruog Wudgh Rujdql}dwlrq +ZWR, qru duh wkh| h�hfwlyh15

Lqvwhdg/ d ylhz lv frpprqo| vkduhg wkdw qrqvljqdwru| frxqwulhv/ zklfk duh prvw olnho| gh0

yhorslqj frxqwulhv/ pd| qrw eh deoh wr d�rug wr udlvh wkhlu hqylurqphqwdo vwdqgdugv jlyhq

wkhlu h{lvwlqj whfkqrorjlhv1 Dffruglqjo|/ lw lv riwhq uhfrpphqghg wkdw srvlwlyh phdvxuhv

dqg lqfhqwlyhv/ vxfk dv �qdqfldo dvvlvwdqfh dqg hqylurqphqwdo whfkqrorj| wudqvihu/ vkrxog

eh xvhg vlqfh wkh| duh pruh h!flhqw dqg h�hfwlyh wkdq sxqlwlyh phdvxuhv1

Lq wklv sdshu/ zh ghyhors d Qruwk0Vrxwk prgho ri lqwhuqdwlrqdo wudgh dqg wudqverxqgdu|

srooxwlrq wr dqdo|}h irupdoo| wkh uhodwlrqvkls ehwzhhq hqylurqphqwdo whfkqrorj| wudqvihu

dqg wkh Vrxwk*v +d qrqvljqdwru| frxqwu|, lqfhqwlyh wr vljq dq PHD +iruphg e| wkh Qruwk,1

Wzr txhvwlrqv duh sduwlfxoduo| lqwhuhvwlqj1 Iluvw/ zloo whfkqrorj| wudqvihu lqgxfh wkh Vrxwk

wr vljq wkh PHDB Vhfrqg/ zloo wkh Vrxwk*v sduwlflsdwlrq lq wkh PHD lqfuhdvh wkh pdunhw

lqfhqwlyhv iru whfkqrorj| wudqvihuB Rxu prgho kljkoljkwv wkh wudgh h�hfwv ri erwk qdwlrqdo

hqylurqphqwdo srolf| dv lw lv wkh nh| lvvxh wkdw ixhov wkh glvfxvvlrq derxw pdunhw dffhvv

dqg frpshwlwlyhqhvv +vhh Ekdjzdwl dqg Kxghf/ 4<<9,1 E| vljqlqj dq PHD/ wkh Vrxwk kdv

wr lqfuhdvh lwv hqylurqphqwdo wd{hv iurp dq rswlpdo ohyho wr dq PHD0vshfl�hg kljkhu ohyho1

Exw/ lq uhwxuq/ lw uhfhlyhv �qdqfldo wudqvihuv iurp wkh Qruwk dv frpshqvdwlrq1

Zh �uvw vkrz wkdw wkh wudqvihu ri hqylurqphqwdo whfkqrorj| pd| hlwkhu udlvh ru uhgxfh wkh

Vrxwk*v lqfhqwlyh wr vljq wkh PHD1 Rq wkh rqh kdqg/ zlwk fohdqhu hqylurqphqwdo whfkqrorj|

4Iru h{dpsoh/ wkh Edvho Frqyhqwlrq edqv wkh wudgh lq kd}dugrxv zdvwhv zlwk qrq0vljqdwrulhv1 Wkh

Prqwuhdo Surwrfro dovr edqv wudgh lq r}rqh0ghsohwlqj vxevwdqfhv dqg surgxfwv ehwzhhq vljqdwrulhv dqg qrq0

vljqdwrulhv1
5Vhh Kxghf +4<<9,/ ZWR +4<<9, dqg XQH dqg LLVG +5333,1

4



gxh wr whfkqrorj| wudqvihu/ wkh qhjdwlyh h�hfw ri dq lqfuhdvh lq hqylurqphqwdo wd{hv rq wkh

Vrxwk*v zhoiduh ehfrphv vpdoohu1 Wklv udlvhv wkh Vrxwk*v lqfhqwlyh wr vljq1 Rq wkh rwkhu

kdqg/ krzhyhu/ wkh Vrxwk*v rswlpdo hqylurqphqwdo wd{ diwhu whfkqrorj| wudqvihu lv irxqg wr

eh orzhu wkdq ehiruh1 Ehfdxvh ri wklv/ wkh PHD phpehuvkls uhtxluhv wkh Vrxwk wr ghsduw

iurp lwv rswlpdo srolf| ohyho pruh lq wkh fdvh ri whfkqrorj| wudqvihu wkdq lq wkh fdvh ri qr

whfkqrorj| wudqvihu1 Khqfh/ wkh Vrxwk lv ohvv uhoxfwdqw wr vljq wkh PHD diwhu uhfhlylqj wkh

ehwwhu whfkqrorj|1 Wkh Vrxwk*v lqfhqwlyh ghshqgv rq wkh uhodwlyh lpsruwdqfh ri wkhvh wzr

h�hfwv1 Dq lpsolfdwlrq ri wklv uhvxow lv wkdw wkh dvvlvwhg hqylurqphqwdo whfkqrorj| wudqvihu

e| wkh PHD phpehu frxqwulhv vkrxog eh jlyhq ehiruh d ghyhorslqj frxqwu| ehfrphv d

vljqdwru| ri wkh PHD li whfkqrorj| wudqvihu udlvhv wkh sduwlflsdwlrq lqfhqwlyh/ exw lw vkrxog

eh jlyhq diwhu wkh frxqwu| frpplwv wr vljqlqj wkh PHD li wkh whfkqrorj| wudqvihu uhgxfhv

wkh sduwlflsdwlrq lqfhqwlyh1

Vhfrqg/ zh vkrz wkdw wkh Vrxwk*v PHD phpehuvkls uhgxfhv wkh pdunhw lqfhqwlyhv iru

whfkqrorj| wudqvihu1 Sduwlflsdwlrq lq wkh PHD lv wkh Vrxwkhuq jryhuqphqw*v ghflvlrq/ exw

wkh whfkqrorj| wudqvihu lqyroyhv ghflvlrqv e| �upv lq erwk wkh Qruwk dqg wkh Vrxwk1 Ehfdxvh

ri wkh �qdqfldo frpshqvdwlrq/ wkh Vrxwkhuq jryhuqphqw pd| eh zloolqj wr vljq wkh PHD/

exw wkh Vrxwk*v lqfoxvlrq lq wkh PHD phdqv wkdw wkh dyhudjh srooxwlrq wd{ lqfuhdvhv/ zklfk

lq wxuq phdqv ohvv sur�w jdlqv wr wkh �upv iurp d whfkqrorj| wudqvihu1 Edvhg rq wklv �qglqj/

zh fdq gudz wkh iroorzlqj srolf| lpsolfdwlrq= Ilqdqfldo wudqvihu/ dw ohdvw lq sduw/ vkrxog

eh surylghg wr dvvlvw �upv lq hqylurqphqwdo whfkqrorj| wudqvihu ru wkh Vrxwk vkrxog eh

doorzhg wr vxevlgl}h hqylurqphqwdo whfkqrorj| wudqvihu1

Wkh olwhudwxuh rq wkh wkhru| ri PHDv kdv ehhq jurzlqj gxulqj wkh odvw ghfdgh16 Lw kdv

ehhq frqfoxghg wkdw fduurwv dqg vwlfnv +h1j1/ �qdqfldo dvvlvwdqfh dqg whfkqrorj| wudqvihuv

dv fduurwv dqg vdqfwlrqv dv vwlfnv, duh qhhghg wr lqgxfh frxqwulhv wr ehfrph vljqdwrulhv

ri PHDv dqg wr vwdelol}h PHDv +vhh Eduuhww/ 4<<:d ) e,1 Wkh xvh ri wudgh vdqfwlrqv lv

edvhg rq wkh lghd ri dq �lvvxh0olqndjh� wr hqirufh PHDv dqg wkdw ri prqhwdu| wudqvihuv

lv edvhg rq wkh sulqflsoh ri �jdlqhuv frpshqvdwh orvhuv�1 Whfkqrorj| wudqvihuv duh dovr

6Vhh Krho +4<<5,/ Fduudur dqg Vlqlvfdofr +4<<6/ 4<<7,/ Khdo +4<<6,/ dqg Eduuhww +4<<7e/ 4<<:d/ 4<<:e,/

dprqj rwkhuv1
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frqvlghuhg wr eh ylwdo/ hvshfldoo| iru ghyhorslqj frxqwulhv/ ehfdxvh wkh| vlpso| pd| qrw

kdyh dffhvv wr wkh qhfhvvdu| whfkqrorj| rq idyrudeoh whupv +Fkduqrylw}/ 4<<6> ZWR/ 4<<9,1

Krzhyhu/ wr rxu nqrzohgjh/ rxu vwxg| lv wkh �uvw wr surylgh d irupdo dqdo|vlv ri krz

hqylurqphqwdo whfkqrorj| wudqvihu d�hfwv ghyhorslqj frxqwulhv* lqfhqwlyhv wr vljq PHDv

dqg krz sduwlflsdwlrq lq dq PHD d�hfwv wkh pdunhw lqfhqwlyh iru hqylurqphqwdo whfkqrorj|

wudqvihu1

Zh irfxv rq srooxwlrq wd{ dv wkh hqylurqphqwdo srolf| lq wklv sdshu1 Lq d prgho zlwk

lpshuihfw frpshwlwlrq lq wkh surgxfw pdunhw/ vxfk srolflhv kdyh wkh vdph h�hfwv dv pruh

idploldu vwudwhjlf wudgh srolflhv1 Eduuhww +4<<7d,/ Nhqqhg| +4<<7,/ Frqudg +4<<9,/ dqg

Xosk +4<<9, surylgh xvhixo dqdo|vhv rq vwudwhjlf hqylurqphqwdo srolflhv lq ydulrxv frqwh{wv1

Krzhyhu/ qrqh ri wkhvh vwxglhv ghdov zlwk hqylurqphqwdo whfkqrorj| wudqvihuv ru PHD0

uhodwhg lvvxhv1 Rxu sdshu h{soruhv wkhvh lvvxhv lq d prgho ri lpshuihfw frpshwlwlrq1

Wkh uhvw ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghyhorsv wkh prgho zlwkrxw PHDv

dqg dqdo|}hv wkh htxloleulxp1 Vhfwlrq 6 lqwurgxfhv PHDv wr wkh prgho dqg surylghv dq

dqdo|vlv/ wrjhwkhu zlwk d qxphulfdo h{dpsoh/ ri wkh uhodwlrqvkls ehwzhhq whfkqrorj| wudqvihu

dqg PHD sduwlflsdwlrq1 Vhfwlrq 7 lqfoxghv vrph frqfoxglqj uhpdunv1

51 Wkh Prgho

Dvvxph wkdw wkhuh duh wzr frxqwulhv/ fdoohg wkh Qruwk +uhsuhvhqwlqj d ghyhorshg frxqwu|,

dqg wkh Vrxwk +uhsuhvhqwlqj d ghyhorslqj frxqwu|,/ uhvshfwlyho|1 Wkhuh lv mxvw rqh �up lq

hdfk frxqwu|= zh fdoo wkh �up orfdwhg lq wkh Qruwk wkh Q0�up dqg wkdw lq wkh Vrxwk wkh

V0�up1 Wkhvh �upv surgxfh dq krprjhqrxv surgxfw1 Surgxfwlrq ri wklv surgxfw hplwv

srooxwlrq1 Krzhyhu/ wkh Q0�up kdv fohdqhu whfkqrorj| wkdq wkh V0�up lq wkh vhqvh wkdw

wkh srooxwlrq frqwhqw +l1h1/ wkh dprxqw ri srooxwdqw jhqhudwhg zkhq surgxflqj rqh xqlw

ri rxwsxw, ri wkh Q0�up/ ghqrwhg h?/ lv orzhu wkdq wkdw ri wkh V0�up/ ghqrwhg hr> l1h1/

h? ? hr1 Wkh �upv duh rwkhuzlvh lghqwlfdo1 Wkh Q0�up frxog olfhqvh lwv whfkqrorj| wr wkh

V0�up/ dqg li lw grhv/ wkh V0�up*v srooxwlrq frqwhqw zloo eh uhgxfhg wr h?17 Wkh Qruwkhuq

7 Lw kdv ehhq dujxhg wkdw sulru wr whfkqrorj| wudqvihu/ wkh Q0�up pxvw vshqg vrph h�ruw2prqh|/ Sc wr

pdnh wkh whfkqrorj| vxlwdeoh iru wkh V0�up1 Zh lqfoxghg wklv vxqn frvw lq dq hduolhu yhuvlrq ri wklv sdshu

dqg irxqg qr txdolwdwlyh fkdqjhv lq dq| ri wkh uhvxowv1
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jryhuqphqw lpsrvhv dq hqylurqphqwdo wd{/ ghqrwhg w?> rq hdfk xqlw ri srooxwlrq jhqhudwhg

e| wkh Q0�up1 Wkh fruuhvsrqglqj wd{ lpsrvhg e| wkh Vrxwkhuq jryhuqphqw lv dvvxphg wr

eh wr1 Wr hpskdvl}h wkh srolf| h�hfwv rq shrsoh*v glvxwlolw| dqg wkhlu vwudwhjlf dvshfwv/ zh

dvvxph wkdw wkh �upv vhoo wkhlu surgxfwv wr d wklug pdunhw1 Wklv doorzv xv wr sxw dvlgh

wkh riwhq0frqvlghuhg fkdqjhv lq frqvxphu vxusoxv uhvxowlqj iurp sulfh fkdqjhv1 Dvvxph

olqhdu ghpdqg/ s @ 4 � +t? . tr,/ zkhuh t� +l @ q> v, lv wkh rxwsxw ri wkh l0�up1 Iru

vlpsolflw|/ dvvxph wkdw wkh �upv kdyh frqvwdqw pdujlqdo frvw ri surgxfwlrq dqg zlwkrxw

orvv ri jhqhudolw|/ dvvxph wklv frvw wr eh }hur1 Wkh �upv frpshwh lq txdqwlw| +l1h1/ lq

