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Abstract

In a recent paper, Dolado, Gonzalo and Mayoral (2002) introduce a fractional
Dickey-Fuller (FD-F) ¢-statistic for testing a unit root against the alternative of a mean
reverting fractional unit root process. This ¢-statistic is based on the assumption that
the errors are unconditionally homoskedastic. However, Busetti and Taylor (2003), Mc-
Connell and Perez-Quiros (2000), and van Dijk et al. (2002) have found compelling
evidence that such an assumption is unlikely to hold in many macroeconomic and fi-
nancial time series, especially those obtained at a longer time span. In this paper,
we investigate the finite-sample properties of the FD-F statistic when the errors are
unconditionally heteroskedastic. We find that, depending on the form of heteroskedas-
ticity, the FD-F statistic suffers from substantial size distortions. In order to correct
for such distortions, we propose the use of White standard errors (White (1980)) when
computing the FD-F statistic. This yields a test that is robust to heteroskedasticity of
unknown form. We demonstrate that the FD-F statistic that employs White standard
error has a standard normal limiting distribution under the unit root null hypothesis as
in the FD-F statistic with homoskedastic errors. Monte Carlo results suggest that: (i)
White’s correction is effective in reducing the size distortions; and (ii) the power loss of
using White standard error in the case of homoskedasticity is very small. These results
suggest that it is prudent to use the White robust standard errors regardless of whether
the errors are heteroskedastic or not.
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1 Introduction

Several articles have provided Monte Carlo evidence on the performance of the unit-root
tests, stationary tests and persistence change tests under unconditional heteroskedasticity.
The general finding from these articles is that these tests suffer from severe size distortions
when there is an abrupt change in the error variance. In standard unit root testing against
stationarity alternatives, Hamori and Tokihisa (1997) study the Dickey-Fuller (D-F) test,
Cavaliere and Taylor (2007) study the M test of Stock (1999) and Beare (2007) investigates
the Phillips-Perron test. In the stationarity testing framework, where the null hypothesis



of stationarity is tested against a unit root alternative, Cavaliere (2004) examines the prop-
erties of the KPSS test, and Busetti and Taylor (2003) examines the properties of the test
statistics due to Busetti and Harvey (2001). In the persistence change testing framework,
where statistical procedures are developed to test the null hypothesis of a constant unit root
process against the alternative of a change in persistence either from a stationary process to
a unit root process or vice versa, Cavaliere and Taylor (2006) investigate the properties of
the ratio-based tests introduced by Kim (2000), Kim et al. (2002) and Busetti and Taylor
(2004).

However, to the best of our knowledge, no study has examined the effects of uncondi-
tional heteroskedasticity on existing statistical procedures designed to test the null hypoth-
esis of a unit root process against the alternative of a mean reverting fractional process.
It is well known that although the D-F test is consistent against such an alternative, the
power of D-F test is generally quite low. To circumvent this problem, Dolado, Gonzalo and
Mayoral (2002, hereinafter DGM) recently introduced the Fractional Dickey-Fuller (FD-F)
test for a unit root that has high power against fractional alternatives. Let A = (1 — L),
where L is the lag operator. The FD-F statistical procedure is based on the usual ¢-statistic
of ¢ in the ordinary least squares (OLS) regression Ay, = A%y, 1 +¢;. The null hypothesis
that y; has a unit root is then Hy : ¢ = 0 against Hy : ¢ < 0. If ¢ = 0, then Ay; = e; and
so 9 has a unit root. Under the alternative that ¢ < 0, it can shown that y; is fractionally
integrated of order d;. The regression cannot be made operational without a value of d;.
DGM demonstrate that if the value of d; is obtained by using a v/T-consistent estimator
of the true fractional differencing parameter, the resulting t-statistic of ¢ has a limiting
standard normal distribution under the unit root null hypothesis.

In DGM, the error term e; is assumed to be independent and unconditionally ho-
moskedastic. In this paper, we investigate the robustness of this t-statistic in the presence of
unconditional heteroskedastic errors. Our Monte Carlo experiments show that, depending
on the form of heteroskedasticity, the FD-F statistic suffers from substantial size distortions.
In order to correct for such distortions, we propose to replace the usual OLS homoskedastic
standard errors by White’s heteroskedasticity robust standard errors when constructing the
t-statistic (White (1980)). We demonstrate that the FD-F statistic that employs White
standard errors still retains its standard normal limiting distribution. We obtain this result
by exploiting the fact that under the unit root null hypothesis the FD-F t-statistic, unlike
the standard unit root tests, possesses standard limit theory.

White’s results are established under the assumption that the regressors are exogenous.
Nicholls and Pagan (1983) and more recently Phillips and Xu (2006) show that White’s
results remain valid in a dynamic regression model, provided that the time series are covari-
ance stationary. Our results therefore illustrate the general applicability of White’s results
in unit root testing literature.

Robustified versions of the unit root tests mentioned above have been suggested in the
time series literature. Kim, Leybourne and Newbold (2002) suggest pre-estimating the
variance break point together with the pre- and post-break variances. These estimates are
then employed in modified variants of the Perron-type unit root tests (Perron (1989, 1990)).



The critical values for these modified tests are given in Perron (1989), and they depend on
the location of the break. Kim, Leybourne and Newbold (2002) assume the existence of a
single break in the error variance process. In a recent paper, Cavaliere and Taylor (2007),
based on the work of Cavaliere (2004), relax this assumption. Their procedure does not
require a parametric specification of the error variance, but only requires the error variance
to be uniformly bounded and to display a countable number of jumps. They demonstrate
that heteroskedasticity induces a time-deformation in the limiting distribution of the unit
root statistics. Using a consistent non-parametric estimator of this time-deformation, the
resulting limiting distribution can then be simulated to obtain asymptotically valid critical
values. Thus the correct critical values to use depend on the precise nature of the het-
eroskedasticity. More recently, Beare (2007) suggests an alternative approach that does not
require case-by-case numerical tabulation of critical values. Beare’s approach is to transform
the data in such a way that the transformed data are approximately homoskedastic. The
Phillips-Perron unit root test is then applied to the homoskedastic transformed data. This
yields, under conditions more restrictive than those used by Cavaliere and Taylor (2007), a
unit root test which has a pivotal asymptotic null distribution.

Since the FD-F test involves standard limit theory, our solution to the size distortion
problem is very simple to implement in practice, is robust against unknown heteroskedas-
ticity, and does not require pre-estimation of some non-parametric functions of the het-
eroskedasticity. Unlike Cavaliere and Taylor (2007), our error variance is not required to
display countable number of jumps. We only assume that the error variance is uniformly
bounded away from zero and infinity. We note here that the procedures suggested by Kim,
Leybourne and Newbold (2002) and Cavaliere and Taylor (2007) allow for the presence
of deterministic components in the data generating process, while our procedure assumes
that the series contains no deterministic components. Nevertheless, our procedure could be
extended in a straightforward manner to include deterministic regressors.

Throughout this paper, the symbols 2 and % denote, respectively, convergence in
probability and in distribution. We write X; = O, (1) to denote a stochastic sequence {X;}
that is uniformly bounded in probability for all t. We write X; = o, (1) to denote that X;
converges in probability to zero. The indicator function 1(;>1) is equal to one if ¢ > 1 or to
zero otherwise. The notation |z] denotes the largest integer below x. The notation I' (x)
denotes the Euler gamma function defined for any real value of x except negative integers.
We use a V b as shorthand for max (a, b).

The rest of this paper is organised as follows. Section 2 presents the model and assump-
tions. Section 3 describes the FD-F statistical procedure and analyses the properties of
this test under unconditional heteroskedasticity. The Monte Carlo experiments presented
in Section 3.2 serve to illustrate that the presence of unconditional heteroskedasticity in the
error term can cause invalid statistical inferences. Section 4 suggests a modified version of
the FD-F t statistic that is robust to the presence of unconditional heteroskedasticity. It
also establishes the asymptotic theory of this modified test. Monte Carlo evidence on the
small-sample properties of this modified test are presented in Section 5. The final section
concludes. The proofs are collected in the Appendix.