Frxuqrw idvklrq,1

Zh frqvlghu wkh iroorzlqj vhtxhqfh ri pryhv1 Lq wkh �uvw vwdjh/ wkh Q0�up pdnhv lwv

olfhqvlqj ghflvlrq dqg wkh �upv wrjhwkhu ghflgh rq wkh olfhqvlqj ihh1 Lq wkh vhfrqg vwdjh/

erwk jryhuqphqwv vhw wkhlu uhvshfwlyh wd{ srolflhv/ lq d qrq0frrshudwlyh zd|1 Lq wkh �qdo

vwdjh/ wkh �upv surgxfh dqg frpshwh lq wkh surgxfw pdunhw1 Zh zloo ghulyh dqg dqdo|}h

wkh vxejdph shuihfw Qdvk htxloleulxp +VSQH,1

Lw lv zruwk vwuhvvlqj wkdw lq frqwudvw wr prvw vwxglhv +zlwk wkh h{fhswlrq ri Xosk/ 4<<9,/ zh

dvvxph wkdw wkh jryhuqphqwv pryh lq wkh vhfrqg vwdjh1 E| wklv/ zh gr qrw lqwhqg wr dujxh

wkdw jryhuqphqwv fdq qhyhu pdnh hduolhu frpplwphqwv ehiruh wkh �upv* whfkqrorj| wudqvihu

ghflvlrq/ exw zh kdyh wzr uhdvrqv iru frqvlghulqj wklv vhtxhqfh1 Iluvw/ rqfh whfkqrorj| lv

wudqvihuuhg/ lw lv luuhyhuvleoh/ exw wkh jryhuqphqwv fdq dozd|v fkdqjh wkhlu srolflhv1 Vhfrqg/

wkh zruog lv qrz lq dq hud lq zklfk frxqwulhv duh qhjrwldwlqj derxw wkh hqylurqphqwdo

lvvxhv dqg wkhvh qhjrwldwlrqv zloo vxuho| ohdg wr fkdqjhv lq hqylurqphqwdo srolflhv lq wkh

qhdu ixwxuh1 Dqwlflsdwlqj wklv/ �upv pd| dfw hduolhu ehiruh wkh srolf| fkdqjhv1 Zh vhhn wr

h{dplqh krz wkh �upv ehkdyh lq wklv uhjdug dqg krz wkhlu ghflvlrqv d�hfw ixwxuh srolf|

fkdqjhv1

5141 D vxejdph zlwkrxw whfkqrorj| wudqvihu

Lq wklv vxevhfwlrq/ zh irfxv rq wkh vxejdph shuihfw htxloleulxp lq zklfk wkhuh lv qr

whfkqrorj| wudqvihu lq wkh �uvw vwdjh1 Jlyhq dq| wd{ srolflhv/ w @ iw?> wrj> ri wkh vhfrqg

vwdjh/ hdfk �up*v sur�w ixqfwlrq lv jlyhq dv �� @ +s� w�h�,t� dqg wkh htxloleulxp rxwsxw dqg
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sur�wv duh tf� @ +4� 5w�h� . w�h�,@6 dqg �f� @ +4� 5w�h� . w�h�,
2@</ uhvshfwlyho|/ zkhuh dqg

khuhdiwhu vxshuvfulsw 3 ghqrwhv qr whfkqrorj| wudqvihu1 Lq wklv fdvh/ tf� dqg �f� frqvwlwxwh

wkh wklug0vwdjh htxloleulxp1

D frxqwu|*v zhoiduh lv htxdo wr wkh vxp ri lwv �up*v sur�w/ wkh srooxwlrq glvxwlolw| iru lwv

srsxodwlrq dqg wd{ uhyhqxh=

Z f

� @ �f� �G�+t
f

� h� . �tf� h�, . w�h�t
f

� > +4,

zkhuh � 5 +3> 4,phdvxuhv wkh ghjuhh ri wudqverxqgdu| srooxwlrq dqg wkh glvxwlolw| ixqfwlrq/

G�+�,> kdv wkh iroorzlqj surshuwlhv= G� A 3> G
�

� A 3 dqg G
��

� � 3=

Zh qrz dqdo|}h wkh vhfrqg vwdjh jdph/ lq zklfk hdfk jryhuqphqw fkrrvhv lwv wd{ srolf|

wr pd{lpl}h lwv frxqwu|*v zhoiduh/ Z f

� 1 Qrwh wkh �uvw0rughu ghulydwlyh lv
8

CZ f

�

Cw�
@

C+�f� . w�h�t
f

� ,

Cw�
�
C+h�t

f

� . �h�t
f

� ,

Cw�
G�

�> l> m @ q> v/ l 9@ m= +5,

Wkh �uvw whup wkhq lv qhjdwlyh/ vxjjhvwlqj wkdw hdfk jryhuqphqw whqgv wr surylgh d vxevlg|

+w� ? 3,1 Wklv lv wkh idploldu vwudwhjlf sur�w0vkliwlqj lqfhqwlyh1 Krzhyhu/ hdfk jryhuqphqw

dovr kdv wkh lqfhqwlyh wr glvfrxudjh surgxfwlrq lq rughu wr uhgxfh srooxwlrq1 Wklv lqfhqwlyh

lv fdswxuhg e| wkh vhfrqg whup ri +5,1 Li ^C+h�t
f

� .�h�t
f

� ,@Cw�` ? 3> l1h1/ wkh wrwdo srooxwlrq lq

frxqwu| l ghfuhdvhv dv w� lqfuhdvhv/ wkhq wkh vhfrqg whup lv srvlwlyh dqg wkxv wkh jryhuqphqw

ri wklv frxqwu| kdv dq lqfhqwlyh wr udlvh w�1 Zh uhihu wr wklv dv wkh srooxwlrq0uhgxflqj

lqfhqwlyh1 Wkh �qdo rxwfrph ri wkh srolf|/ l1h1/ zkhwkhu w� lv srvlwlyh +wd{, ru qhjdwlyh

+vxevlg|,/ ghshqgv xsrq wkh uhodwlyh ghjuhhv ri wkh srooxwlrq0uhgxflqj lqfhqwlyh dqg wkh

sur�w0vkliwlqj lqfhqwlyh1 Krzhyhu/ iru vx!flhqwo| vwurqj wudqverxqgdu| srooxwlrq/ ^C+h�t
f

� .

�h�t
f

� ,@Cw�` lv qrw qhfhvvdulo| qhjdwlyh ehfdxvh Ct
f

� @Cw� A 31 Iru h{dpsoh/ qrwh wkdw vlqfh wkh

Qruwk*v wd{ hqfrxudjhv wkh V0�up*v surgxfwlrq zkloh lw glvfrxudjhv wkh Q0�up*v surgxfwlrq/

dq lqfuhdvh lq wkh Qruwk*v wd{ pd| qrw eh deoh wr uhgxfh wkh wrwdo srooxwlrq ohyho lq wkh

Qruwk1 Wkdw lv/ C+h?t
f
? . �hrt

f
r,@Cw? pd| eh srvlwlyh1 Lq wklv fdvh/ wkh srooxwlrq0uhgxflqj

8Jlyhq (��

� D fc lw lv vwudljkwiruzdug wr yhuli| wkh vhfrqg0rughu dqg vwdelolw| frqglwlrqv iru rswlpdo

srolflhv= Y2`�*Y|
2

� 	 f dqg +Y2`?*Y|
2

?�EY
2`r*Y|

2

r�3+Y
2`?*Y|rY|?�EY

2`r*Y|?Y|r� : f�

8



lqfhqwlyh pryhv lq olqh zlwk wkh sur�w0vkliwlqj lqfhqwlyh/ dozd|v fdoolqj iru d vxevlg| lq wkh

Qruwk1

Wr pdnh wkh dqdo|vlv dv fohdu dv srvvleoh/ zh irfxv rq d vshfldo glvxwlolw| ixqfwlrq iurp

qrz rq= G�+{, @ ��{/ zkhuh sdudphwhu �� fdswxuhv uhjlrqdo gl�huhqfh uhjduglqj srooxwlrq

glvxwlolw|1 Dvvxph �? A �r A 3=9 Wkhq/ vhwwlqj CZ f

� @Cw� @ 3 iurp +5, jlyhv wkh �uvw0rughu

frqglwlrq iru rswlpl}dwlrq/ iurp zklfk zh fdq ghulyh hdfk jryhuqphqw*v srolf| uhdfwlrq

ixqfwlrq=

w�+w�, @
4

7h�
^6+5h� � �h�,�� � h�w� � 4`/ l> m @ q> v dqg l 9@ m= +6,

Wkh wzr uhdfwlrq fxuyhv/ Uf
? dqg Uf

r> duh ghslfwhg lq Iljxuh 41 Lw lv vwudljkwiruzdug wr

frpsxwh wkh htxloleulxp srolflhv/ ghqrwhg wf? dqg wfr/

wf� @
4

8h�
^7+5h� � �h�,�� � +5h� � �h�,�� � 4` @

4

8h�
^+;�� . ���,h� � 5+�� . 5���,h� � 4`=

+7,

Vrph lqwhuhvwlqj surshuwlhv ri wkh deryh htxloleulxp srolflhv vkdoo eh sduwlfxoduo| khosixo

lq xqghuvwdqglqj wkh pdlq uhvxowv lq wkh sdshu dqg wkhuhiruh wkh| duh vxppdul}hg lq wkh

iroorzlqj ohppd=

Ohppd 4= Wkh htxloleulxp hqylurqphqwdo wd{hv lq wkh fdvh ri qr whfkqrorj| wudqvihu kdyh

wkh iroorzlqj surshuwlhv=

+l,
Cwf�
C��

A 3>
Cwf�
C��

? 3> +ll,
Cwf�
Ch�

A 3>
Cwf�
Ch�

? 3> +lll,
Cwf?
C�

? 3=

Surri= Iluvw/ edvhg rq +7,/ zh rewdlq Cwf� @ C�� @ 7+5h� � �h�,@8h�= Lw lv reylrxvo| srvlwlyh

iru l @ v= Iru l @ q> zh dovr kdyh 5h? � �hr A 3 vlqfh zh zloo lpsrvh d frqglwlrq/ F4+l,/

odwhu lq wklv vhfwlrq wr hqvxuh wkdw wkh rswlpdo srolf| lq hdfk frxqwu| lv lqghhg wd{dwlrq1

9Pdq| idfwruv pd| jlyh ulvh wr wklv dvvxpswlrq/ iru h{dpsoh/ wkdw wkh Qruwk kdv kljkhu lqfrph wkdq wkh

Vrxwk/ ru wkdw shrsoh lq wkh Qruwk kdyh vwurqjhu hqylurqphqwdo dzduhqhvv wkdq gr wkrvh lq wkh Vrxwk1

9



Vhfrqg/ dqg iru wkh vdph uhdvrq/ zh rewdlq Cwf� @ C�� @ �+5h� � �h�,@8h� ? 31 Wklug/ Cwf� @

Ch� @ +4 . 5h��� . 7�h���,@8h
2

� A 3 dqg Cwf� @ Ch� @ �+�� . 5���,@8h� ? 3= Ilqdoo|/ Cwf?@

C� @ +h?�r � 7hr�?,@8h? ? 3 ehfdxvh h? ? hr dqg �r ? �?1 �

?Iljxuh 4 derxw khuhA

Wkh lqwxlwlrqv ehklqg wkhvh uhvxowv duh dv iroorzv1 Iluvw/ zh glvfxvv wkh h�hfw ri �� rq

htxloleulxp srooxwlrq wd{hv1 Wkh uhvxow ri Cwf� @C�� A 3 lv vwudljkwiruzdug vlqfh +pdujlqdo,

srooxwlrq gdpdjh lv kljkhu zkhq �� jrhv xs1 Wkh uhvxow ri Cwf� @C�� ? 3 frphv iurp wkh idfw

wkdw wkh srolf| +srooxwlrq wd{hv, uhdfwlrq ixqfwlrqv duh grzqzdug0vorslqj/ l1h1/ wkh srolflhv

duh vwudwhjlf vxevwlwxwhv1 Wkhuhiruh/ d odujhu �� ohdgv wr d kljkhu wd{ lq frxqwu| m> zklfk lq

wxuq uhvxowv lq d orzhu wd{ lq frxqwu| l1 Wkhvh wzr lqhtxdolwlhv wrjhwkhu vxjjhvw wkdw li wkh

wzr frxqwulhv duh gl�huhqw rqo| ehfdxvh wkh Qruwk kdv kljkhu pdujlqdo srooxwlrq gdpdjh

wkdq wkh Vrxwk kdv +l1h1/ �? A �r,/ wkhq wkh Qruwk zloo vhw d kljkhu wd{ wkdq wkh Vrxwk +l1h1/

wf? A wfr,1

Vhfrqg/ wkh h�hfw ri h� rq htxloleulxp srooxwlrq wd{hv fdq eh looxvwudwhg dv iroorzv1 Iru

h{dpsoh/ d uhgxfwlrq ri hr zrxog vkliw wkh Qruwkhuq jryhuqphqw*v uhdfwlrq fxuyh rxwzdug wr

UA
? ^vlqfh Cw?@Chr @ �+6��? . wr,@7h? ? 3 iurp +6,` exw zrxog vkliw wkh Vrxwkhuq jryhuq0

phqw*v uhdfwlrq fxuyh lqzdug wr UA
r /

: dqg zh wkhuhiruh kdyh Cwf� @Ch� A 3 dqg Cwf� @Ch� ? 3

+vhh Iljxuh 4,1 Wkh lqhtxdolw| Cwf� @Ch� A 3 lqglfdwhv wkdw d frxqwu| zloo orzhu lwv wd{ li

lwv �up ehfrphv pruh h!flhqw1 Qrwlfh wkdw Cwf� @ Ch� fdq eh ghfrpsrvhg lqwr wzr sduwv/

+4 . 5h���,@8h
2

� dqg 7�h���@8h
2

� +vhh wkh surri,/ dqg erwk duh srvlwlyh1 Wkh �uvw sduw lv

dvvrfldwhg zlwk wkh vwudwhjlf h�hfw ri �sur�w0vkliwlqj� dqg wkh vhfrqg sduw lv dvvrfldwhg

zlwk wkh wudqverxqgdu| h�hfw ri �fduerq ohdndjh�1 Wkh vwudwhjlf h�hfw lv vlplodu wr d zhoo0

nqrzq uhvxow lq wkh vwudwhjlf wudgh olwhudwxuh/ wkdw lv/ �vxevlglhv� vkrxog eh kljkhu iru pruh

h!flhqw �upv +Qhdu|/ 4<<7,1 D orzhu hqylurqphqwdo wd{ khuh sod|v wkh uroh ri d �vxevlg|�

:Wr vhh wklv/ qrwh wkdw iurp wkh uhdfwlrq ixqfwlrq/ Y|r*Yer ' tSq
?
er3 d�E2er3�e?�qr3e?|?3�o�*ee2r '

E�q
r
3 2|r�*2er� Wkh pd{lpxp iru |r lv zkhq er ' f/ dw zklfk/ iurp wkh Vrxwkhuq jryhuqphqw*v uhdfwlrq

ixqfwlrq/ |r ' d�E2er 3 �e?�qr 3 �o*eer/ zklfk lv vpdoohu wkdq �q
r
*21 Khqfh/ |r 	 �q

r
*2 iru doo |r/ dqg vr

Y|r*Yer : f�

:



wr wkh grphvwlf �up1 Rq wkh rwkhu kdqg/ wkh Qruwk dovr fduhv derxw wkh srooxwlrq jhqhudwhg

e| wkh Vrxwk xvlqj wkh ohvv0h!flhqw whfkqrorj|/ fdoohg �fduerq ohdndjh� lq vrph vlwxdwlrqv1

Zlwk d pruh0h!flhqw whfkqrorj|/ wkh Qruwk zrxog ehqh�w iurp d orzhu srooxwlrq wd{ vlpso|

ehfdxvh lw zrxog glvfrxudjh surgxfwlrq +dqg khqfh srooxwlrq, lq wkh Vrxwk1 Wkh uhvxowv ri

Cwf� @Ch� ? 3 fdq eh xqghuvwrrg vlploduo|1

Sduwv +l, dqg +ll, ri Ohppd 4 vxjjhvw wkdw li �? lv vx!flhqwo| odujhu wkdq �r +h1j1/ gxh wr

wkh lqfrph h�hfw,/ wkh srooxwlrq wd{ lq wkh Qruwk zloo eh kljkhu hyhq wkrxjk lw kdv pruh

h!flhqw whfkqrorj|1 Zh dvvxph wkdw wklv lv wkh fdvh iru rxu dqdo|vlv1

Ilqdoo|/ wkh lqwxlwlrq iru wkh uhvxow ri Cwf?@C� ? 3 lv djdlq dvvrfldwhg zlwk wkh wudqverxqg0

du| h�hfw ri fduerq ohdndjh1 Zkhq wudqverxqgdu| srooxwlrq ehfrphv vhyhuh +� lv odujhu,/

wkh Qruwk zrxog orzhu lwv srooxwlrq wd{ wr glvfrxudjh surgxfwlrq lq wkh Vrxwk1 Wkh h�hfw ri

vxfk d pryh rq wkh Vrxwkhuq srolf| +Cwfr@C�,/ krzhyhu/ lv dpeljxrxv1 Wkh gl�huhqfh vwhpv

iurp wkh idfw wkdw wkh Qruwk kdv fohdqhu whfkqrorj| wkdq wkh Vrxwk +khqfh wkh Qruwk kdv

d vwurqjhu lqfhqwlyh wr orzhu wkh wd{, dqg wkh wzr srolfhv duh vwudwhjlf vxevwlwxwhv1

Zh qrz uhvwulfw wkh sdudphwhuv ydoxhv vr wkdw revhuyhg rxwfrphv duh dwwdlqhg= wf� A 3

dqg wf? A wfr1 Rxwfrph w
f

� A 3 edvlfdoo| vd|v wkdw wkh sur�w0vkliwlqj lqfhqwlyh lv grplqdwhg

e| wkh srooxwlrq0uhgxflqj lqfhqwlyh lq erwk frxqwulhv1 Dv d uhvxow/ wklv prgho gl�huv iurp

pdq| rwkhuv wkdw hpskdvl}h wkh vwudwhjlf uroh ri hqylurqphqwdo srolflhv1 Wklv frqglwlrq dovr

wudqvodwhv wr wkh iroorzlqj frqglwlrqv rq wkh sdudphwhuv +jlyhq wkdw h? ? hr, dqg wkhuhiruh

zh dvvxph

F4= +l,1
4

5
�hr ? h? dqg +ll,1

4 . +5h� � �h�,��
7+5h� � �h�,

? �� ?
7+5h� � �h�,�� � 4

+5h� � �h�,
=

Wkh deryh frqglwlrqv fdq eh hdvlo| lqwhusuhwhg1 F4+l, vkrzv wkdw wkh wudqverxqgdu| sroox0

wlrq vkrxog qrw eh wrr vhulrxv ehfdxvh rwkhuzlvh wkh Qruwk pd| dfwxdoo| vxevlgl}h lwv �up

+uhihuulqj wr wkh surshuw| Cwf?@C� ? 3,1 Lq oljkw ri wklv/ zh ixuwkhu dvvxph � ? 4@51 Wkh �uvw

lqhtxdolw| lq F4+ll, vd|v wkdw �� qhhgv wr eh vx!flhqwo| odujh vr wkdw wkh srooxwlrq0uhgxflqj

lqfhqwlyh grplqdwhv wkh sur�w0vkliwlqj lqfhqwlyh +uhihuulqj wr Cwf� @C�� A 3,= Krzhyhu/ li ��

lv wrr odujh/ wkh rwkhu frxqwu| pd| hqg xs vxevlgl}lqj lwv �up gxh wr vwudwhjlf vxevwlwxwhv

;



ri wkh srolflhv +uhihuulqj wr Cwf�@C�� ? 3,1 Wklv fdq eh dyrlghg e| wkh vhfrqg lqhtxdolw| ri

F4+ll,1 F4+ll, dovr lpsolhv �� A 4@6+5h� � �h�,=

Iru wf? A wfr wr eh wkh rxwfrph/ zh lpsrvh wkh qhfhvvdu| dqg vx!flhqw frqglwlrq=

F5= +;� �,+�? � �r,h?hr A 5^+�r . 5��?,h
2

r � +�? . 5��r,h
2

?` . +hr � h?,=

Edvlfdoo|/ F5 lv pruh olnho| wr eh vdwlv�hg e| d odujhu �?��r/ d vpdoohu hr�h? dqg d vpdoohu

�1 Wr vhh zk|/ zh �uvw vhw � @ 3 lq rughu wr irfxv rq wkh h�hfwv ri wkh whfkqrorj| dqg wkh

suhihuhqfh1 F5 uhgxfhv wr 5h?+�?��r,+7hr.h?, A +hr�h?,^5�r+h?.hr,.4`> zklfk lv pruh

olnho| wr krog iru d odujhu gl�huhqfh ehwzhhq �? dqg �r dqg d vpdoohu gl�huhqfh ehwzhhq hr

dqg h?1 Dffruglqj wr Ohppd 4/ d odujhu �? +iru jlyhq �r, lqfuhdvhv w
f
? dqg ghfuhdvhv wfr>

zkloh d vpdoohu hr +iru jlyhq h?, dovr lqfuhdvhv w
f
? dqg ghfuhdvhv wfr=

Zh qh{w irfxv rq wkh h�hfw ri �1 Qrwh wkdw wkh OKV ri F5 lv ghfuhdvlqj zlwk � exw wkh

UKV lv lqfuhdvlqj zlwk � +CUKV@C� @ 7+�?h
2
r � �rh

2
?, A 3,= Khqfh/ F5 lv ohvv olnho| wr

krog iru d odujhu �1 Uhfdoo wkh h�hfw ri � rq wkh htxloleulxp srolflhv glvfxvvhg deryh= dq

lqfuhdvh lq � uhvxowv lq d vpdoohu wf?/ exw wkh h�hfw rq wfr lv dpeljxrxv1 Li lw uhvxowv lq d

odujhu wfr/ wkhq reylrxvo| wkh lqhtxdolw| wf? A wfr ehfrphv ohvv olnho| wr krog1 Li/ krzhyhu/

dq lqfuhdvh lq � dovr uhvxowv lq d vpdoohu wfr/ wkh uhgxfwlrq ri wfr lv vpdoohu wkdq wkdw ri wf?>

ehfdxvh C+wf?� wfr,@C� @ 6�?+h?� hr,@8h? ? 31 Wkhuhiruh/ wkh lqhtxdolw| wf? A wfr lv dovr ohvv

olnho| wr krog1

5151 D vxejdph zlwk whfkqrorj| wudqvihu

Zh qrz wxuq wr ghulydwlrq ri wkh VSQH lq zklfk whfkqrorj| wudqvihu wdnhv sodfh lq wkh

�uvw vwdjh1 Dvvxph wkdw wkh olfhqvh ihh/ i> fdqqrw eh pdgh frqwlqjhqw rq wkh vhfrqg0vwdjh

jryhuqphqw srolflhv1 Wkh ihh lv frpsohwho| vshfl�hg dqg wkh V0�up sd|v lw wr wkh Q0�up

ehiruh wkh vhfrqg0vwdjh jdph ehjlqv1 Wkhq/ jlyhq iw> ij> wkh �upv* sur�w ixqfwlrqv duh

�? @ +s � w?h?,t? . i dqg �r @ +s � wrh?,tr � i / uhvshfwlyho|1 Zh fdq frpsxwh wkh

htxloleulxp rxwsxwv dv tA� @ +4�5w�h?. w�h?,@6 dqg wkh htxloleulxp sur�wv dv �A? @ �|?.i

dqg �Ar @ �|r � i> zkhuh

�|� @ +4� 5w�h? . w�h?,
2@< +8,

<



lv wkh l0�up*v pdunhw sur�w dqg khuhdiwhu zh xvh vxshuvfulswv W dqg w wr ghqrwh wkh whfk0

qrorj| wudqvihu1

Lq wkh vhfrqg vwdjh/ wkh jryhuqphqwv fkrrvh wkhlu wd{hv wr pd{lpl}h wkhlu uhvshfwlyh

zhoiduh/ ZA
� @ �A� �G�+t

A
� h?.�tA� h?,.w�h?t

A
� 1 Lw lv hdv| wr fdofxodwh wkh htxloleulxp wd{hv

wA� @
4

8h?
^h?+5� �,+7�� � ��,� 4`= +9,

Qrwh wkdw wA? A wAr vlqfh �? A �r1 Lq dgglwlrq/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru

wA� A 3 duh

F6=
4 . h?+5� �,��

7h?+5� �,
? �� ?

7h?+5� �,�� � 4

h?+5� �,
=

Wkh lqhtxdolwlhv dovr lpso| wkdw �� A 4@6h?+5� �,1

Qrwh wkdw wkh deryh htxloleulxp uhvxowv fdq dovr eh rewdlqhg e| vhwwlqj hr @ h? lq wkh

suhylrxv vhfwlrq1 Khqfh/ wkh surshuwlhv ri wA� fdq eh vlploduo| ghulyhg dqg xqghuvwrrg dqg

frqglwlrq F6 fdq eh vlploduo| lqwhusuhwhg1

Ohw xv frpsduh hdfk frxqwu|*v htxloleulxp wd{ zlwk whfkqrorj| wudqvihu wr wkdw zlwkrxw

whfkqrorj| wudqvihu1 Gh�qlqj �wr � wfr� wAr dqg �w? � wA?� wf?> zh rewdlq

�wr @
4

8h?hr
+hr � h?,^5+�? . 5��r,h? . 4` A 3 dqg

C�wr
Chr

A 3>

�w? @
5

8h?
+hr � h?,+�r . 5��?, A 3 dqg

C�w?
Chr

A 3=

Sursrvlwlrq 4 ehorz dqg Iljxuh 5 vkrz wkh udqnlqj ri doo wd{hv1

Sursrvlwlrq 4= +l, Wkh Vrxwkhuq +uhvs1 Qruwkhuq, srooxwlrq wd{ lv orzhu +uhvs1 kljkhu,

zlwk whfkqrorj| wudqvihu wkdq zlwkrxw/ wkdw lv/ wAr ? wfr dqg wA? A wf?1 +ll, Wkh gl�huhqfh

ehwzhhq wkh wd{ zlwk whfkqrorj| wudqvihu dqg wkdw zlwkrxw lv odujhu iru wkh Vrxwk wkdq iru

wkh Qruwk= �wr A �w?=

Surri= +l, Wkh uhvxowv duh rewdlqhg e| gluhfwo| frpsdulqj +7, dqg +9,1 +ll, Qrwh wkdw
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�wr ��w? @
4

8h?hr
+hr � h?,^5+�? . 5��r,h? . 4� 5+�r . 5��?,hr`>

dqg vr �wr��w? A 3 li dqg rqo| li +�r.5��?,hr�+�?.5��r,h? ? 4@51 Vlqfh hr A h?/ wkh

OKV ri wklv frqglwlrq lv ohvv wkdq +�r.5��?,h?� +�?.5��r,h? @ h?+�?��r,+5�� 4, � 3

vlqfh � � 4@5= �

?Iljxuh 5 derxw khuhA

Sduw +l, ri Sursrvlwlrq 4 frqwudglfwv pdq| shrsoh*v shufhswlrqv ehfdxvh lw vkrzv wkdw

diwhu whfkqrorj| wudqvihu/ wkh rswlpdo srooxwlrq wd{ iru wkh Vrxwk ehfrphv orzhu1 Krzhyhu/

xvlqj Ohppd 4/ zh fdq hdvlo| xqghuvwdqg wklv rxwfrph1 Whfkqrorj| wudqvihu orzhuv hr dqg

d frxqwu|*v wd{ lv orzhu zlwk wkh fohdqhu whfkqrorj|1 Dowhuqdwlyho|/ rqh fdq dovr xqghuvwdqg

wkh lqwxlwlrq edvhg rq Cwfr@Chr A 3 dqg Cwf?@Chr ? 3 +Ohppd 4, ru Iljxuh 41 Sduw +ll, ri