2 Model and Assumptions
Suppose the time series {y;} is generated by the fractionally integrated model:

Adoyt = €t (1)

ee = orErl>y (2)

where dy € [0, 1]. Since the fractional parameter dy can take on any real value rather than
only an integer value, the fractional filter A% in (1) can be expanded to obtain a truncated
autoregressive representation for {y;} :

t—1
APy, = " (do) yi-j
=0

where 7; (do) = I'(j —do) /(T (j +1)T (—dp)). Starting at mo (dg) = 1, 7 (do) can be
written recursively as 7; (do) = (mj—1(do) (j —do — 1)) /j for j > 1. In (2), o7 and &; are
assumed to satisfy the following conditions.

Assumption V
o is non-stochastic and satisfies for all ¢

O<o<omn <o <oo

where g and & are strictly positive constants.

Assumption E
g¢ is an 1.i.d. process with E (g;) =0, E (¢7) = 1 and sup, E |e|* < B < oo for some § > 2.

Under Assumption E, the error term e; in (1) has zero unconditional mean. Assumption
E normalises the variance of &; to unity so that (2) implies that E (e?) = a%t, signifying
explicitly that the unconditional variance of the error term is not constant over time. The
functional form of the error variance 02Tt is treated as unknown, and thus, our framework
is non-parametric. By Liapunov’s inequality and Assumption E, it follows that for r < 4,

the error term e; satisfies

sup E |e;|” = sup E |opye|” = sup o, E |e;]” < 6"B% < oo. (3)
¢ t t

Under Assumptions V and E, the series {y;} in (1)-(2) is generated by a fractionally inte-
grated model with time-varying innovation variances.

Since o7y depends on T, formally we should write e; = ep; and thus y; = yr¢, so that
the time series in (1) — (2) form a triangular array. However, this extra subscript 7' does not
play any role in the development of asymptotic theory, and is thus suppressed for notational
simplicity.



Assumption V is slightly weaker than that of Cavaliere (2004) and Cavaliere and Taylor
(2007). We do not require the error variance o7 to be imbedded in a variance function, to
display a countable number of jumps, and to satisfy a Lipschitz condition. The indepen-
dence assumption imposed in Assumption E is stronger than necessary and is adopted for
simplicity. This assumption rules out the presence of conditional heteroskedasticity of the
type introduced by Engle (1982) and Bollerslev (1986).

3 The Fractional Dickey-Fuller Test

The FD-F test is a regression based statistical procedure. It involves OLS estimation of the
following regression equation:

Ay = pAMy_1 + . 4)

For a given value of d; € [0,1), under the Type 2 definition of the fractionally integrated
model (see Robinson and Marinucci (2001)), the regressor can be computed as A%y, | =
Z?;% 7j (d1) y¢—1—;. Notice that when d; = 0, equation (4) is the standard D-F regression.
Like the D-F test, the FD-F test is the conventional t-statistic for testing the hypothesis
Hy: ¢ =0 against H; : ¢ < 0in (4).

Under the null, the process y; has a unit root because the regression in (4) becomes
Ay, = e;. Under the alternative that ¢ < 0, the process y; is fractionally integrated of order
dy, because DGM show that the regression in (4) can be rewritten as

A%y, = C (L) e

where C (L) = (A% — gbL)*l and they show that C (L) does not contain unit roots. If
we have some a priori knowledge as to the value of d;, then it can be seen immediately that
testing for the significance of ¢ in (4) is equivalent to testing the null hypothesis

Hotd():l

against the simple alternative
Hl : d() == dl. (5)

Note that the standard D-F unit root testing procedure imposes a priori restriction on d;
by setting d; = 0. This is theoretically justified only when the process y; is taken to follow
either an I (1) process or an I (0) process. The FD-F test eliminates such a restriction by
generalising the D-F test to explicitly allow for the possibility that 1; is a mean reverting
fractional integrated process I (d). If the true data generating process for {y;} is indeed an
I (dp) process with 0 < dp < 1, it is expected that the FD-F will yield better finite sample
power properties than the D-F test. In a realistic case in which d; is typically unspecified in
practice, the simple alternative hypothesis in (5) can be replaced by a composite alternative

H120§d0<1.



Without the value of dj, the OLS regression in (4) is not feasible and in order to make
the FD-F test operational, DGM suggest replacing the unknown parameter d; in (4) by a
V/T-consistent estimate of dg in (1).

The OLS estimator of ¢ for equation (4) is
T3 A%y Ay,
-1 Zthz (Ady_y)°

In DGM, the error term {e;} is assumed to be i.i.d. with zero mean and unknown variance

¢ =

(6)

o2. Under these assumptions, the standard error of gAb (denoted as SE <<}5>) is given by

(ST (aty ?)

where 62 is the usual OLS estimator of the unknown error variance o

T
& =T" Z (Ayt - &)Adlyt—1>2‘
t=2

s5.(6) -

2.

The t-ratio for testing ¢ = 0 is therefore given by

~

¢

t(dy) = m.

3.1 Normality under the null hypothesis
Under the unit root null hypothesis, Theorem 1 of DGM establishes that the OLS estimate

<}5 is consistent, converges at the standard asymptotic rate of v/T and is asymptotically
normal only if d; lies in the interval 1/2 < d; < 1. An interesting feature of this result is
that the t (dy)-ratio given in (7) has a standard normal limiting null distribution. This is in
contrast to the D-F unit root test which has a non standard asymptotic distribution. The
intuitive reasoning behind this result is quite simple. When the Hy : dg = 1 is true, the
data generating process for {y;} is

Ay = e
and hence the standardised and centred OLS estimator in (6) becomes
- T
VTh= T Nz (8)
71T 22
t=2 %1

where z,_1 = A%y,_;. The sequence {zt—1} is fractionally integrated of order 1 — d;. To
see this, we pre-multiply both sides of (1) by A%~ to obtain

d di1—1
Ay 1 = A" e
1-d
A ! (thl) = €t-1-.



Thus, {z—1} ~ I (1 —d;) as claimed.

If d; is restricted to lie in the interval (1/2,1), the process {z:} is asymptotically sta-
tionary since 0 < 1 — d; < 1/2. This indicates that the process {z:} may possess standard
asymptotic properties. Although, under the Type 2 model of fractional integration, the
series {z:} is non-stationary for any values of d;, Lemma 1 of DGM shows that

71 i <z§ - (zf)2> 2 (9)
t=1

where z7 is the non-truncated fractionally integrated process of order 1 — d; corresponding
to z; and is expressed as an infinite order moving average of the innovations:

00
Zf =2z + Zﬂ'j (dl — 1)6t_j.
j=t

The result in equation (9) states that the difference between z? and (z§)?, when suitably
centred, disappears asymptotically. This is the key ingredient in deriving the formula for
the asymptotic variance of g?) Using (9) together with the fact that z; is a stationary ergodic
process (see Sowell (1990)), the probability limit of the denominator in (8) can be obtained
simply by appealing to the WLLN for stationary and ergodic process:

T
T! Z 2,5 E (zts_l)2 . (10)
=2

Note that E (z)? is the variance function of z§, which can be obtained from Hosking (1981)
by replacing the parameter d in equation (3.2) of Hosking with 1 — dj:
o’ T (1-2(1—dy)) o%T'(2dy —1)

PE = "ma—a-a) - Ta) =

As for the numerator in (8), Lemma 2 of DGM shows that it has the normal asymptotic
distribution; that is

T
T_1/2 Zztflet i> N (O,E (zf_let)2> . (12)
t=2

Putting together Cramer’s Theorem with (10) and (12) yields the result given in DGM
Theorem 1; that is under the null hypothesis,

ﬁ[ﬁ 4N (O,AVar (c}b))
where AVar ((})) denotes the asymptotic variance of (ES and is given by
AVar (&b) = <E (zf_1)2>_1 E (zf_let)z (E (zf_1)2>_1 . (13)
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Since the error term e; is i.i.d., the formula for AVar (¢) can be refined further by applying
the LIE to E (zfe;)* and noting that E (€?|S¢-1) = E (e}) = o°. It therefore follows that

the asymptotic variance for QAS, under the null hypothesis, becomes
AVar <qAb> = (E (25_1)2)—1 E {E ((zts_l)z €t2|%t—1>} (E (zts_l)z)

= (BG)Y) B[E ) E @S] (2E)T)
= o (B)°) (14

-1

Substituting for £ (zlf_l)2 using equation (11) , we obtain the required formula for AV ar ({b)
as given in Lemma 2 of DGM:

. 2
AVar <¢> = F(P%d(ldi)l)

In the presence of heteroskedasticity, the formula for the asymptotic variance given in
(14) is incorrect because the third equality in (14) is obtained by assuming homoskedasticity.
This will yield incorrect estimate of OLS standard errors. As a result, the FD-F t-statistic
computed using this homoskedastic OLS standard errors will give misleading statistical
inferences.