Sursrvlwlrq 4 vd|v wkdw whfkqrorj| wudqvihu orzhuv wkh Vrxwk*v wd{ pruh wkdq wkh lqfuhdvh lq

wkh Qruwk*v wd{1 Dv d uhvxow/ wkh dyhudjh wd{ udwh lv orzhu wkdq zlwkrxw whfkqrorj| wudqvihu1

Wklv lv vlpso| ehfdxvh wkh dyhudjh whfkqrorj| kdv ehhq lpsuryhg e| whfkqrorj| wudqvihu1

5161 Htxloleulxp fkrlfh ri whfkqrorj| wudqvihu

Zlwk wkh dqdo|vhv lq wkh suhylrxv wzr vxevhfwlrqv/ zh duh qrz uhdg| wr h{dplqh wkh �uvw

vwdjh ri wkh jdph uhjduglqj whfkqrorj| wudqvihu1

Vxssrvh wkh Q0�up lv zloolqj wr wudqvihu lwv whfkqrorj| wr wkh V0�up1 Wkhq/ wkh wzr �upv

edujdlq ryhu wkh sulfh ri wkh whfkqrorj|1 Iroorzlqj Ndw} dqg Vkdslur +4<;8,/ zh dvvxph

wkdw wklv sulfh lv d �{hg ihh +qr ur|dow|,/ i 1 Dvvxplqj wkdw wkh Q0�up*v edujdlqlqj srzhu

lv � 5 +3> 4, dqg wkdw ri wkh V0�up lv 4 � �> wkh htxloleulxp wudqvihu sulfh lv jlyhq e|

iW @ dujpd{ +�A? ��f?,
k+�Ar ��fr,

�3k= Fkrrvlqj i wr pd{lpl}h +�A? ��f?,
k+�Ar ��fr,

�3k ru/

htxlydohqwo|/ wr pd{lpl}h �oq+�|? . i � �f?, . +4��,oq+�|r � i � �fr, |lhogv wkh htxloleulxp

ihh

iW @ �+�|r � �fr, . +4� �,+�f? � �|?,= +:,
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Zh qrz vkrz wkdw dv d uhvxow ri whfkqrorj| wudqvihu dqg wkh vhfrqg0vwdjh srolf| fkdqjhv/

wkh V0�up jdlqv lq wkh pdunhw +l1h1/ �|r A �fr, zkloh wkh Q0�up orvhv +l1h1/ �f? A �|?,= Doo

fkdqjhv uhvxowlqj iurp wkh whfkqrorj| wudqvihu jlyh ulvh wr wklv pdunhw0sur�w uhglvwulexwlrq1

Rq wkh rqh kdqg/ whfkqrorj| wudqvihu orzhuv wkh V0�up*v srooxwlrq frqwhqw iurp hr wr h?= Dv

d uhvxow/ iru wkh vdph wd{ udwh/ wkh V0�up sd|v ohvv dprxqw/ uhgxflqj wkh pdujlqdo �frvwv�1

Ixuwkhupruh/ dv vkrzq lq Sursrvlwlrq 4/ whfkqrorj| wudqvihu lqgxfhv wkh Vrxwk wr orzhu lwv

wd{ udwh iurp wfr wr wAr > zklfk ixuwkhu uhgxfhv wkh V0�up*v pdujlqdo �frvwv�1 Rq wkh rwkhu

kdqg/ wkh Qruwk udlvhv lwv wd{ udwh iurp wf? wr wA? / uhvxowlqj lq kljkhu pdujlqdo �frvwv� wr

wkh Q0�up1 Hdfk ri wkhvh fkdqjhv ohdgv wr d kljkhu pdunhw sur�w iru wkh V0�up dqg d orzhu

pdunhw sur�w iru wkh Q0�up= Ehfdxvh ri wklv uhglvwulexwlrq ri pdunhw sur�wv/ wkh V0�up lv

uhtxluhg wr sd| +iW A 3, wr wkh Q0�up iru wkh whfkqrorj|1 Wkh htxloleulxp ihh jlyhq e| +:,

lv fkrvhq wr fryhu sduw ri wkh Q0�up*v orvvhv +�f?��
|
?, dqg wr vkduh sduw ri wkh V0�up*v jdlqv

+�|r � �fr,/ zlwk wkh sursruwlrqv ghwhuplqhg dffruglqj wr wkhlu uhodwlyh edujdlqlqj srzhuv1

Zh qrz h{dplqh wkh frqglwlrqv iru whfkqrorj| wudqvihu wr wdnh sodfh1 Iluvw/ wkh V0�up

lv zloolqj wr sd| iru wkh Qruwkhuq whfkqrorj| li dqg rqo| li lwv uhwxuq zloo eh lpsuryhg=

�Ar � �fr A 3= Xvlqj +:,/ wklv frqglwlrq lv htxlydohqw wr

�|r � �fr A �f? � �|? ru �|? . �|r A �f? . �fr= +;,

Wkh lqwhusuhwdwlrq ri wkh deryh frqglwlrq lv vlpsoh= Vr orqj dv wkh pdunhw0sur�w jdlq e|

wkh V0�up rxwzhljkv wkh pdunhw0sur�w orvv ri wkh Q0�up/ ru wkh mrlqw pdunhw sur�wv zlwk

whfkqrorj| wudqvihu duh odujhu wkdq zlwkrxw/ wkh V0�up lv zloolqj wr sd| iW iru wkh whfkqrorj|

+Wluroh/ 4<;;,1 Vhfrqg/ wkh Q0�up lv zloolqj wr wudqvihu lwv whfkqrorj| li dqg rqo| li lwv uhwxuq

zloo eh hqkdqfhg= �A? � �f? A 3= Xvlqj +:,/ zh �qg wkdw wklv frqglwlrq lv htxlydohqw wr +;,1

Wkdw lv/ wkh wzr �upv kdyh wkh vdph lqfhqwlyhv wr wudqvihu wkh whfkqrorj| dqg wkh uhdvrq

iru wklv lv wkdw Qdvk edujdlqlqj zlwk prqhwdu| wudqvihu ixoo| lqwhuqdol}hv wkh qhjdwlyh h�hfw

rq hdfk rwkhu*v sd|r�/ uhvxowlqj lq wkh pd{lpl}dwlrq ri wkh mrlqw sur�wv1

Vxevwlwxwlqj lq +;, zlwk wkh htxloleulxp sur�wv rewdlqhg iurp wkh suhylrxv wzr vhfwlrqv

|lhogv wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru whfkqrorj| wudqvihu lq wkh �uvw vwdjh=
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wfr+hr � h?,+5� 8wfrh? � 8wfrhr . ;wf?h?, .Dh? A 3> +<,

zkhuh D � +�wr ��w?,^5+4� 5wfrh? . wf?h?, . 6h?+�wr .�w?,` . 9h?+w
f
? � wfr,+�wr . 5�w?,=

5171 Srolf| dgmxvwphqw dqg whfkqrorj| wudqvihu

Zh kdyh vhhq lq Sursrvlwlrq 4 krz wkh �uvw0vwdjh htxloleulxp ri wkh whfkqrorj| wudqvihu

d�hfwv wkh vhfrqg0vwdjh htxloleulxp ri wkh srooxwlrq wd{1 Lq wklv vxevhfwlrq/ zh ghsduw iurp

wkh VSQH e| frqvlghulqj dq r�0htxloleulxp fdvh lq zklfk wkh jryhuqphqwv dgkhuh wr wkh

srolflhv ~wf?/ w
f
r� ghvslwh wkh whfkqrorj| wudqvihu1 Wkh vroh sxusrvh ri wkh r�0htxloleulxp

dqdo|vlv lv wr h{dplqh wkh uroh ri wkh srolf| dgmxvwphqw lq d�hfwlqj whfkqrorj| wudqvihu1

Wklv zloo dovr khos xv wr xqghuvwdqg wkh fhqwudo lvvxh ri wkh suhvhqw vwxg|/ l1h1/ wkh lqwhusod|

ri PHD dqg whfkqrorj| wudqvihu/ wr eh dqdo|}hg lq vhfwlrq 61

Uhfdoo iurp wkh dqdo|vlv dw wkh ehjlqqlqj ri wklv vhfwlrq wkdw erwk jryhuqphqwv* srolf| dg0

mxvwphqwv lqfuhdvh wkh V0�up*v pdunhw sur�wv dqg uhgxfh wkh Q0�up*v pdunhw sur�w1 Edvhg

rq wkh edujdlqlqj rxwfrph +:,/ lw pxvw eh wuxh wkdw wkh wudqvihu ihh lv kljkhu zkhq wkh jry0

huqphqwv dgmxvw wkhlu srolflhv lq uhvsrqvh wr whfkqrorj| wudqvihu wkdq zkhq wkh jryhuqphqwv

nhhs wkhlu lqlwldo srolflhv iwf?> w
f
rj xqfkdqjhg1

Qrwh wkdw wkh r�0htxloleulxp pdunhw rxwfrphv/ lq zklfk whfkqrorj| wudqvihu wdnhv sodfh

exw wkh srolflhv duh vwloo iwf?> w
f
rj duh t

Af
� @ +4�5wf� h?.w

f

�h?,@6 dqg �
Af
� @+tAf� ,21 Vxevwlwxwlqj

wkhp lqwr wkh whfkqrorj| wudqvihu frqglwlrq/ vlplodu wr +<,/ zh rewdlq wkh fruuhvsrqglqj

qhfhvvdu| dqg vx!flhqw frqglwlrq iru whfkqrorj| wudqvihu= wfr+hr � h?,^5+t
Af
r . tfr,� +tAf? .

tf?,` A 3> zklfk fdq eh vlpsol�hg wr

wfr+hr � h?,+5� 8wfrh? � 8wfrhr . ;wf?h?, A 3= +43,

Qrwlfh wkdw e| vxevwlwxwlqj wf� / wkh whup lq wkh vhfrqg eudfnhw ri +43, lv htxdo wr ^:hr .

8h?.+:7�?� 8��?�73�r.5;��r,hrh?.43+�?.5��r,h
2
?� +89�r.6:��?,h

2
r`@8hr> zklfk

lv qhjdwlyh iru vx!flhqwo| odujh hr= Wkh lqwxlwlrq lv wkdw zkhq hr lv yhu| odujh/ wkh V0�up

surgxfhv yhu| olwwoh dqg wkh Q0�up lv doprvw d prqrsro| lq wkh surgxfw pdunhw1 Wkhuhiruh/
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wkh Q0�up kdv qr lqfhqwlyh wr wudqvihu whfkqrorj| wr wkh V0�up ehfdxvh wkdw zloo hurgh lwv

prqrsro| srzhu1; Wkxv/ whfkqrorj| wudqvihu zloo qrw rffxu zkhq wkh whfkqrorj| jds lv odujh1

Qrz zh frpsduh frqglwlrq +43, zlwk frqglwlrq +44,1 Iurp Sursrvlwlrq 4+l, dqg wf? A wfr

+xqghu F5,/ zh qrwh wkdw wkh vhfrqg whup lq D lv srvlwlyh1 Dovr qrwh wkdw +4�5wfrh?.w
f
?h?, @

6tAf lv srvlwlyh1 Wkxv/ iroorzlqj Sursrvlwlrq 4+ll,/ wkh �uvw whup lq D lv srvlwlyh vlqfh

� � 4@5= Khqfh/ D ? 3 dqg zh rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 5= Whfkqrorj| wudqvihu lv pruh olnho| wr rffxu li wkh jryhuqphqw lq wkh Vrxwk

+uhvs1 Qruwk, frxog qrq0frrshudwlyho| dgmxvw lwv srooxwlrq wd{ grzqzdug +uhvs1 xszdug, diwhu

whfkqrorj| wudqvihu wkdq li lw frxog qrw/ dowkrxjk wkh ihh iru whfkqrorj| wudqvihu lv kljkhu lq

wkh iruphu fdvh1

Wkh lqwxlwlrq iru wkh uhvxow/ wkdw whfkqrorj| wudqvihu lv pruh olnho| wr rffxu hyhq wkrxjk

wkh wudqvihu ihh lv kljkhu/ lv dv iroorzv1 Qrwlfh wkdw Sursrvlwlrq 4+ll, lpsolhv wf?.wfr A wA?.wAr 1

Wkdw lv/ wkh dyhudjh wd{ gursv diwhu wkh jryhuqphqwv dgmxvw wkhlu srolflhv1 Wkhuhiruh/ dqwlf0

lsdwlqj srolf| dgmxvwphqw/ wkh �upv nqrz wkdw wkhuh lv dq dgglwlrqdo jdlq iurp whfkqrorj|

wudqvihu ehfdxvh whfkqrorj| wudqvihu lqgxfhv d uhgxfwlrq lq wkh dyhudjh wd{/ uhvxowlqj lq d

odujhu wrwdo sur�w +wkh vxp ri wkh wzr �upv* sur�wv, iru wkhp wr vkduh1

61 PHDv dqg Whfkqrorj| Wudqvihu

Zh xvh d fdqrqlfdo vhw0xs iru PHDv1 Vshfl�fdoo|/ vxssrvh wkdw wkh Qruwk uhsuhvhqwv dq

PHD dqg zh irfxv rq wkh Vrxwkhuq jryhuqphqw*v ghflvlrq derxw vljqlqj wkh h{lvwlqj PHD/

udwkhu wkdq edujdlqlqj zlwk wkh Qruwk wr irup d qhz PHD1 Wklv lv dssolfdeoh wr pdq|

fxuuhqw PHDv/ zklfk kdyh wkh sulqflsoh ri rshq0phpehuvkls1 Pdq| idfwruv fdq d�hfw wkh

jryhuqphqw*v ghflvlrq1 Krzhyhu/ xqghuvwdqglqj wkh uroh ri whfkqrorj| wudqvihu lv lpsruwdqw1

Zh duh sduwlfxoduo| lqwhuhvwhg lq wkh iroorzlqj wzr txhvwlrqv1 Iluvw/ li wkh Q0�up wudqvihuv

lwv whfkqrorj| wr wkh V0�up/ zloo wkh jryhuqphqw lq wkh Vrxwk eh pruh ru ohvv zloolqj wr vljq

wkh PHDB Lq rwkhu zrugv/ grhv whfkqrorj| wudqvihu idflolwdwh h{sdqvlrq ri wkh PHD*v wr

lqfoxgh wkh VrxwkB Vhfrqg/ zloo wkh �upv eh pruh ru ohvv zloolqj wr wudqvihu wkh whfkqrorj|

;Wklv fdq eh hdvlo| vhhq iurp wkh frqglwlrq wkdw ohdgv wr +43,1 Zkhq er lv yhu| odujh/ wkh V0�up*v rxwsxw

lv vr vpdoo vxfk wkdw 2E^Afr n ^fr�3 E^Af? n ^f?� 	 f� Khqfh/ wkh frqglwlrq idlov wr krog1
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lq wkh suhvhqfh ri wkh PHDB Lq rwkhu zrugv/ grhv wkh sduwlflsdwlrq ri wkh Vrxwk lq wkh

PHD idflolwdwh hqylurqphqwdo whfkqrorj| wudqvihu +lq wkh sulydwh pdunhw,B

Lq rughu wr h{dplqh wkh deryh0phqwlrqhg lvvxhv/ zh frq�qh rxu dqdo|vlv wr wkh vlwxdwlrq

lq zklfk wkh h{lvwlqj htxloleulxp/ lq wkh devhqfh ri dq PHD/ lqyroyhv qr whfkqrorj| wudqvihu

iurp wkh Qruwk wr wkh Vrxwk/ l1h1/ frqglwlrq +<, grhv qrw krog1 Zh fkdudfwhul}h wkh PHD

djuhhphqw dv wkh rqh wkdw lqfoxghv wkh iroorzlqj wkuhh hohphqwv= +4, wkh Vrxwk*v dffhvvlrq

uhtxluhv lw wr udlvh lwv wd{ wr d suh0vshfl�hg ohyho w6 A wfr> +5, wkh Qruwk +wkh h{lvwlqj

phpehu ri PHD, grhv qrw orzhu lwv fxuuhqw wd{ udwh/ wf?> dqg +6, wkhuh lv d �{hg dprxqw

ri prqh|/ U/ wudqvihuuhg iurp wkh Qruwk wr wkh Vrxwk1 D glvfxvvlrq khuh lv xvhixo1 Qrwh

wkdw zh frqvlghu d jhqhudo vljqdwru| frqglwlrq lq wkh vhqvh wkdw wkh Vrxwk lv uhtxluhg wr

lqfuhdvh lwv hqylurqphqwdo wd{/ w6> zklfk grhv qrw kdyh wr eh htxdo wr ru juhdwhu wkdq wf?=

Vlqfh vxfk d srolf| fkdqjh orzhuv wkh Vrxwk*v zhoiduh dqg udlvhv wkh Qruwk*v zhoiduh ehfdxvh

ri wudqverxqgdu| srooxwlrq dqg frpshwlwlrq lq wkh surgxfw pdunhw/ frpshqvdwlrq iurp wkh

Qruwk wr wkh Vrxwk lv xqdyrlgdeoh1 Lq wkh uhdo zruog/ frpshqvdwlrq fdq wdnh ydulrxv irupv1

Iru vlpsolflw|/ zh frqvlghu rqo| oxps0vxp prqhwdu| frpshqvdwlrq/ fdswxuhg e| U1< Dv

phqwlrqhg hduolhu/ vlqfh zh gr qrw doorz wkh Vrxwk wr edujdlq zlwk wkh Qruwk/ erwk w6 dqg

U duh dvvxphg wr eh qrq0qhjrwldeoh frqvwdqwv143

6141 Zloo whfkqrorj| wudqvihu lqfuhdvh wkh Vrxwk*v lqfhqwlyh wr vljq wkh PHDB

Lw lv d frpprq ylhz wkdw ohvv0ghyhorshg frxqwulhv zrxog eh pruh olnho| wr vljq PHDv wr

lqfuhdvh wkhlu hqylurqphqwdo vwdqgdugv li wkh| frxog jdlq dffhvv wr wkh ehwwhu hqylurqphqwdo

whfkqrorj| iurp wkh ghyhorshg frxqwulhv1 Krzhyhu/ olwwoh dwwhqwlrq kdv ehhq sdlg wr d

srvvleoh rxwfrph lpsolhg e| rxu dqdo|vlv lq wkh suhylrxv vhfwlrq/ qdpho|/ wkdw whfkqrorj|

wudqvihu frxog dfwxdoo| pdnh lw ohvv olnho| iru wkh Vrxwk wr vljq wkh PHD1 Vshfl�fdoo|/

< Lq wkh uhdo zruog/ wkhuh duh rwkhu irupv ri ceulehv* wr lqgxfh wkh Vrxwk wr vljq PHDv1 Dv dovr glvfxvvhg

hduolhu/ vrph PHDv xvh wudgh phdvxuhv dv vxfk �fduurwv� dqg �vwlfnv�1 Lw lv qrw wkh sxusrvh ri wklv suhvhqw

sdshu/ krzhyhu/ wr wdnh sduw lq wklv glvfxvvlrq1
43D uhdvrq iru vxfk dq dvvxpswlrq lv wkdw zh duh pruh lqwhuhvwhg lq wkh rwkhu idfwru wkdw dovr d�hfwv wkh

Vrxwkhuq jryhuqphqw*v ghflvlrq= whfkqrorj| wudqvihu1 Lw lv reylrxv wkdw wkh Vrxwkhuq jryhuqphqw lv pruh

zloolqj wr dffhsw wkh djuhhphqw li - lv juhdwhu dqg |6 lv vpdoohu +forvhu wr |fr�1
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Sursrvlwlrq 4 vd|v wkdw wkh Vrxwkhuq jryhuqphqw kdv dq lqfhqwlyh wr orzhu/ udwkhu wkhq

udlvh/ lwv srooxwlrq wd{ diwhu lwv �up kdv dftxluhg wkh ehwwhu hqylurqphqwdo whfkqrorj| iurp

wkh Qruwk1 Vlqfh wkh Vrxwk*v rswlpdo srooxwlrq wd{ +wA? , pryhv ixuwkhu ehorz wkh PHD ohyho

w6/ lw vhhpv wkdw whfkqrorj| wudqvihu zrxog uhgxfh wkh Vrxwk*v lqfhqwlyhv wr vljq wkh PHD1

Wkdw vdlg/ krz fdq zh pdnh dq| vhqvh rxw ri wkh frpprq ylhzB Wr dqvzhu wklv txhvwlrq/

zh qhhg d uljrurxv frpsdulvrq ri wkh Vrxwk*v zhoiduh ohyhov lq gl�huhqw vlwxdwlrqv1 Lw zloo

eh vkrzq wkdw whfkqrorj| wudqvihu fdq hlwkhu lqfuhdvh ru ghfuhdvh wkh Vrxwk*v lqfhqwlyh wr

vljq wkh PHD1 Qrwlfh wkdw zlwk wkh jdph vshfl�hg hduolhu/ wkhuh duh srwhqwldoo| wkuhh fdvhv

uhjduglqj wkh Vrxwk*v ghflvlrq derxw vljqlqj wkh PHD1 Fdvh 4= lw vljqv wkh PHD zlwk ru

zlwkrxw whfkqrorj| wudqvihu lq wkh �uvw vwdjh> Fdvh 5= lw grhv qrw vljq wkh PHD zlwk ru

zlwkrxw whfkqrorj| wudqvihu lq wkh �uvw vwdjh> dqg Fdvh 6= lw vljqv wkh PHD li dqg rqo| li

wkhuh lv whfkqrorj| wudqvihu lq wkh �uvw vwdjh1 Iurp wkh PHD djuhhphqw iru wkh Vrxwk/ lw lv

txlwh reylrxv wkdw/ iru d vx!flhqwo| odujh U/ Fdvh 4 zloo eh wkh uhvxow dqg/ iru d vx!flhqwo|

vpdoo U/ Fdvh 5 zloo eh wkh uhvxow1 Whfkqrorj| wudqvihu grhv qrw d�hfw wkh Vrxwk*v ghflvlrq

lq erwk fdvhv1 Vlqfh zh duh pruh lqwhuhvwhg lq wkh uroh ri whfkqrorj| wudqvihu/ Fdvh 6 lv wkh

irfxv ri wkh dqdo|vlv ehorz1

Qrwlfh wkdw li wkh Vrxwkhuq jryhuqphqw vljqv wkh PHD zlwkrxw whfkqrorj| wudqvihu/ lwv

zhoiduh lv

Z6f

r +w6, @ �6r � �r+t
6
r hr . �t6? h?, . w6t6r hr .U> +44,

zkhuh t6r @ +4 � 5w6hr . wf?h?,@6/ t
6
? @ +4 � 5wf?h? . w6hr,@6/ dqg �6r @ +t6r ,21 Qrwh

wkdw wkh Vrxwk*v zhoiduh lv d ixqfwlrq ri wkh Vrxwkhuq wd{ +w6, dqg wkh Qruwkhuq wd{ dv

zhoo1 Lq wklv fdvh wkh Qruwkhuq jryhuqphqw zloo kdyh wr nhhs lwv wd{ xqfkdqjhg dw wf? diwhu

wkh Vrxwk vljqv wkh PHD dqg vr zh vlpso| gurs lw iurp wkh h{suhvvlrq1 Wr vhh zk| wkh

Qruwkhuq jryhuqphqw grhv qrw dowhu lwv wd{ lq uhvsrqvh wr wkh Vrxwk*v pryh/ uhfdoo wkdw

zlwkrxw whfkqrorj| wudqvihu dqg lq wkh devhqfh ri dq PHD/ wkh htxloleulxp wd{hv duh ~wf?/

wfrj1 Wkh PHD uhtxluhv wkdw wkh Vrxwk udlvh lwv wd{ xs wr w61 Vlqfh wkh wzr srolflhv duh

vwudwhjlf vxevwlwxwhv +Cw?@Cwr ? 3,/ lw lv rswlpdo iru wkh Qruwkhuq jryhuqphqw wr orzhu lwv
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wd{1 Exw wkh PHD frqvwudlqv wkh Qruwkhuq jryhuqphqw iurp orzhulqj lwv wd{1 Wkhuhiruh/

wkh frqvwudlqhg htxloleulxp wd{hv duh ~wf?/ w
6�1

Qrz vxssrvh whfkqrorj| wudqvihu rffxuv lq wkh �uvw vwdjh dqg wkh Vrxwk ghflghv wr vljq

wkh PHD1 Wkhq/ zkdw lv wkh Qruwkhuq jryhuqphqw*v rswlpdo fkrlfh iru wkh srooxwlrq wd{B

Iurp Ohppd 4/ qrwlfh wkdw wkhuh duh wzr rssrvlwh irufhv li wkh Qruwk frxog dgmxvw lwv srolf|1

Rq wkh rqh kdqg/ d ehwwhu hqylurqphqwdo whfkqrorj| iru wkh Vrxwk lqgxfhv wkh Qruwk wr

lqfuhdvh lwv srooxwlrq wd{ ehfdxvh ri d uhgxfwlrq ri wkh �fduerq0ohdndjh� h�hfw1 Rq wkh

rwkhu kdqg/ wkh lqfuhdvh ri wkh srooxwlrq wd{ lq wkh Vrxwk +iurp wfr wr w6, lqgxfhv wkh

Qruwk wr orzhu lwv srooxwlrq wd{ ehfdxvh ri wkh vwudwhjlf h�hfw lq wkh surgxfw pdunhw1 Iurp

+6, wkh Qruwkhuq jryhuqphqw*v srolf| uhdfwlrq fxuyh zlwk whfkqrorj| wudqvihu lv w?+wr, @

^6h?+5 � �,�? � h?wr � 4`@7h?= Zkhq wkh Vrxwk udlvhv lwv wd{ wr wkh PHD0vshfl�hg ohyho/

w6/ lw lv rswlpdo iru wkh Qruwk wr vhw w6? � ^6h?+5 � �,�? � h?w
6 � 4`@7h?1 Wkhuh duh wzr

srvvlelolwlhv/ hlwkhu w6? � wf? ru w6? A wf?/ ghshqglqj rq zklfk ri wkh wzr irufhv lv grplqdqw1

Dowkrxjk wkh PHD grhv qrw iruelg wkh Qruwk wr udlvh lwv wd{/ lq wklv vxevhfwlrq zh vkdoo

ghulyh rxu uhvxowv xvlqj wkh �uvw fdvh lq zklfk w6? � wf?1 Lq oljkw ri wkh PHD frqvwudlqw/ wkh

Qruwk grhv qrw orzhu exw nhhsv lwv srooxwlrq wd{ dw wf?= Lq wklv fdvh/ wkh Vrxwk*v zhoiduh lv

Z6A
r +w6, @ �6|

r � i6 � �r+t
6|
r h? . �t6|

? h?, . w6t6|
r h? .U> +45,
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sur�w lq wkh fdvh ri whfkqrorj| wudqvihu dqg wkh Vrxwk vljqlqj wkh PHD1 Wkh frqglwlrq

w6? � wf? lpsolhv w6 � ^6h?+5 � �,�? � 7h?w
f
? � 4`@h?= Wkdw lv/ wkhuh lv d plqlpxp ohyho ri

w61 Ylrodwlrq ri wklv uhtxluhphqw/ krzhyhu/ zloo qrw d�hfw wkh pdlq uhvxowv iru wkh uhvw ri

wklv sdshu1 Zh glvfxvv wklv diwhu zh rewdlq wkh pdlq uhvxowv +vhh irrwqrwhv 44 dqg 45,1