3.2 The effects of unconditional heteroskedasticity

In order to investigate how heteroskedasticity can affect the size properties of the FD-F test,
we conduct a simple Monte Carlo study. Under the null hypothesis that ¢ = 0 in (4), the
data generating process is (1) — (2) with dy = 1. The {&;} are standardised normal random
variables 1.i.d.N (0, 1) and were generated using GAUSS normal random number generator
rndn. We concentrate on the case of a single abrupt structural change in the error variance:

of =M1 (t < [7T]) +131(t > |[7T)) (15)

with 7 € (0,1) gives the location of the break point. In this case, the error variance shifts
from v§ to 73 at time | 77| . Let § = 75/, be the parameter that measures the magnitude
of the shift. Without loss of generality, we set v3 = 1, then, § > 1 (§ < 1) corresponds
to a positive (negative) shift. The further the value of § differs from unity, the larger the
magnitude of the shift. For a positive shift, we consider § = 2,5, 10 and for a negative shift,
we consider 6 = 0.1,0.2,0.5. The values of 7 are in steps of 0.1. The number of Monte
Carlo replications is 10,000. We calculate the empirical size of the ¢ (d;)-statistic in (7)
with d; = 0.9 for a sample size of T' = 250. The critical value is obtained from the standard
normal distribution N (0, 1) which is —1.645 for 5% significance level.

Figure 1 reports the real size against the nominal size at the 5% level of significance. On
the horizontal axis nine break points are marked and the vertical axis gives the corresponding
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Figure 1: Empirical Sizes at the 5 percent significance level

percentage of rejections under the unit root null hypothesis. The left graph presents the
case of an upward shift and the right graph presents the case of a downward shift.

DGM have shown that the empirical size of the ¢ (d;)-test, under homoskedasticity, are
reasonably close to the 5% nominal level. In the upward shift case (left graph), as 7 moves
from 0.1 to 0.9, rejection frequency increases from about 5% to about 30%. The opposite
is true for the case of a downward shift (right graph). Notice also that as the magnitude
of the shift increases, the rejection frequency increases. The degree of size distortion varies
with the direction, timing and magnitude of the break. Without knowledge of the timing
and magnitude of the break, the t-ratio given in (7) cannot be relied upon to give valid
inferences.

4 Testing for a unit root under unconditional heteroskedas-
ticity
It is important to note that in the heteroskedastic case we cannot claim that the correct

formula for AVar (c}ﬁ) is given in (13) unless we re-establish the results stated in (9), (10)

and (12) under Assumption V. In order to correct for the size distortion shown in the
Monte Carlo study we follow White’s suggestion. The White’s heteroskedasticity robust
t-ratio (denoted as tyy (dy)) for testing the significance of ¢ in (4) is given by
() = —2 o (16)

WSE <¢>)

where WSE (q%) is the White standard error given by

SF, (Adiy 1)° &
.
(Zfzz (Adlyt71)2>

The advantage of using White standard errors is that applied researchers are not required
to specify, a priori, a model for the error variance process. This is especially useful since in

WSE (¢>) -



many practical situations such model is unknown a priori. In the case of a single structural
break in the error variance, the Monte Carlo evidence presented in the previous section
reveals that the ¢-test is affected by the location of the break in the sample. The use of
White standard errors to correct for heteroskedasticity is particularly useful since it does
not require any information regarding the timing of the break.

4.1 Asymptotic Distribution of the FD-F Test with a fixed d;

The following theorem is concerned with the asymptotic properties of the ty (dp)-ratio
defined in (16) for a fixed d;.

Theorem 1 Let the time series process {yt}thl be defined by (1) —(2). Under Assumptions
E and V, the asymptotic properties of the ty (di)-ratio with 1/2 < dy < 1 for testing ¢ =0
in (4) are given by:

tw (d1) % N (0,1)
under the null hypothesis that dg = 1;
tw (d1) LN
under the alternative hypothesis that 0 < dg < 1.

The first part of Theorem 1 states that the ¢y (d)-ratio defined in (16) is pivotal and has
a standard limiting null distribution. The second part states that the ¢ty (di)-ratio is able
to discriminate between the null hypothesis of a random walk process and the alternative
hypothesis of a fractional integrated process with probability one in large samples. Thus
for a given value of dy € [0,1), the ty (dy)-ratio, computed using any value of d; in the
interval 1/2 < d; < 1, tends to negative infinity and so the power of the ty (d;)-ratio tends
to unity as T'— oo. This means that the ¢y (dy)-ratio is a consistent test statistic even if
dy is chosen differently from dy.

Establishing Theorem 1 is more difficult than in the homoskedastic case where the er-
godic stationary WLLN is a key ingredient. This is because unconditional heteroskedasticity
renders invalid the application of ergodic stationary WLLN for the various sample moments
appearing in ¢ and ty (d1). The proof of Theorem 1 is given in the Appendix.

4.2 Asymptotic Distribution of the FD-F Test with an Estimated d;

So far the value of d; is specified a priori under the simple alternative hypothesis. In the
absence of such a specification, as is usually the case, Theorem 2 shows that any available
consistent estimator of dyp in (1) can be used to make the FD-F operational. Let d be a
consistent estimator such that d — dy = op (1) . Since FD-F regression requires the value of
d1 to be strictly less than one, we follow DGM’s suggession and define a trimming rule for
Cilt R N

5 d ifd<l—c

dl_{l—c ifd>1-c (17)
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where c is a fixed constant such that 0 < ¢ < 1/2. The least squares regression in (4) can
now be made operational by replacing the unspecified d; by d; :

Ay = ¢AMy 1 + ey (18)

The heteroskedasticity robust ¢-statistic, computed in the same way as before except using
the regression (18), is now denoted as ty (dl) . The following Theorem establishes that the

tw (Jl)—ratio has a standard normal limiting null distribution under heteroskedastic errors.
The proof of the Theorem is given in the Appendix.

Unlike DGM, we do not require the estimator d to converge in probability to dy at a
V/T-rate. Instead of relying only on parametric estimation, which has a standard /7T-rate
of convergence, Theorem 2 opens up the possibility that semi-parametric estimation, which
converges slower than the v/T-rate, can be used to make the FD-F test operational.

Theorem 2 Let di satisfy the trimming rule in (17) with d—dy = op (1). Suppose As-
sumptions E and V hold. Under the null hypothesis that y; is generated by (1) — (2) with
do = 1, the asymptotic distribution of the ty (dl) -ratio of the OLS estimator of ¢ in the
Tegression A

Ayy =AMy 1 + e

18 given by
tw <c21> 4 N(0,1).

We follow the DGM approach and consider the parametric GMD estimation method.
Harris and Kew (2007) examine the GMD estimation in the presence of unconditional
heteroskedasticity in a fractional integrated model. The GMD estimation procedure relies
only on the absence of autocorrelations and not of heteroskedasticity in the residuals and
hence this estimator can be potentially robust to the presence of heteroskedasticity. We
next describe the GMD estimator.

4.3 GMD estimation method

This section describes the GMD estimation procedure. To describe this estimator, we define
the residuals e; (d) for some d as

t—1
e (d) = Ay => mi(d) gy, t=1,..,T. (19)
j=0

The Minimum Distance Estimation (MDE) of dj is defined as



where p,, (d) is the m’th sample autocorrelation of the residuals e; (d), for m = 1,2, ..., k.
The notation arg min denotes the value of d such that the argument of an:l P2, (d) is
minimised Given the residuals e; (d), ..., er (d), the p,, (d) is a function of the parameter d
and it can be calculated as follows:

T! Z?:m+1 et (d) er—m (d)
T Zthl ef (d) ‘

Note that the residual in (19) can be re-written as

P (d) =

cld) = Ay,
— Ad_dOAdOyt
= Ad_doet

and the population counterpart of p,, (d) is defined to be

T Y B e (d) e (d))
Tt Zthl B (63 (d)) .