Wkh Vrxwk*v zhoiduh lq wkh fdvh ri qrw vljqlqj wkh PHD kdv ehhq dqdo|}hg ehiruh1 Li

wkhuh lv qr whfkqrorj| wudqvihu/ wkh zhoiduh lv Z f
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Zlwk wkh deryh suhsdudwlrq/ zh duh qrz uhdg| wr ghulyh frqglwlrqv iru wkh Vrxwk wr

vljq wkh PHD/ lq wkh fdvh ri whfkqrorj| wudqvihu dqg lq wkh fdvh ri qr whfkqrorj| wudqvihu/

uhvshfwlyho|1

Ohppd 5= +l, Vxssrvh wkhuh lv qr whfkqrorj| wudqvihu lq wkh �uvw vwdjh1 Wkhq/ wkh Vrxwk

grhv qrw vljq wkh PHD li dqg rqo| li

�Z f

r �
5

<
h2r+w

6 � wfr,
2 A U= +46,

+ll, Vxssrvh wkhuh lv whfkqrorj| wudqvihu lq wkh �uvw vwdjh1 Wkhq/ wkh Vrxwk vljqv wkh PHD

li dqg rqo| li

�ZA
r �

5h2?
<

+w6 � wAr ,
2 .

h?
<
+wA? � wf?,^5 . +wf? . wA? � w6,h? � 6�rh?+4� 5�,` � U= +47,

Surri= Vhh Dsshqgl{ +l,1 �

Lq +46,/ �Z f
r lv wkh Vrxwk*v zhoiduh uhgxfwlrq +h{foxglqj frpshqvdwlrq U, iurp vljqlqj

wkh PHD1 Fohduo|/ wklv uhgxfwlrq lv odujhu iru d kljkhu w6 vlqfh wkh PHD0vshfl�hg wd{ udwh/

w6 zrxog ghyldwh ixuwkhu dzd| iurp wkh Vrxwk*v rswlpdo wd{ ohyho/ wfr/ pdnlqj wkh Vrxwk ohvv

olnho| wr vljq wkh PHD +l1h1/ lqhtxdolw| +46, lv ohvv olnho| wr krog,1 Lw lv zruwk srlqwlqj rxw

wkdw wkh �uvw whup lq�ZA
r ri +47, fruuhvsrqgv wr�Z f

r ri +46,/ zlwk wkh vdph lqwhusuhwdwlrq/

exw�ZA
r kdv dq h{wud whup1 Wkdw whup frqwdlqv wf? ehfdxvh hyhq li whfkqrorj| wudqvihu wdnhv

sodfh/ wkh Qruwk vwloo vhwv wf? udwkhu wkdq wA? / surylghg wkdw wkh Vrxwk dgrswv wkh PHD ohyho

w6= Vkrxog wkh Qruwk vzlwfk iurp wf? wr wA? / lw lv hdv| wr vhh wkdw wklv h{wud whup zloo ydqlvk1

Hyhq lqfoxglqj wklv h{wud whup/ zh vwloo kdyh C�ZA
r @Cw

6 @ +h2?@<,^7+w
6�wAr ,�+wA?�w

f
r,` A 3>

iru � � 4@5/ ehfdxvh w6 � wAr A �wr dqg/ e| Sursrvlwlrq 4+ll,/ �wr A �w?= Wkdw lv/ wkh

Vrxwk lv ohvv olnho| wr vljq wkh PHD li w6 lqfuhdvhv1

Li erwk frqglwlrqv +46, dqg +47, duh vdwlv�hg/ wkhq wkh Vrxwkhuq jryhuqphqw grhv qrw

zdqw wr vljq wkh PHD zlwkrxw whfkqrorj| wudqvihu exw lw grhv zlwk whfkqrorj| wudqvihu1

Zkhq wklv rffxuv/ zh vd| wkdw wkh Vrxwkhuq jryhuqphqw*v lqfhqwlyh frpsdwlelolw| +ru JLF

lq vkruw, frqglwlrq lv vdwlv�hg1 Edvhg rq Ohppd 5/ wkhuh h{lvwv d prqhwdu| wudqvihu/ U>
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vxfk wkdw wkh JLF frqglwlrq krogv +l1h1/ erwk lqhtxdolwlhv +46, dqg +47, krog, li dqg rqo| li

�Z f
r lv juhdwhu wkdq �ZA

r 1 Dv zh duh ohvv lqwhuhvwhg lq wkh vl}h ri U exw rwkhu sdudphwhuv/

zh vlpso| vwdwh wkh JLF frqglwlrq dv

+JLF, = 5h2r+w
6 � wfr,

2 � 5h2?+w
6 � wAr ,

2 � h?+w
A
? � wf?,^5 . +wf? . wA? � w6,h? � 6�rh?+4� 5�,` A 3=

Wkhuhiruh/ li wklv JLF frqglwlrq lv vdwlv�hg/ wkh Vrxwk zloo vljq wkh PHD zlwk whfkqrorj|

wudqvihu exw zloo qrw vljq zlwkrxw whfkqrorj| wudqvihu1 Wkdw lv/

Sursrvlwlrq 6= Whfkqrorj| wudqvihu idflolwdwhv wkh Vrxwk*v sduwlflsdwlrq lq wkh PHD li

dqg rqo| li wkh JLF frqglwlrq krogv1

Vlqfh diwhu whfkqrorj| wudqvihu/ wkh Vrxwk*v rswlpdo ohyho ri srooxwlrq wd{ lv ixuwkhu ehorz

w6 +Sursrvlwlrq 4,/ zh fdq hdvlo| xqghuvwdqg zk| whfkqrorj| wudqvihu pd| qrw idflolwdwh

wkh Vrxwk*v PHD sduwlflsdwlrq1 Ohw xv wkhuhiruh irfxv rxu glvfxvvlrq rq wkh ohvv reylrxv

srvvlelolw|1 Wkh nh| wr xqghuvwdqglqj wkh srvvlelolw| wkdw whfkqrorj| wudqvihu idflolwdwhv

wkh Vrxwk*v PHD sduwlflsdwlrq lv wr uhdol}h wkdw wkh Vrxwk*v zhoiduh lv d ixqfwlrq ri lwv

hqylurqphqwdo whfkqrorj| dqg/ pruh lpsruwdqwo|/ wkdw wkh vkdsh ri wkh ixqfwlrq fkdqjhv

zlwk wkh hqylurqphqwdo whfkqrorj| lw xvhv1 Dv vkrzq lq Iljxuh 6/ zlwk ehwwhu whfkqrorj|/ wkh

vkdsh ri wkh Vrxwk*v zhoiduh ixqfwlrq lv  dwwhu/ uh hfwlqj wkh idfw wkdw wkh frvw ri lqfuhdvlqj

wkh srooxwlrq wd{ lv orzhu1 Wkh frqyhuvh lv wuxh zlwk d ohvv0h!flhqw hqylurqphqwdo whfkqrorj|1

?Iljxuh 6 derxw khuhA

Iljxuh 6 looxvwudwhv wkh Vrxwk*v zhoiduh xqghu ydulrxv vlwxdwlrqv1 Wkh Qruwk*v frpshqvd0

wlrq vkliwv wkh Vrxwk*v zhoiduh fxuyh +Z f
r +wr> w? @ wf?, lq wkh fdvh ri qr whfkqrorj| wudqvihu

dqg ZA
r +wr> w? @ wf?, lq wkh fdvh ri whfkqrorj| wudqvihu, xs lq sdudooho e| d glvwdqfh htxdo wr

U= Iluvw/ frpsduhg zlwk wfr> wkh Vrxwk*v rswlpdo wd{ lq wkh fdvh ri whfkqrorj| wudqvihu +wfr,

lv ixuwkhu dzd| iurp wkh PHD0vshfl�hg ohyho/ w6> vxjjhvwlqj wkdw wkh Vrxwk vkrxog kdyh d

vpdoohu lqfhqwlyh wr lqfuhdvh lwv wd{ wr w6 zkhq wkhuh lv whfkqrorj| wudqvihu1 Vhfrqg/ zkhq
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wkh Vrxwk vljq wkh PHD/ wkh Qruwkhuq jryhuqphqw fkrrvhv wf?/ zklfk lv orzhu wkdq wA? li

wkh Vrxwk grhv qrw vljq wkh PHD1 Wklv orzhu wd{ lq wkh Qruwk uhgxfhv wkh Vrxwk*v zhoiduh

dqg wkxv dovr uhgxfhv wkh Vrxwk*v lqfhqwlyh wr vljq wkh PHD1 Krzhyhu/ dv vkrzq lq Iljxuh

6/ wkh Vrxwk*v zhoiduh fxuyh lq wkh fdvh ri whfkqrorj| wudqvihu lv  dwwhu wkdq wkdw zlwkrxw

whfkqrorj| wudqvihu1 Khqfh/ zhoiduh uhgxfwlrq zkhq wr ghsduwv iurp lwv rswlpdo ohyho lv ohvv

vhyhuh lq wkh fdvh ri whfkqrorj| wudqvihu wkdq lq wkh fdvh ri qr whfkqrorj| wudqvihu1 Zkhq

wklv h�hfw lv grplqdqw/ lw jlyhv ulvh wr wkh uhvxow wkdw wkh whfkqrorj| wudqvihu lqfuhdvhv wkh

Vrxwk*v lqfhqwlyh wr vljq wkh PHD144 Lq vxevhfwlrq 616 zh zloo xvh d vshfl�f h{dpsoh wr

vkrz wkdw wkh JLF frqglwlrq grhv krog iru vrph sduwlfxodu ydoxhv1

Lq vxppdu|/ whfkqrorj| wudqvihu frxog hlwkhu lqfuhdvh ru uhgxfh wkh Vrxwk*v lqfhqwlyh wr

vljq dq PHDv1

Dw wkh hqg ri wklv vxevhfwlrq/ zh xvh rxu dqdo|vlv dqg wkh uhvxow rewdlqhg vr idu wr

h{dplqh dqrwkhu lqwhuhvwlqj dqg zlgho| ghedwhg lvvxh zkhq wkh Vrxwk fodlpv wkdw lw lv

qrw zloolqj wr vwuhqjwkhq lwv hqylurqphqwdo surwhfwlrq srolflhv xqohvv wkh Qruwk wudqvihuv d

jrrg whfkqrorj| wr wkh Vrxwk1 Wr wklv hqg/ zh rqfh pruh ghyldwh iurp rxu edvlf prgho e|

jlylqj wkh Vrxwkhuq jryhuqphqw dq rssruwxqlw| wr dqqrxqfh lwv lqwhqwlrq +qrw frpplwphqw,

wr vljq wkh PHD ehiruh wkh �upv pdnh wkhlu whfkqrorj| wudqvihu ghflvlrq1 Sursrvlwlrq 7

fhuwdlqo| ohqgv vxssruw iru vxfk d fodlp1 Krzhyhu/ zkhq wkh JLF frqglwlrq idlov wr krog/ lw

lv grxewixo wkdw wkh Vrxwkhuq jryhuqphqw zloo frpplw wr lwv dqqrxqfhphqw1 Zkhq wkh JLF

frqglwlrq idlov/ zh kdyh �Z f
r ? �ZA

r 1 Li frpshqvdwlrq U lv qrw vx!flhqwo| juhdw +zkhq

U ? �Z f
r ,/ wkh Vrxwk zloo qrw vljq wkh PHD ehfdxvh wkhuh lv qr whfkqrorj| wudqvihu1 Exw/ li

wkh Qruwk wudqvihuv lwv whfkqrorj| wr wkh Vrxwk/ wkh Vrxwk zloo kdyh hyhq d vpdoohu lqfhqwlyh

wr vljq wkh PHD ehfdxvh iru wkh vdph frpshqvdwlrq/ wkh zhoiduh orvv iurp vljqlqj wkh PHD

44Qrwh wkdw lq wkh fdvh ri |6? : |f?/ zh fdq ghulyh d vlplodu JLF frqglwlrq dqg vr Sursrvlwlrq 6 dssolhv1

Dovr qrwh wkdw wkh fhqwudo srlqw dgguhvvhg lq wklv vhfwlrq lv wkdw wkh JLF frqglwlrq krogv iru vrph sdudphwhu

ydoxhv dqg/ khqfh/ whfkqrorj| wudqvihu grhv idflolwdwh wkh Vrxwk*v ghflvlrq wr vljq ri wkh PHD1 Lq wkh fdvh

ri |6? : |f?/ wkh Vrxwk*v zhoiduh zrxog eh juhdwhu wkdq li wkh Qruwk lv irufhg wr vhw lwv wd{ dw |f?c vlqfh d

kljkhu wd{ lq wkh Qruwk ehqh�wv wkh Q0�up +vwudwhjlf uhdvrq, dqg wkh Vrxwk*v srsxodwlrq +wudqverxqgdu|

srooxwlrq,1 Wkhuhiruh/ wkh Vrxwk*v zhoiduh uhgxfwlrq/ {`A

r c zrxog eh vpdoohu/ pdnlqj wkh JLF frqglwlrq

pruh olnho| wr krog1 Lq vxp/ wkh fdvh ri |6? : |f? uhlqirufhv wkh frqfoxvlrq rewdlqhg lq wklv vhfwlrq1
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qrz lv juhdwhu wkdq lq wkh fdvh ri qr whfkqrorj| wudqvihu +U ? �ZA
r ,1 Wkhuhiruh/ wkh Vrxwk

pd| dqwlflsdwh wkh ehqh�w iurp whfkqrorj| wudqvihu dqg vr dqqrxqfhv lwv lqwhqvlrq wr vljq

wkh PHD/ li e| grlqj vr lw fdq lqgxfh whfkqrorj| wudqvihu1 Exw wkhuh lv d wlph frqvlvwhqf|

sureohp1 Lq wklv fdvh/ ehfrplqj d vljqdwru| vkrxog eh d suh0uhtxluhphqw iru d frxqwu| lq

wkh Vrxwk wr uhfhlyh dvvlvwhg whfkqrorj| wudqvihu e| rwkhu PHD vljqdwrulhv1

6151 Zloo wkh Vrxwk*v sduwlflsdwlrq lq wkh PHD idflolwdwh whfkqrorj| wudqvihuB

Sursrvlwlrq 5 kdv vkrzq wkdw jryhuqphqwv* uhvsrqvhv wr whfkqrorj| wudqvihu d�hfw wkh

pdunhw lqfhqwlyh iru whfkqrorj| wudqvihu1 Vlqfh wkh Vrxwk*v PHD sduwlflsdwlrq uhtxluhv lw

wr lqfuhdvh lwv hqylurqphqwdo wd{/ Sursrvlwlrq 5 vhhpv wr vxjjhvw wkdw wkh PHD pd| uhgxfh

wkh pdunhw lqfhqwlyh iru hqylurqphqwdo whfkqrorj| wudqvihu1 Zh zloo vkrz lq wklv vxevhfwlrq

wkdw wklv lv h{dfwo| wkh fdvh1

Iluvw/ li wkh �upv dqwlflsdwh wkdw wkh Vrxwkhuq jryhuqphqw zloo qrw vljq wkh PHD/ wkh|

zloo qrw wudqvihu wkh whfkqrorj| li frqglwlrq +<, idlov wr krog1

Vlplodu wr frqglwlrq +;,/ zh fdq ghulyh wkh frqglwlrq iru whfkqrorj| wudqvihu zkhq wkh

�upv dqwlflsdwh wkdw wkh Vrxwkhuq jryhuqphqw zloo vljq wkh PHD= wkh vxp ri wkh wzr �upv*

sur�wv zkhq wkhuh lv whfkqrorj| wudqvihu dqg zkhq wkh Vrxwk vljqv wkh PHD lv juhdwhu

wkdq wkdw zkhq wkhuh lv qr whfkqrorj| wudqvihu dqg wkh Vrxwk grhv qrw vljq wkh PHD/ l1h1/

�6|
? . �6|

r A �f? . �fr1 Vxevwlwxwlqj lq wkh sur�w ixqfwlrqv/ wklv frqglwlrq uhgxfhv wr

+wfrhr � w6h?,+5� 8w6h? � 8wfrhr . ;wf?h?, A 3= +48,

Iurp wkh glvfxvvlrq diwhu +43, zh qrwh wkdw wkh vhfrqg eudfnhw zloo eh qhjdwlyh li hr

ehfrphv vx!flhqwo| odujh/ dqg vr frqglwlrq +48, sxwv dq xsshu erxqg rq hr= Krzhyhu/ wkh

frqglwlrq dovr sxwv d orzhu erxqg rq hr1 Iru vpdoo hr> vxfk wkdw wkh vhfrqg eudfnhw lv

srvlwlyh/ wkh �uvw eudfnhw vkrxog dovr eh srvlwlyh/ zklfk lq wxuq lpsolhv wkdw hr fdqqrw eh

wrr forvh wr h? ehfdxvh wfr ? w6 dqg wfr lqfuhdvhv zlwk hr=

Zh vd| wkdw wkh whfkqrorj| wudqvihu lqfhqwlyh frpsdwlelolw| +WLF lq vkruw, frqglwlrq lv

vdwlv�hg zkhq +<, idlov wr krog exw +48, krogv1 Wkhq/ zkhq wkh WLF frqglwlrq krogv/ wkh

�upv wudqvihuv wkh whfkqrorj| li dqg rqo| li wkh| dqwlflsdwh wkdw wkh Vrxwk zloo vljq wkh
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PHD1 Li wklv rffxuv dqg wkh Vrxwkhuq jryhuqphqw vljqv wkh PHD/ wkhq zh fdq vd| wkdw

wkh PHD idflolwdwhv whfkqrorj| wudqvihu1 Xvlqj +BB, dqg +48,/ zh fdq vlpsoli| wkh WLF

frqglwlrq wr

+WLF,= +w6 � wfr,^8h?+w
6 . wfr,� ;h?w

f

? � 5`�D A 3= +49,

Sursrvlwlrq 7= Wkh WLF frqglwlrq qhyhu krogv1 Wkdw lv/ wkh PHD grhv qrw idflolwdwh

whfkqrorj| wudqvihu lq wkh sulydwh pdunhw1

Surri= Vhh Dsshqgl{ +ll,145 �

Vlqfh wkh �upv* whfkqrorj| wudqvihu lqfhqwlyh ghshqgv rq wkh frpsdulvrq ri wkh wrwdo

sur�wv zlwk dqg zlwkrxw whfkqrorj| wudqvihu lq ydulrxv fdvhv/ zh vkrxog h{dplqh krz wkh

mrlqw sur�w fkdqjhv lq rughu wr xqghuvwdqg zk| wkh PHD grhv qrw idflolwdwh whfkqrorj|

wudqvihu1 Li wkh �upv gr qrw kdyh dq| lqfhqwlyh wr wudqvihu wkh whfkqrorj| zkhq wkhuh lv qr

PHD/ lw pxvw eh wkh fdvh wkdw wkhlu mrlqw pdunhw0sur�w diwhu whfkqrorj| wudqvihu lv orzhu

wkdq ehiruh/ l1h1/ �|? . �|r ? �f? . �fr= Wkh mrlqw pdunhw sur�wv zlwk whfkqrorj| wudqvihu duh

ghwhuplqhg e| wkh srolf| ohyhov/ wA? dqg wAr = Li wkh Vrxwk vljqv wkh PHD/ wkh mrlqw pdunhw

sur�wv/ �6|
? . �6|

r > zloo eh ghwhuplqhg e| wkh srolf| ohyhov/ wf? dqg w6= Vlqfh wkh dyhudjh

wd{ lq wkh fdvh ri PHD ++wf? . w6,@5, lv kljkhu wkdq wkh dyhudjh wd{ lq wkh fdvh ri qr

PHD ++wA? . wAr ,@5,> wkh mrlqw sur�w zloo eh pxfk orzhu diwhu whfkqrorj| wudqvihu lq wkh fdvh

ri wkh Vrxwk vljqlqj ri wkh PHD1 Khqfh/ wkh PHD orzhuv wkh �upv* lqfhqwlyh wr wudqvihu

whfkqrorj|1

Uhfdoo wkdw dw wkh hqg ri wkh suhfhglqj vxevhfwlrq/ zh dujxh wkdw/ xqghu fhuwdlq flufxp0

vwdqfhv/ wkh Vrxwk*v suh0frpplwphqw wr vljq wkh PHD lv qhfhvvdu| wr lqgxfh whfkqrorj|

wudqvihu1 Krzhyhu/ Sursrvlwlrq 7 vkrzv wkdw vxfk d suh0frpplwphqw lv qrw vx!flhqw1 Wklv

uhvxow/ wkrxjk vrphzkdw shvvlplvwlf/ grhv jhqhudwh d xvhixo srolf| lpsolfdwlrq= Prqhwdu|

45Wkh surri frqwdlqv wkh fdvh ri |6? : |f?1 Wkxv/ wkh sursrvlwlrq krogv uhjdugohvv ri zkhwkhu wkh Qruwkhuq

jryhuqphqw vhwv |6? ' |f? ru |6? : |f?/ zlwk whfkqrorj| wudqvihu dqg wkh Vrxwk*v PHD phpehuvkls1
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wudqvihu ru vxevlg| vkrxog eh gluhfwhg wr wkh �upv lqyroyhg lq whfkqrorj| wudqvihu1 Prq0

hwdu| wudqvihu lv pdgh iurp wkh Qruwkhuq wr wkh Vrxwkhuq jryhuqphqw wr frpshqvdwh wkh

odwwhu iru udlvlqj lwv srooxwlrq wd{1 Wkh V0�up vx�huv iurp d kljkhu wd{/ exw lw lv rqh ri wkh

sod|huv pdnlqj wkh whfkqrorj| wudqvihu ghflvlrq1 Khqfh/ zlwkrxw dssursuldwh frpshqvdwlrq

xvlqj wkh wudqvihuhg prqh|/ U/ wkh V0�up zloo qrw lpsohphqw whfkqrorj| wudqvihu1 Wklv

surylghv d vwurqj vxssruw wr wkh dujxphqw wkdw lq dgglwlrq wr prqhwdu| wudqvihu/ PHDv

vkrxog doorz wkh Vrxwkhuq jryhuqphqw wr vxevlgl}h +ru/ pruh jhqhudoo|/ dvvlvw, lwv �upv

iru hqylurqphqwdo whfkqrorj| wudqvihu1 Wklv srolf| lpsolfdwlrq lq idfw lv frqvlvwhqw zlwk

wkh h{lvwlqj ZWR uxohv wkdw doorz vxevlglhv wr idflolwdwh dgdswdwlrq ri qhz hqylurqphqwdo

whfkqrorj| dqg uhjxodwlrqv +h1j1/ vhh Krhnpdq dqg Nrvwhfnl/ 4<<8/ ss1437043<,1

6161 D qxphulfdo h{dpsoh

Lq wklv vhfwlrq/ zh surylgh d qxphulfdo h{dpsoh iru wkh uhvxowv ri Sursrvlwlrq 6 wkdw

whfkqrorj| wudqvihu frxog hlwkhu uhgxfh ru lqfuhdvh wkh Vrxwk*v lqfhqwlyh wr vljq wkh PHD1

Vshfl�fdoo|/ zh zloo vkrz wkh JLF frqglwlrq frxog hlwkhu krog ru qrw krog/ ghshqglqj xsrq

wkh hqylurqphqwdo whfkqrorj| jds/ hr � h?=

Wr rewdlq qxphulfdo uhvxowv/ zh kdyh wr fkrrvh ydoxhv iru d vhw ri sdudphwhuv lq wkh prgho1

Iluvw/ zh qrupdol}h h? @ 41 Dv d uhvxow/ hr +ru hr�4, fdswxuhv wkh whfkqrorj| jds1 Vhfrqg/

zh slfn �? @ 4@6 wr dyrlg wkh glvxwlolw| ri wkh srooxwlrq ehlqj vr vhyhuh wr fuhdwh qhjdwlyh

zhoiduh1 Wklug/ zh fkrrvh � @ 4@7 lq dffrugdqfh zlwk wkh dvvxpswlrq wkdw wkh ghjuhh ri

wudqverxqgdu| srooxwlrq lv qrw yhu| odujh1 Wkh ydoxhv iru wkh uhvw ri wkh sdudphwhuv +�r

dqg hr, zloo eh fkrvhq wr vdwlvi| dvvxpswlrqv F40F61

Qrwlfh wkdw F4+ll, uhtxluhv �r A 4@6+5hr � �h?, @ 7@6+;hr � 4,/ zklfk lpsolhv �r A 7@54

iru hr ehlqj vx!flhqwo| forvh wr 41 Wkhuhiruh/ zh fkrrvh �r @ 8@54/ zklfk zloo jlyh xv

vrph urrp wr ydu| hr1 Ilqdoo|/ uhfdoo iurp Ohppd 4/ Cwf?@Chr ? 3 dqg Cwfr@Chr A 31

Khqfh/ zh qhhg wr lpsrvh dq xsshu erxqg rq hr wr hqvxuh F5/ l1h1/ wf? A wfr1 Jlyhq wkh

deryh vshfl�fdwlrqv rq doo sdudphwhuv rwkhu wkdq hr/ zh kdyh wf? @ +478� 9;hr,@753 dqg

wfr @ +49:hr� 493,@753hr= Wkhq/ F5 vxjjhvwv 67h
2
r .44hr� ;3 ? 3/ zklfk lpsolhv hr � 4=6;1

Lq vxppdu|/ zh dvvxph
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h? @ 4> � @
4

7
> �? @

4

6
> �r @

8

54
dqg hr 5 +4> 4=6;`= +4:,

Frqglwlrqv F40F6 duh doo vdwlv�hg xqghu +4:,1 Xvlqj wklv vshfl�fdwlrq/ zh rewdlq wA? @ 44@93

dqg wAr @ 4@93 dqg/ wkxv/ wkh JLF frqglwlrq ehfrphv/

J � ^5;3+543w6 � 49:,w6 . 4339:`h2r . 453+746w6 � 574,hr . ^4;;86 . 5;33+54w6 � 4,w6` A 3=

+4;,

Wkhuhiruh/ zh rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 8= Vxssrvh wkh prgho lv vshfl�hg e| sdudphwhul}dwlrq +4:,1 Wkhq/ iru dq|

jlyhq w6 5 +wfr> w
f
?,/ zh kdyh CJ@Chr ? 3= Lq wkh fdvh ri w6 @ 3=45 lq J> zh kdyh J A 3 iru

hr ? 4=479 dqg J ? 3 iru hr 5 +4=479> 4=6;,=

Surri = Vhh Dsshqgl{ +lll,1 �

Sursrvlwlrq 8 lqglfdwhv wkdw whfkqrorj| wudqvihu zloo idflolwdwh wkh Vrxwk*v ghflvlrq wr

vljq wkh PHD li dqg rqo| li wkh whfkqrorj| jds lv qrw wrr zlgh1 Ilqdoo|/ ohw xv surylgh

wkh lqwxlwlrq iru wkh lpsruwdqw uroh ri wkh whfkqrorj| jds/ ru wkh uhvxow CJ@Chr ? 31 Zh

kdyh nqrzq wkdw wkh rqo| uhdvrq wkdw wkh Vrxwk lv qrw zloolqj wr vljq wkh PHD hyhq diwhu

whfkqrorj| wudqvihu lv wkdw lwv rswlpdo srolf| ohyho +wAr , ghsduwv ixuwkhu dzd| ehorz wkh

PHD0ohyho +w6,1 Wklv srolf| jds +w6 � wAr , lv odujhu zkhq wkh whfkqrorj| jds lv odujhu1