Despite the fact that e; (dy) are unconditionally heteroskedastic, the population autocorre-
lations, p,, (d), evaluated at the true parameter dy can still be zero since

1T 1T

Ty i1y E e (do) er—m (do)) TP 3010, B (erei—m)
pm (do) = N T > - N7 2 =0.
T Zt:l—i—p b (et (dO)) T Et:1+p E (et)
In order for the GMD method to be a reliable estimator under unconditional heteroskedas-
ticity, the population autocorrelation p,, (d) should not equal zero if d # dy and therefore
the residuals, e; (d), are autocorrelated. To verify this, we write the numerator of p,, (d) in
(20) as

(20)

P (d)

E(ei(d)erm(d) = E (Ad—do e, Ad—do et,m)

t

fy

- t—m—1
= b 7 (d —do) et—j i (d — do) et—m—i
0 ;
1t-1
- Ty (d - dO) Ti—m (d - dO) E (et_jet_i>

1=

<

~

Il
o

~+
|

~
|

~+ T
= O
3

= Z 7T7,2—m (d —do) U?—i

i=m

and so p,, (d) is not equal zero when d # dy.
It is clear that the GMD estimator can be potentially robust to an unknown form of
unconditional heteroskedasticity. The assumption of constant unconditional variances over

12



time is unnecessarily restrictive for the consistency of the GMD estimator. Harris and
Kew (2007) show that the GMD estimator is consistent and converges at v/T-rate under
Assumption V. This result implies that the GMD estimator turns out to be very useful in
implementing a feasible FD-F statistic under heteroskedasticity.

5 Monte Carlo Simulation Results

This section uses Monte Carlo (MC) experiments to examine the finite sample performance
of the FD-F tests with White standard errors when the errors are unconditionally het-
eroskedastic. The simulated data set for {y;} is generated according to (1) - (2). The
pseudo random numbers for ¢; are generated using the rndn function in Gauss 7. For all
of the MC experiments, the number of replications is 10000 and the seed used for the rndn
function is 999. The sample sizes considered are T' = 250,500 and 1000. The larger values
of T' are chosen since empirical studies of structural breaks in the error variance use data
collected over an extended period of time.

Apart from the single structural break model considered in Section 3.2, we consider two
additional models for the error variance process, o7. These heteroskedasticity models are
based on that used by Cavaliere (2004), Cavaliere and Taylor (2007) and Phillips and Xu
(2006).

Double Variance Shifts. Two abrupt shifts in the error variance at first from 72 to ~3
occurring at time |717'| and then follow by another abrupt shift from 73 to 73 at time
| 72T | . The dynamics of o2 can be written as

o7 =71 (t < [T)) + 31 (|1 T) <t < [72T]) + 431 (|72T| <t < T)

where 71,72 € (0,1). A special case arises when 79 = 1 — 71 and 73 = +3. In this case,
the multiple variance shifts are symmetric and and hence the double variance shifts model
reduces to

=1t < [TT]) +31 (7T <t <1— |[7T))+~+31(1— |7T| <t <T) (21)

where 7 € (0,1).

Trending Variances. The variance of the innovations changes monotonically from ~? at
time ¢t = 0 to 73 at time ¢t = T. Note that, the variance may not necessarily trends linearly.
The dynamics of 67 can be written as

t m
of =i+ (13 —) <T>

where m = 1,2,.. < co. The variance changes continuously in a linear fashion when m =1
and it changes in a non-linear way otherwise.
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For each of the variance models, a wide range of parameter settings are used to generate
the different patterns of variance dynamics. Following Section 3.2, we define § = 4/, and
normalise v; = 1.

As for the single structural break model in (15), we allow the shift to occur towards the
beginning, middle and end of the sample by setting 7 = 0.1,0.5 and 0.9. Two values of §
were used: § = 5 (positive shift) and § = 0.2 (negative shift). We consider early positive
shift (7 = 0.1 and § = 5), early negative shift (7 = 0.1 and 6 = 0.2), positive shift occurring
mid-way through the sample (7 = 0.5 and § = 5), negative shift occurring mid-way through
the sample (7 = 0.5 and ¢ = 0.2), late positive shift (7 = 0.9 and § = 5), and late negative
shift (7 = 0.9 and § = 0.2).

As for the double variance shifts model, we consider the special case where the double
breaks occur symmetrically. We let 7 = 0.05,0.45 and § = 5,0.2. Here, four different
types of multiple break points are generated: early positive break then followed by late
negative break (7 = 0.05 and 6 = 5); early negative break then followed by late positive
break (7 = 0.05 and § = 0.2); positive shift occurring near the middle of the sample then
immediately followed by a negative shift (7 = 0.45 and § = 5) and a negative shift occurring
near the middle of the sample then immediately followed by a positive shift (7 = 0.45 and
§=0.2).

In the trending variances model, we allow the trending variance to increase continuously
in a linear and non-linear fashion. In the linear case where m = 1, we consider both upward
(6 =5) and downward (6 = 0.2) trends. In the non-linear case (m = 2), we consider both
upward and downward trending variances.

5.1 Size Properties with known d;

Tables 1 to 3 report the percentage of rejections under the null hypothesis (empirical size)
when dp = 1 in (1) for the ¢ (dy)- and ty (dq)-tests with d; = 0.6,0.7,0.8,0.9,0.95 at the
nominal 5% level. Since both tests have standard normal limiting distributions, the critical
value, at the 5% significance level, is -1.645. All other things equal, the ¢ (d1) and ty (dy)
tests display roughly the same rejection frequencies for all values of dy, although it is worth
nothing that size distortions are slightly smaller the closer d is to 1.

For comparison purposes, we include the actual sizes of the ¢ (dy) test under homoskedas-
tic error and these are reported in the first row of Table 1. In terms of empirical size, the
tw (d1) test performs just as well as the ¢ (dy) test in the absence of heteroskedasticity.

We will discuss first the performance of the ¢ (d;) test in the presence of unconditional
heteroskedasticity. Tables 1 to 3 clearly show that the ¢ (dy) tests are not robust to de-
partures from the homoskedasticity assumption. The degree of size distortions can vary,
depending on the variance structure. For example, in the case of a single abrupt shift (see
Table 1), substantial size distortion occurs when the abrupt shift is either an early negative
shift or a late positive shift, while the opposite is true when the abrupt shift is either an
early positive shift or a late negative shift. When the positive or negative shift occurs to-
wards the middle of the sample, the ¢ (d;) tests overreject moderately with empirical sizes
of around 11%.
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As for the double variance shifts model (see Table 2), serious size distortions arise when
an early negative shift is followed by a late positive shift of the same magnitude as the
earlier shift (7 = 0.05, § = 0.2), and when a positive shift occurring towards the middle of
the sample is followed immediately by a negative shift of the same magnitude (7 = 0.45,
d = 5). In these cases, the proportion of rejections is about 25% when the nominal size
is 5%. However, the ¢ (d;) tests appear to have approximately correct size when an early
positive shift is followed by a late negative shift (7 = 0.05,6 = 5), and when a negative
shift occurring towards the middle of the sample is followed immediately by a positive shift
(1 =0.45, =0.2).

When the error variance follows a polynomial trend (see Table 3), the ¢(d;) display
smaller size distortions than those in Tables 1 and 2. In this case, the ¢ (d;) tests moderately
overreject the unit root null hypothesis with empirical sizes varying from 7 to 10 per cent.

Tables 1 — 3 about here

The tw (d1) test which uses White standard errors is very effective in reducing the
observed size distortions. Take for example the case where there is an early negative break
(ie. 7 =0.1 and § = 0.2). In this case, when d; = 0.90 and 7' = 250, Table 1 shows
that the White correction can reduce the empirical size from 23.14% to 6.98%. This 6.98%
empirical size of the ty (d1) test is seen, as expected, to fall towards the 5% nominal size
as T' grows. When the sample size is relatively large (T' = 1000), empirical sizes of tyy (d1)
tests are always reasonably close to the 5% nominal level in all of the heteroskedastic
models considered. Thus, Monte Carlo evidence reveals that White’s correction works well
in practice for a wide range of models of unconditional heteroskedasticity.

Tables 4 to 7 report the raw power of the ¢y (d;) test against the alternative of fraction-
ally integrated processes given in (1) with values of dy chosen from [0.55,0.95] in steps of
0.05. The tyy (dq) test is computed under the assumption that d; is known a priori by setting
dy = dp. Under homoskedasticity (i.e. § = 1), Table 4 shows that the rejection frequencies of
the heteroskedastic standard errors are comparable to those of the homoskedastic standard
errors. This suggests there is no loss in power from using White’s correction when the errors
are homoskedastic. Table 4 therefore can be used as a benchmark to compare the finite
sample power results of the ¢ty (d1) under heteroskedasticity. From Tables 5 to 7, there are
cases where the power of the tyy (d1) tests under heteroskedasticity are considerably lower
than those under homoskedasticity. In those cases, it turns out that the FD-F tests without
White standard errors suffer from severe size distortions. To illustrate, take an example
of an early negative break (7 = 0.1,0 = 0.2). As noted before, the t(d;) tests tends to
overreject substantially. For this same variance model, Table 5 shows that the power of
the tyw (d1) test is considerably less than that observed in Table 4, where the errors are
homoskedastic. In some cases where the t (d;) tests suffer from severe size distortions, the
White correction loses power relative to the homoskedastic case. In all cases, as expected,
power increases as 1 increases, and as dy moves away from 1.

Tables 4 — 7 about here
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So far we have been treating the value of d; as if it is pre-specified. Now we use the GMD
estimation procedure described earlier to estimate dy. Using the trimming rule defined in
(17), the resulting estimate is then used to replace d; with di. Under homoskedasticity,
DGM show via Monte Carlo experiments that replacing the value of d; with dq has very
little impact on the size and power properties of the FD-F test without White’s correction.
We now check whether these results continue to hold under heteroskedasticity. Tables 9
to 11 present the size and power properties of the FD-F tests with and without White’s

correction. The t (cil) and ty (621) tests are calculated in the same way as before, but

using the input dy as defined in (17) . Following DGM, we set ¢ = 0.02 and thus dy < 0.98.
By comparing the results in Tables 8 - 11 with the corresponding results in Tables 1-7, the
rejection frequencies when d; is replaced with dq are broadly similar to those when d; is
specified a priori. Thus, the estimation of d; using the GMD estimator under unconditional

heteroskedasticity will not affect the performance of the ty (dl) tests.

Tables 9 — 11 about here

6 Conclusion

We have shown that, via Monte Carlo simulations, the OLS t¢-statistics suffer from substan-
tial size distortions when the errors are heteroskedastic. Thus, the FD-F t-statistics com-
puted using OLS standard errors derived under the assumption of homoskedasticity will give
misleading statistical inferences. We suggest FD-F ¢-statistic that uses White heteroskedas-
ticity robust standard errors to account for the presence of unconditional heteroskedasticity
of unknown form. We demonstrate that White’s version of the FD-F statistics has a stan-
dard limiting null distribution unaffected by unconditional heteroskedasticity. A Monte
Carlo study shows that the proposed method is effective in reducing the size distortion. In
the absence of heteroskedasticity, the power loss due to the use of White standard errors
instead of homoskedastic standard errors turns out to be very small.
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Appendix: Proofs

Lemmas 3 and 4 below give the weak law of large numbers and the Central Limit Theorem
for fractional integrated processes under Assumptions V and E, respectively.

Lemma 3 Let {e;} be a sequence of random wvariables generated according to (2) with
or and {&:} satisfy Assumptions V and E respectively. Consider the following fractionally
integrated processes:
A(Szt:et, (5<1/2
and
AV = ey, v < 1/2.
Then
(i) supy << E 2| < 00 for r < 4;
(ii)) 0 < B<T 'S, E(22,); and
(iii) T—* Ethz (Tt—mzt—n — B (Tt—mzt—n)) 2.0 for m,n=0,1.

It seems useful to state the following results here. The stochastic sequence 71 Z;F:Q 22
does not converge to zero in probability. To see this, we write

T T T

TV =T (. —E()+ T E(4,). (22)

t=2 t=2

—_

The first term on the right-hand side of the above equation converges in probability to zero
by Lemma 3(iii) with z;—1 = 2z;—1. The second term is bounded away from zero uniformly
in 7' by Lemma 3(ii).

Lemma 4 Let {z:} and {e:} be defined as in Lemma 3. If the conditions of Lemma 3 are
satisfied, then as T — oo,

T —1/2 T
(Tl S (zfle§)> 723" 2 1ee % N (0,1).
t=2

t=2

Proof of Lemma 3

Part (i) Under the Type 2 model of fractional integration, the series z; can be written as

t—1
z = A_éetl(bo) = Zﬂ'j (=6) er—;j (23)
=0
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and since § < 1/2, the coefficient 7; (=) is square summable. Choosing r = 4, we have

E (zf) (24)

o~
|
-
~
|
—_
-+
|
-
~
|
—_

.
Il
=)
<
Il
=)
ES
Il
=)
—
Il
=)

First observe that

E (etfietfjet—k:et—l)
= El(et—ier—j) E(er—rer—1) + E (er—ier—x) E (er—jer—1)
+E (er—ier—1) B (er—jer—r) + ke (¢ — it — j,t — k,t —1) (25)

where Ky (.,.,.,.) denotes the joint fourth order cumulants of e;. It follows that equation
(24) can be rewritten as

E (%) (26)

> 2 S i (=8) 1) (=) i, (—6) w1 (—6) E (er—ier—;) E (epner—1)
FX N Y Y wi (=) my (—8) i (—8) i (—0) e (t — it — gt — kb —1).

We will show that each term on the right hand side of equation (26) is uniformly bounded
ml<t<T.

Since {e;} are independent and E (e;) = 0, non-zero expectations arise in the following
three pairs: (i) i =7 and k =1; (ii) ¢ = k and j = [; (iii) ¢ = [ and j = k. The first term on
the right side of equation (26) is uniformly bounded in 1 <¢ < T since

t—1t—1
3 w3 (=8) mi (—0) E (ef ;) E (¢f_)
1=0 k=0
t—1t—1 9 9 9 9
= 3 m; (=6) 7y (—=0) 007
=0 k=0
t—1t—1
< 3 m; (=8) my (—8) 7*
=0 k=0
< 351 S 72 (=6) X i (=) < oo. (27)
=0 k=0

Regarding the second term on the right hand side of equation (26), the independence
assumption for e; implies that the fourth order cumulants are zero except when i = j =
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k = 1. To see this, consider the case where i = j # k = [. Then, equation (25) becomes
ke(t—it—it—kt—k) = FE(efel ;) —E(ef;) E(ef_;)
E (eg—iegfk) - E (eg—i) E (et{k)
= 0.
Similar arguments follow for cases where i = k # j =1 and i = | # j = k. However, if
i =j =k =1, equation (25) becomes
k(t—it—it—it—i)=E(el,) —3E (e2.,).

In this case, the fourth order cumulants are zero only when the process {e;} is Gaussian
because E (ef_i) = 3af_z~. Therefore, the second term in (26) is uniformly bounded in
1+ m <t <T under Assumption V since

t—1
7 (=0) |ke (t — iyt — iyt — it — i)
=0
t—1
DN ACOIACREEIACY
=0
t—1

i (=0) (|B (e-i)| + [307-i)

+ }3040

N \3&;) St (28) < oo, (28)

=0

IN
M1
-
3
S
|
Nl
/7~

sup &/ (ef)
t

<

Combining equations (27) and (28) yields

sup & (ef)
t

sup E(zf) < B < .
1<t<T

Then (i) follows directly from the Liapunov inequality.
Part (ii) To show (22), we write

T 2
T Y B(R) = T B(A7 )
t=2 t=2
T t-1
NN
t=2 j=1
T t-1

v

[ ]

B

]

™
3

Ql.l\')
0



Since o2 > 0, it is only required to show that

T t—1
: -1 2
0<B< lim T') B ml,y(=0) <o
t=2 j=1
In order to show this, we write
T t—1
T Y ()
t=2 j=1
T T-1 T—1T-1
e I MR 3y e
t=2 j=1 t=2 j=t
= T T-1
— (1 - T) Sord (=) =T > (=)
j=1 t=2 j=t
T-1 = T T-1
= w21 (=0) - T mi (=0 -1 Z w21 (=)
7j=1 j=1 t=2 j=t

As T — o0, the first term approaches a finite positive limiting value since the sequence
7; (—9) is square summable, that is

T-1
0<B< lim 7r]2_1 (=) < 0.
T—o0 4
7=1
This thus implies that the second term converges to zero. The third term converges to zero
by Cesaro summation. This completes the proof for part (iii).