Khqfh/ whfkqrorj| wudqvihu fdq lqgxfh wkh Vrxwk wr vljq wkh PHD zkhq wkh whfkqrorj|

jds lv vpdoo ehfdxvh wkh wdujhwhg ohyho lv qrw wrr idu dzd| iurp lwv rswlpdo ohyho dqg wkh

prqhwdu| wudqvihu lv odujh hqrxjk wr frpshqvdwh iru wklv orvv1

71 Frqfoxglqj Uhpdunv

Wklv sdshu ghyhorsv d prgho wr lqyhvwljdwh irupdoo| wkh uhodwlrqvkls ehwzhhq hqylurqphq0

wdo whfkqrorj| wudqvihu dqg wkh Vrxwk*v sduwlflsdwlrq lq PHDv/ lq oljkw ri wkh frpprqo|

vkduhg ylhz wkdw ghyhorslqj frxqwulhv pd| qrw eh deoh wr d�rug wr udlvh wkhlu hqylurqphqwdo

vwdqgdugv jlyhq wkhlu h{lvwlqj whfkqrorjlhv1 Zh kdyh vkrzq wkdw hqylurqphqwdo whfkqrorj|
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wudqvihu frxog hlwkhu lqfuhdvh ru uhgxfh wkh Vrxwk*v lqfhqwlyhv wr vljq wkh PHD1 Rq wkh

rwkhu kdqg/ wkh Vrxwk*v frpplwphqw wr vljq wkh PHD zrxog uhgxfh wkh pdunhw lqfhqwlyh

iru whfkqrorj| wudqvihu1

Rxu prgho fdq eh h{whqghg wr uhdqdo|}h wkh lvvxhv frqvlghuhg lq wkh suhvhqw sdshu dv zhoo

dv rwkhu uhodwhg lvvxhv1 Iru h{dpsoh/ rqh fdq lqwurgxfh srooxwlrq dedwhphqw whfkqrorjlhv/

dydlodeoh lq wkh Qruwk/ dqg h{dplqh wudqvihu ri wklv w|sh ri whfkqrorj|1 Lqvwhdg ri srooxwlrq

wd{/ zh fdq dovr h{dplqh wkh fdvh lq zklfk wkh jryhuqphqwv dqg PHDv fkrrvh wr ohjlv0

odwh2hqirufh hqylurqphqwdo vwdqgdugv1 Wkh lvvxh uhjduglqj ghyhorshg frxqwulhv* lqfhqwlyhv

wr lqfoxgh ghyhorslqj frxqwulhv lq h{lvwlqj PHDv lv dovr lqwhuhvwlqj1

Dsshqgl{

+l, Surri ri Ohppd 5=

Iluvw/ qrwh wkdw iru dq| txdgudwlf ixqfwlrq i+{, @ d{2. e{. f> li {f lv wkh srlqw iru

pd{lpxp ru plqlpxp i+{,/ wkhq

i+{,� i+{f, @ d+{� {f,
2= +D4,

Ohppd 5+l,1 Gh�qh Z@+w, � +4 � 5hrw . h?w
f
?,

2@< � �r^+4 � 5hrw . h?w
f
?,hr . �+4 �

5h?w
f
?. hrw,h?`@6. w+4�5hrw.h?w

f
?,hr@6/ zklfk lv d txdgudwlf ixqfwlrq ri w1 Wkhq/ zh kdyh

Z f
r +w

f
r, @ Z@+w

f
r, dqg Z6

f
+w6, @ Z@+w

6, .U= Pruhryhu/ wfr lv wkh rswlpdo srlqw ri Z@+w,1

Khqfh/ xvlqj +D4, zh rewdlq

Z6
f +w6,�Z f

r +w
f

r, @ +
7

<
h2r �

5

6
h2r,+w

6 � wfr,
2 .U @ �

5

<
h2r+w

6 � wfr,
2 .U=

Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq +46, iroorzv1

Ohppd 5+ll,1 Gh�qh ZK+w, � +4� 5wh? . wA?h?,
2@<� i6 � �rh?^+4� 5wh? . wA?h?, .

�+4 � 5wA?h? . wh?,`@6 . wh?+4 � 5wh? . wA?h?,@6> zklfk lv d txdgudwlf ixqfwlrq ri w1 Dovr

gh�qh ZK�+w, dv wkh vdph dv ZK+w, h{fhsw wkdw w
A
? lq ZK+w, lv uhsodfhg e| wf?= Wkhq/ zh kdyh

ZA
r +wAr , @ZK+w

A
r , dqg Z

6
| +w6, @ZK�+w

6,.U=Pruhryhu/ wAr lv wkh rswlpdo srlqw ri ZK+w,1

Khqfh/ xvlqj +D4, zh rewdlq

58



ZK+w
6,�ZK+w

A
r , @ +

7

<
h2? �

5

6
h2?,+w

6 � wAr ,
2 @ �

5h2?
<

+w6 � wAr ,
2=

Zlwk vrph fdofxodwlrq/ zh dovr kdyh

ZK�+w
6,�ZK+w

6, @
h?
<
+wf? � wA? ,^5 . +wf? . wA? � w6,h? � 6�rh?+4� 5�,`=

Khqfh/ Z6
| +w6, �ZK+w

A
r , @ ZK�+w

6,�ZK+w
A
r , . U> dqg/ xvlqj wkh deryh h{suhvvlrqv/ zh

rewdlq frqglwlrq +47,1 �

+ll, Surri ri Sursrvlwlrq 7 =

Iluvw/ e| Sursrvlwlrq 4+ll,/ D A 3 iru � � 4@5= Vhfrqg/ vlqfh wfr ? w6 � wf?/ zh kdyh

8h?+w
6.wfr,�;h?w

f
?�5 ? 8h?+w

f
?.wf?,�;h?w

f
?�5 @ 5+h?w

f
?�4, ? 31 Wkh odvw htxdolw| krogv

ehfdxvh s � h?w
f
? A 3 +iru wkh Q0�up wr pdnh dq| sur�w, dqg s ? 4 +ehfdxvh wkh ghpdqg

ixqfwlrq lv dvvxphg dv s @ 4� +t? . tr,,= Wkxv/ wkh WLF frqglwlrq idlov wr krog1

Zh qrz wxuq wr vhh li wkh sursrvlwlrq krogv zkhq wkh Qruwkhuq jryhuqphqw vhwv lwv wd{

dw w6? A wf? zlwk whfkqrorj| wudqvihu dqg wkh Vrxwk*v PHD sduwlflsdwlrq1 Lq wklv fdvh/

wkh dyhudjh wd{ lv +w6 . w6? ,@5/ zklfk lv juhdwhu wkdq wkh dyhudjh wd{ zkhq wkh Qruwkhuq

jryhuqphqw �{hv lwv wd{ dw wf?1 Wkxv/ wkh uhvxowlqj wrwdo pdunhw sur�w lv orzhu/ uhgxflqj wkh

�upv* whfkqrorj| wudqvihu lqfhqwlyh1 Wkh WLF frqglwlrq idlov wr krog1 �

+lll,1 Surri ri Sursrvlwlrq 8=

Iurp +4;, zh kdyh CJ@Chr @ 5^J�hr . 93+746w6 � 574,`/ zkhuh J� � 5;3+543w6 �

49:,w6 . 4339:1 Vhwwlqj gJ�@gw
6 @ 44:933w6 � 79:93 @ 3/ zh qrwh wkdw J� uhdfkhv lwv

plqlpxp dw w6 @ 449<@5<73 � 3=71 Krzhyhu/ hyhq dw w6 @ 3=7/ J� @ ::41 Wkxv/ J� A 3

iru doo w61 Wklv uhvxow/ wrjhwkhu zlwk wkh frqvwudlqw rq hr+� 4=6;,/ lpsolhv CJ@Chr �

5^4=6;J� . 93+746w6 � 574,` @ 5J2+w
6,/ zkhuh J2+w

6, � ;4477+w6,2 � 6933;w6 � 76<6=

Jlyhq w6 A 3/ wkh srlqw iru J2+w
6, @ 3 lv w6 � 3=8761 Khqfh/ J2+w

6, ? 3 iru w6 ? 3=876=

Qrwh wkdw wf? @ +478�9;hr,@753 ? +478�9;,@753 ? 3=4;7 iru doo hr dqg w
6 ? wf?1 Wkhuhiruh/

J2+w
6, ? 3 dqg wkh uhvxow CJ@Chr ? 3 iroorzv1 �
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UHIHUHQFHV

^4` Eduuhww/ Vfrww +4<<7d,/ �Vwudwhjlf hqylurqphqwdo srolf| dqg lqwhuqdwlrqdo wudgh�/ Mrxuqdo
ri Sxeolf Hfrqrplfv 87/ 65806;1

^5` Eduuhww/ Vfrww +4<<7e,/ �Vhoi0Hqiruflqj Lqwhuqdwlrqdo Hqylurqphqwdo Djuhhphqwv� R{irug
Hfrqrplf Sdshuv 79/ ;:;0;<71

^6` Eduuhww/ Vfrww +4<<:d,/ �Wrzdugv d wkhru| ri lqwhuqdwlrqdo hqylurqphqwdo frrshudwlrq� lq
Qhz Gluhfwlrqv lq wkh Hfrqrplfv ri wkh Hqylurqphqw hglwhg e| Fduor Fduudur dqg
Grphqlfr Vlqlvfdofr/ Fdpeulgjh Xqlyhuvlw| Suhvv= Orqgrq

^7` Eduuhww/ Vfrww +4<<:e,/ �Wkh vwudwhj| ri wudgh vdqfwlrqv lq lqwhuqdwlrqdo hqylurqphqwdo
djuhhphqwv�/ Uhvrxufh dqg Hqhuj| Hfrqrplfv 4</ 6780941

^8` Ekdjzdwl / Mdjglvk dqg Urehuw H1 Kxghf +4<<9,/ Idlu Wudgh dqg Kduprql}dwlrq/ yroxphv
4 dqg 5/ Wkh PLW Suhvv= Orqgrq1

^9` Fduudur/ F1dqg G1 Vlqlvfdofr +4<<6,/ �Vwudwhjlhv iru wkh lqwhuqdwlrqdo surwhfwlrq ri wkh
hqylurqphqw�/ Mrxuqdo ri Sxeolf Hfrqrplfv 85/ 63<05;1

^:` Fduudur/ F1dqg G1 Vlqlvfdofr +4<<7,/ �Wudqvihuv dqg frpplwphqwv lq lqwhuqdwlrqdo qhjrwld0
wlrqv�/ lq Lqwhuqdwlrqdo Hqylurqphqwdo Sureohpv/ Noxzhu Dfdghplf Sxeolvkhuv/ Orqgrq

^;` Fkduqrylw}/ Vwhyh +4<<6,/ �Hqylurqphqwdo kduprql}dwlrq dqg wudgh srolf|�/ lq Wudgh dqg
wkh Hqylurqphqw= Odz/ Hfrqrplfv/ dqg Srolf| 5;5 hglwhg e| G1 ]dhonh/ S1 Ruexfk
dqg U1I1 Krxvpdq1

^<` Frqudg/ N1+4<<9,/ �Rswlpdo hqylurqphqwdo srolf| iru roljrsrolvwlf lqgxvwulhv xqghu lqwud0
lqgxvwu| wudgh� lq Hqylurqphqwdo Srolf| dqg Pdunhw Vwuxfwxuh hglwhg e| F1 Fduudur/
\1 Ndwvrxodfrv/ dqg D1 [hsdsdghdv/ Noxzhu Dfdghplf Sxeolvkhuv/ Orqgrq1

^43` Khdo/ J1 +4<<6,/ �Irupdwlrq ri lqwhuqdwlrqdo hqylurqphqwdo djuhhphqwv� lq Wudh/ Lqqryd0
wlrq/ Hqylurqphqw/ hglwhg e| F1 Fduudur/ Noxzhu Dfdghplf Sxeolvkhuv= Orqgrq1

^44` Krhnpdq/ P1 Ehuqdug dqg Plfkho P1 Nrvwhfnl +4<<8,/ Wkh Srolwlfdo Hfrqrp| ri wkh Zruog
Wudglqj V|vwhp/ R{irug Xqlyhuvlw| Suhvv= R{irug1

^45` Krho/ P1 +4<<5,/ �Hplvvlrq wd{hv lq d g|qdplf lqwhuqdwlrqdo jdph ri FR2 Hplvvlrqv� lq
Frq lfwv dqg Frrshudwlrq lq Pdqdjlqj Lqwhuqdwlrqdo Hqylurqphqwdo Uhvrxufhv hglwhg
e| U1 Shwklj/ Vsulqjhu0Yhuodj/ Ehuolq1

^46` Kxghf/ Urehuw/ H1 +4<<9,/ �JDWW ohjdo uhvwudlqwv rq wkh xvh ri wudgh phdvxuhv djdlqvw
iruhljq hqylurqphqwdo sudfwlfhv�/ lq Idlu Wudgh dqg Kduprql}dwlrq + yroxph 5,/ hglwhg
e| Mdjglvk Ekdjzdwl dqg Urehuw H1 Kxghf/ Wkh PLW Suhvv= Orqgrq1

^47` Ndw}/ P1 dqg F1 Vkduslur +4<;8,/ �Rq wkh olfhqvlqj ri lqqrydwlrqv�/ Udqg Mrxuqdo ri Hfr0
qrplfv 49/ 8370531

^48` Nhqqhg|/ S1+4<<7,/ �Htxloleulxp srooxwlrq wd{hv lq rshq hfrqrplhv zlwk lpshuihfw frpsh0
wlwlrq�/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 5:/ 7<0961

^49` Qhdu|/ M1 Shwhu +4<<7,/ �Frvw dv|pphwulhv lq lqwhuqdwlrqdo vxevlg| jdphv= Vkrxog jryhuq0
phqwv khos zlqqhuv ru orvhuvB�/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 6:/ 4<:054;1

5:



^4:` Wluroh/ Mhdq +4<;;,/ Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ PLW Suhvv= Pdvv1 Fdpeulgjh1

^4;` Xosk/ Dolvwdlu +4<<9,/ �Hqylurqphqwdo srolf| dqg lqwhuqdwlrqdo wudgh zkhq jryhuqphqwv dqg
surgxfhuv dfw vwudwhjlfdoo|�/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw
63/ 5980;41

^4<` XQHS dqg LLVG +5333,/ Hqylurqphqw dqg Wudgh= D Kdqgerrn/ Wkh Xqlwhg Qdwlrqv Hqyl0
urqphqwdo Surjudpph +XQHS, dqg wkh Lqwhuqdwlrqdo Lqvwlwxwh iru Vxvwdlqdeoh Ghyho0
rsphqw +LLVG,1

^53` ZWR +4<<9,/ Uhsruw ri wkh FWH/ Frpplwwhh rq Wudgh dqg Hqylurqphqw/ wkh Zruog Wudgh
Rujdql}dwlrq/ 45 Qryhpehu 4<<91
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