Part (iii) We show that the sequence {z;2;—1 — E (z:2;—1)} satisfies the conditions of
the Chebyshev Law of Large Numbers (see Davidson 2000 pg 42). The first condition, which
requires the sequence has zero mean, is satisfied trivially. The second condition requires
that

T 2
lim E < 71 Z (z12i-1 — E (xtztl))> = 0. (29)
t=2

T—oo

Like the series z; in (23), z; can be written as
t—1
= ATTetl(450) = ZWJ‘ (=) et—j- (30)
j=0

In order to simplify notation, we will rewrite the coefficient 7; (—7) in (30) as «; and the
coefficient 7; (—¢) in (23) as ;. Under the condition of Lemma 3 (y < 1/2 and 0 < 1/2),
the coeflicients «; and 5, are square summable.
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To show (29), we write

T 2
E < T (w21 -F (aztzt1))>
t=2

T t—2
< 2772 S E (w211 — E (2020-1)) (Bt—szt—s—1 — E (T—s2t-5-1)))|
t=2 s=0

1t-2
, Iot=2 (Zo > iy (er—ier—1—j — E(et_iet_l_j))>
- =0 =
2T t;;::o E t—s—1t—s—2
( Z alel (et s—kCt—s—1— Z_E(etsketsll))>
k=0
t

IN

—1t-1
_ Z Z aifj_q (et—ier—j — E (er—ier—j))
2T72 I t=2 E 1=0j=1
- 2 2 t—1 t—1 . (31)
(Z > By (er-per — E (etketl))>

k=sl=s+1

Because of independence property of e;, the following three pairs have non-zero expected
values: (a)i=jand k=1; (b) i =k and j =[; and (c) i =1 and j = k. In each of these
cases, we will show that the term converges to zero as T' — oo.

Case (a). The term in equation (31) for which ¢ = j and k = [ simplifies as follows:

T t— -1 t—1
27> > Z Z > O‘jﬁjflo‘l—sﬁlfsflE (ez%—j —FE (G?—j)) (ef_l - F (ef—l))'
t=25=0 [j=11=s+1
T t—2 t—1 9 9 9
< 0285 5 Jaal B lansl e [ (e — ot)’) (32)

t—=21

22 ; ; :i |043H53 1||041 8"51 s— 1‘ ‘E (€t j E(ef,j)) (ef_l—E(e?_l)ﬂ.

The inequality is triangle inequality. The second term is zero since for [ # j

B(ei = B (i) (e = B(€)) = E (ei-; = B (€i)) B (et — B (e1)) = 0.
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The term (32) converges to zero as T' — oo since

T t—2 t—1

2725 3 3 Joul B leu—sl [Bis—1| )E (7, — 0371)2)

t=2s=01=s+1

- !
= 277 Z Z || ‘@—1‘ > o] ‘58—1‘ ‘E (ef—z)
t=21=1 s=1

IN

IN

g T t—1 l
255 Jaal [Bia| 3 Jawl B (
t=21=1 s=1

sup &/ (ef)
t

—Uf—z‘

T t—1 l
2T*2t§2 l; |l |By_1] 21 | [ B | (| (eig) | + |oi])

+ }aﬂ)

T t—1 !
= 2 ( sup F (ef) + |54‘> T2 > | ‘ﬂz_ﬂ > |as] ‘53—1‘
t t=21=1 s=1

~—

< 2 < supE(ef
t

~—

= 2 < supE(ef‘
t

) (E0) (£ (84) (59
o) (Ee) (57)

The first inequality follows from the triangle inequality, the second inequality follows from
equation (3), the third inequality holds because the coefficients «; (= m; (—7)) and B;(=

m (—0)) are square summable.

Case (b). The term in equation (31) for which ¢ = k and j = [ simplifies as follows:

T t—2¢t-1 t-1

2772 PIDIDIEDY |Oék|}5l 1“0% s||ﬁz 1— SHE<et ket l)‘

t=25=0 k=sl=s+1

VE () B (ely)

T t—21-1

< 27T t;; Z|ak||ak s| {/61 IH/BZ 1— s
T t—21-1

< 2772 222 Z vk | ok — s|2|51|}5z s}

<

\/supE (ef) sup E/ (ef)
t t

2s1;1pE(6f) \/(SO ) (Zﬂl)T Z Z <k§s %> (ziﬁf)

_ 2sng(eg)\/<;oak> (S 6t)r Z\/

)(Ee).

The first inequality follows from Cauchy-Schwartz inequality, the second inequality follows
from equation (3) and the third inequality holds since the coefficients «y, and 3; are square
summable. From the last equality, the terms (323° . a2) and (3°7°, 87) go to zero as s — oc.

Thus by Cesaro summation, as T — oo, it follows that

&y (E) (E7) -
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Case (c¢). The case when ¢ = [ and j = k, disappears similarly as in case (b). This
completes the proof for part (iii).

Proof of Lemma 4

Define
—1
X7y = 87 24164
where
T
2 _ 2 2
ST = E E (thlet) .
=2

The sequence { X7} is a martingale difference sequence, since

E (X1 Fra-1) = FE(s3'z-1edFra-1)
st zi—1E (el Fri—1))
= s%lzt_lE (er) =0 a.s.

Theorem 6.2.3 of Davidson gives conditions under which the process { X1} obeys the central
limit theorem for martingale differences; that is

T — T

T-1/2 _
> Xy = %tz?zt L N©,1).
=2 \/T*1 S0 B (22 1€7)

The first condition requires the square sequence X7; obeys the weak law of large numbers
or

T
> X1 (33)
t=2
and the second condition requires
max | Xy 2. (34)
2<t<T

Regarding the first condition, note that

ZT:E (ij“t) _ Zf:2E (zt{le%) -1
t=2 ZtT:Q E (23716%)

and thus equation (33) can be re-written as

T
(X7, — E(X3)) = 0. (35)
t=2

Even though X7, is a martingale difference sequence, the squared sequence, X%t, is not a
martingale difference sequence. Consequently, the WLLN for martingale difference sequence
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cannot be used to imply that equation (35) holds. We proceed by rewriting the squared
sequence as

T
> (X — B (X7,))
t=2
_ T3, (36t — B (2160))
T-1s%
. T T
= (T‘ls?p) (T_l Zzt?_l (ef — 02) 7! ZO’? (ztz_l - F (ztz_l))> )
t=2 t=2
Thus it suffices to show that equation (35) is true if:
T
Ty (el = #ta0l) 5 0; (36)
t=2
and
T
7t Zaf (zt2_1 - F (zf_l)) 20 (37)
t=2
and
0<B<T's%<B<c. (38)
To show (36), we note that {ztz_le% — ztz_laf} is a martingale difference sequence as
E(zfa6f — 2 10i|Fi1) = B (s16f|Fia) — B (210 Fia)
= 2B (et2|]:t*1) — 210}

_ .2 2.2 2 _
= zi 10; —2i_10; =0 a.s.

By Minkowski inequality, Lemma 3(i), and (3), we have

2

Bt -0t < (VEGD) +EG oD
= (VG B v ot B )

2
< (o ECr s+ [ PR ) <o
2<t<T t 2<¢<T

Thus by WLLN for martingale differences (Theorem 6.2.2 of Davidson) equation (36) holds.
For the consistency in (37) to be valid, we have to check that the sequence {O’% (th_l - F (th_l)) }
satisfies the conditions of the Chebyshev Law of Large Numbers (see Davidson 2000 pg 42).
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The first condition, which requires the sequence has zero mean, is satisfied trivially. The
second condition requires that the variance of the sum tends to zero as T — oo; that is

T 2
lim E (T—l PACEEY (zf_l))> = 0. (39)
t=2

T—o00

Unlike the above proof, this time the sequence {a% (th_l —-F (zf_l))} is not a martingale
difference sequence and therefore the variance of the sum of terms is not equal to the sum

of the variances. In order to simplify the notation, we will express 27 as

2
g = A Oer- 1l 1>0)>

t 2
= 7Tz etlz

= Biﬁjetflfietflij
i=0 j=0

w
l\D“
l\')

where 3; = m; (—9) . To show (39), we write

T t—2
< 27? ;2 ) oior  |E((271 — B (24)) (221_s — B (44.1_)))]
—2t—-2
T t—2 Z Z BiB; (er—1—iet-1-j — E(er—1-i€t—1-5))
< g1’y Y |E i=0;=

=2 5—0 t—s—2t—s—2
( Z Z 5k6l (etfsflfketfsflfl - F (etslketsll)))
k=0 [=0
By letting o; = 3; and oy, = 3}, the above equation tends to zero by arguments similar to
those used in proving Lemma 3(i). Thus by the Chebyshev Law of Large Numbers,

T

T ZU? (i1 = E(24-1)) 20,

t=2

as required.
To show (38), we first show that

T
0<B<T 'Y E(z,€}). (40)
t=2
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To see this, we write

T 'Y E(¢]) = T'Y E(e)E(2)
t=2 =2
T t-1
= 7! Z o? Z 71?71 (=0) oi_;
=2 j=1
T-1 T—j
= 7T]2_1 (=6) T4 Z U?O’?_H
7=1 t=1
T-1

A\
S
N
—t
|
N|~.
~——
N
<L
L
|
=

(41)

Since the coefficient 7; (=) is square summable, which means that Z;F:_Ol 7Tj2 (=9) is con-

vergent, Lemma 8.3.1 of Anderson (1971) implies that

T-1 . oo
. J
0<B< lim E <1 — T> 7rj2-,1 (—0) = E 7rj2~ (—0) < o0,

T—o0 4 -
]:1 ]:0

where 3272, 71'? (=) > 0. Given that o is a strictly positive constant, equation (41) is
bounded away from zero for all T' > 2. Next for (38) we show

T
Tt ZE (27_1€}) < B < . (42)
t=2

Following from the arguments in equation (41), we write

T T t—1
TN E(fe]) < &7 > w7 (-9)
t=2 t=2 j=1
T oo
< T D 7 (=)
t=1 j=0
= > 7 (-0)=B < . (43)
j=0

Thus (38) has been proved.

Equations (38), (36) and (37) imply that the first condition of the central limit theorem
stated in (33) holds. Regarding the second condition for the central limit theorem (see
equation (34)), we note that for any > 0 and for some § > 1,

T T E |XTt‘5
< < _
P (1) < P 2 < 3 EE
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Set 6 = 4 and note that {e;} are independent, we obtain

T T
ZE (X%t) = 5;4 ZE (zf_lef)
t=2 t=2
T2 ZtT:Q E (22171621)
2
(Tfl ZtT:2 E (szp%))
YL B B ()
(1157, B (2 4ed))
T (SUP2§t§TE (Zzil)) (Supt E (ef)) -
(T_l ZtT:2 E (23—161%))2

as T'— oo. This follows because Lemma 3(i) and equation (3) uniformly bound the numer-
ator and (38) uniformly bounds the denominator away from zero and infinity.

Proof of Theorem 1

Part (a) Asymptotic Distribution. In order to simplify notation we write z;_1 for
A%y, . Following from the discussion in section 3.1, z; ~ I (1 —d;) under the unit root
null hypothesis. The values of (1 —d;) will lie in the interval (0,1/2) since d; € (1/2,1).
Using this and noting that Ay; = e, the tyy-ratio in (16) can be re-written as

T
Z Zt—1€t
-2
tw (d) = - -
> Zt2 1é?
=2
_1
1 T T 2
T72 > z1e Ty 22 e
t=2 t=2

Since 1/2 < d; < 1, the series {2} is asymptotically stationary and by Lemma 4, it follows

that
T

T_% E Zt—1€t
=2 <4 N(0,1).

i)
t=2

29




It remains to show that

T Zzt12

21

T_l Z E (zt_let)Q
t=2

or equivalently

T
Tty (thflé% - E(Zt—let)2>

t=2 p

2. (44)

T
T-1 Z E (Zt—let)Q
t=2

Equation (38) both bounds the denominator uniformly away from zero and ensures that it
is finite. It suffices to show that the numerator converges in probability to zero as T" — oo.
We note that the residuals é; can be written as é; = Ay — qudlyt 1= e — qbzt 1. Using
this, we write the numerator in (44) as

0y (s (- b)) - B ()
= Z: (zt 1 (et — 202z 1€t+¢ el 1) ~o}E (Zt 1))

. T <9 T
= Z(zt e; — ot E (27 1))—2¢T—1t§2z§’_1et+¢ T—lt;zz‘_l (45)

The aim is to show that all the three terms in (45) converge in probability to zero. The
first term converges in probability to zero by equations (36) and (37). As for the second

and third terms in (45), we will first show that ¢ <> 0. Under the null hypothesis, ¢ in (6)
can be written as

. T Zzt 1€t
¢ = ;-
r- 1ZZt 1

The numerator 7! ZtTZQ zi—1€; converges to zero in probability by Lemma 3(iii) with v = 0.
As for the denominator, we have already shown in equation (22) that 7! 23;2 22 | does

not converge to zero in probability. Therefore g% 0.
Now, coming back to the second term in (45), since ¢ 2,0, it will converge in probability
to zero if

T
T! t; 23 e =0, (1). (46)

Before proving equation (46), we state the Holder’s inequality. For any random variables
X and Y and for a > 0, if E|X|? < 00 and E Y%V < oo then

a—1
E’XY’ < (E ’X‘a)l/a <E‘Y‘a/(a—1)>( )/a.
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Now to establish (46), by Holder’s inequality (with a = 4) and Lemma 3(i), we have

T

T
E ‘Tl S ie] < TN B e
t=2 t=2
T 3 1
< Ty (BlLE) (Bl
t=2
& 4 \\i 4\ 7
=T ;2 (E (2-1))* (B (ct))
= , 1
4 1
< ( sup E (zfl)> <supE (ef)) < o0.
2<t<T t

Thus by Markov inequality, equation (46) is true.

In view of Lemma 3(i), the third term in (45) converges in probability to zero by argu-
ments similar to those used in proving the second term.

Part (b) Consistency In order to simplify notation we write z;_1 for A%y, 1 and
for Ay;. Under the alternative hypothesis, the data generating process for {y;} is

Adoyt = €¢. (47)

The sequence {z;_1} is fractionally integrated of order dy —d;. To see this, we pre-multiply
both sides of (47) by A% =9 to obtain

Ay, = Ah=doe,

Ado_dl (thl) = €¢—-1 (48)
and so {z;—1} ~ I(dp—dy) as claimed. The values of (dy — di) will lie in the interval
(—1,0.5) since dp € [0,1) and 1/2 < d; < 1.

The sequence {z} is fractionally integrated of order dy — 1. To see this, we pre-multiply
(47) by Al=9 to obtain
Ay, = Al-dg,
AP () = ¢ (49)
and so {x;} ~ I (dy — 1) as claimed. The values of (dy — 1) will lie in the interval [—1,0).

Using these representations, the ¢y (di)-ratio in (16) under the alternative hypothesis
can be re-written as

T
71 Z Zt—1T¢t
tw (dy) = T"/? L : (50)

T
DY (th—lé?)
=2

The residuals é; can be expressed as

ét = Ayt — g})Adlyt,1 = Tt — QASthl. (51)

31



Substitute (51) into (50) yields

T
T_l Z Zt—1T¢
tw (dr) = T2 =2 . (52)

\/T1 5 (24 (se-ie)’)

To prove the Theorem, we need to: (a) establish that the numerator in (52) converges
in probability to a negative constant; and (ii) establish that the denominator in (52) is
uniformly bounded in probability. Then as T' — oo, the ty (d;)-ratio will diverge to negative
infinity, implying that the ¢y (di)-ratio is consistent and this proves the second part of
Theorem 1. We organise the presentation of the proof as follows. First we consider the
case when dj # dy and then we consider the case when d; = dy. A separate treatment for
the latter case is necessary because the process {z;} is no longer a fractionally integrated
process but a short memory process with z; = e;.
1. di # dp. The numerator in (52) can be written as

T

T
71! Z (zt—lxt - F (Zt—l-%'t» + 71 Z E (Zt—lxt) .
t=2 t=2

The first term converges in probability to zero by Lemma 3(iii) with m = 0. As for the
second term, we will show that it converges to a negative constant as T" — co. To see this,
we write

K
™
t
D
N

8

|

3
M=

E (Adl 7d0€t_1A17d0 et)

~+
[|
[\
~+
Il
]

1

W
[|
)

Il
q
M=
t
o~
|

1

<.
Il

t—1
5 (dl — do) €t—; Z ™ (1 — do) et_j>
7=0

1 T t—1t—1
= T Z Ti—1 (d1 — do) j (1 — do) FE (et_iet_j)
=2i=1;=0
T t—1
= 77! Z T (l—d(]) Ti—1 (d1 —do)U%ﬁi
t=21i=1
T—-1 T
= i (1*d0)ﬂ'i,1 (dl *do)T_l Z O'%_i
=1 t=1+1
T—1 _
= T (1—d0)ﬂ'i_1 (dl—do)T_l ZO’?
i=1 t=1
T—-1
= ( ma—%m%u@—%0<fﬂza$
=1 t=1
T—1 1 T 9
— Z T (1—d0)71’i_1 (dl—do)Ti Z o
=1 t=T—i+1
= Ryr — Ror.
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As T — oo, we will show that Ry converges to a negative constant; that is

T-1 T
Jim Ryp = ( lim > 7w (1 —do) mi_1 (d1 — d0)> ( lim 77! at?) =-C (53)

T—o0 i=1 T—o0 t=1
for some 0 < C' < oo and Rop converges to zero; that is
lim Rop = 0. (54)
T—o00

Regarding R;7, we will first show that, as T — oo,

T-1
lim Z T (]_ — do) Ti—1 (dl — d[)) < 00 (55)

T—oo | =1
and then we will show that its limiting value is strictly negative; that is

T-1
lim Z g (1 — do) Ti—1 (dl — do) < 0. (56)

Equations (55) and (56), taken together, imply that equation (53) holds.
To show (55), note that for large i, the sequence

mi (1 —dp) mi—1 (d1 — dp) ~ i~ (=do)—1;—(d1—do)—1 _, ;—3+2do—dy

For the above sequence to be summable, we require that —3+2dg—d; < —1lordg < 1+ %dl,
which holds since d; > 1/2 and dp < 1 under the alternative hypothesis. Thus equation
(55) holds. Next to show (56), we note that the coefficient m; (1 — do) is negative for all
i > 1 but the coefficient 7; (dy — dg) is not necessary positive. We consider the following
two cases:

(i) Assume that dy < dy. Then, the coefficient 7; (d; — dg) is positive for all ¢ > 0. Thus,
the product of 7; (1 — dp) and m; (d1 — dp) will be negative for all ¢ > 1. Hence (56) holds
as required.

(ii) Assume that d; > dp. Then, mo(d1 —dp) = 1 but for all ¢+ > 1 the coefficient
mi (d1 — dp) is negative. In contrast to the previous case, now 7; (1 — dp) m;—1 (d1 — dp) > 0.
In order to show that equation (56) is true, we need only show that

T (1—d0)<—<iﬂi (1—d0)71’z'_1 (dl—d())). (57)

DGM have shown that the absolute value of the right hand term of the above equation can
be

> mi(1—do)mi—1(di—do)| < sup |m;(1—do)| ) |mi(d1—do)l
i=2 jE[2,00) i=1

= ‘7T2 (1 — do)’
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The last equality is obtained by noting that > 2, |7 (d1 — do)| = 1. Since |72 (1 — dp)| <
|1 (1 —dp)|, it follows that

o0

gﬂi (1 — d()) Ti—1 (dl — do) < ‘7(’1 (1 — do)’

as required to show that the inequality in (57) is true.
To show (54) , we write

T-1 T
T (1—d0)7‘(’2‘71 (d1 —do) T_1 Z (T%
=1 t=T—i+1
T-1 1 T 9
< | (1 —do)||mi—1(d1 —do)| T > &
=1 t=T—i+1
T 2
= T X |mi(1—do)||mi—1 (dr — do)|ic
=1
T-1
S B*a_QT—l Z i_(l_do)_li_(dl_do)_li

=1

T-1
— B*a,ZTfl z i2d0727d1 N 0
=1

(for some B* > 0) as T — oo by Cesaro Summation since 2dyp — 2 — d; < 0 under the
alternative hypothesis. This therefore completes the proof that the numerator of the ¢y (dy )-
ratio in (52) converges in probability to a negative constant.

The denominator of the ty (di)-ratio in (52) can be written as

1 & (o . 2
A <Zt—1 (iUt - ¢Zt71) >
i=2
T . T 5 T
= TV 2 a7 =207 'S 2+ T7H Y 2. (58)
i=2 i=2 i=2

We will show that each term in (58) is uniformly bounded in probability or O, (1). As for
the first term, by Cauchy-Schwarz (CS) inequality and Lemma 3(i), it follows that

T T
E‘T‘ltng_le < T_lt;E‘th_le‘

IN

T
T8 B (o) B (o)

<22tl£TE(Z;11)> (SQPE (%‘)) < 0.

Therefore the first term in (58) is O, (1) by Markov inequality.

IN
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As for the second term and third terms in (58), we first show that ¢ = O, (1). Under the
alternative hypothesis and using expressions (48) and (49), the ¢ in (6) can be rewritten as

T
71 Z Zt—1%¢

5 t=2
¢ = T :
T30 2
t=2
The numerator of ¢ is O, (1) since it is the same expression as that given in the numerator
of the tyy (dy)-ratio, see (52). We have already shown in equation (22) that the denominator

does not converge to zero in probability. Therefore ¢ = O, (1).
Now coming back to the second term in (58), all that is required is to show that

T
T > Ztg—lxt =0p(1)
=2
since ¢ = O, (1) . To see this, by Holder’s inequality and Lemma A (i), it follows that
T
< T7'SYFE ‘zf’_lsct‘

t=2

I CENGN

T
-1 3
E ’T > . Zy_17¢
t=

=

<
t=2
1 4 \\i 4\ 4
- TS (BEL) (B ED)
3 1
4
< (sup E(zf_1)> (supE(xf)) < 00.
2<t<T t

The third term in (58) is Op (1) by using similar arguments as above. Therefore the
denominator in (58) is O, (1) and this completes the proof for the case when d; # dp.
2. di = dp. In this case z;—1 = ¢;—1 and thus the numerator in (52) can be written as
1 1 &
T Z (et_lfL‘t —F (et_1$t)) + T Z E (et_lflft) . (59)
t=2 t=2

The first term converges in probability to zero by Lemma 3(iii) with § = 0 and n = 1.
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Regarding the second term, we write

T

T
T 'S E(ep12) = T 'S FE (et_1A1*d06t>
t=2 t=2
1 T t—1
= T Z 7Tj (1 — d()) E (et_jet_l)
t=2 j=0
T
= Ty m(1—do)oj 4
t=2
T-1
= m (1 —do) <T_1 z U?) .
t=1

Under Assumption V, the term 71 Zthl o? is uniformly bounded away from zero and
infinity for all 7" and since the coefficient 71 (1 — dp) < 0, the second term in (59) converges
to a negative constant as 7' — oo. This completes the proof that the numerator in (52)
converges in probability to a negative constant. The denominator in (52) is O, (1) by
similar argument to the d; # dg case. This completes the proof for the case where d; = dj.

Proof of Theorem 2

Under the null hypothesis, d is a consistent estimator of dy = 1. The trimming rule defined
in (17) implies that the pre-estimated value of dy (cﬁ) is also a consistent estimator of
(1 —¢); that is

ch i (1 — C) .

Following DGM, we will show that

t (cil) —tw(1—c)=0,(1). (60)
Since 0 < ¢ < 1/2, part (a) of Theorem 1 shows that ¢y (1 — ¢) <, N (0,1) and thus an
asymptotic equivalence argument implies that ¢y <c21) <N (0,1).

To show (60), we apply the mean value theorem to ty <c21) around (1 — ¢) to obtain

Oty (dy)

tw <c21)—tw(1—c)— T (dl—u—c))

di=d*

where d; < d* < (1 —¢). Since d; — (1 — ¢) = 0, (1), it suffices to show that

Otw (dy)
—_— =0,(1). 61
B, =0 (61)
To show (61), we show
Otw (dl) _
—oa, O (1) (62)



foralld; € [l —c¢—e,1 —¢| with any 0 < € < 1/2—e¢. Then (61) follows since d* % (1 — ¢),
that is
Pr(de[l-c—¢e,1—¢]) —1.

The remainder of the proof is concerned with showing (62).
We next evaluate the first derivative of ¢y (dy). Under Hp we have Ay, = e; and
A%y, 1 = Ah~le, The ty (di) ratio can thus be written as

T
Z etAdlflet_l
tw (d1) = =2 (63)

T 9 . 2
> (Ad—le,_y) <€t - ¢Ad1_1€t—1)
t=2

with
T
Z etAdl_let_l
¢ =2 . (64)
tZQ (Adl_let—l)2

When we substitute (64) into (63), the denominator can be written as

& (3t (- )’
= té <Ad171€t—1)2 ef — 20 té (Adrletq)g e+ &2 té <Ad1716t—1>4
-1
- Bl e oa (Gast ) (5 (a0 en)'e) (5 (00 a))

M=

(3 A) (5 (are)) (5 (a0 re))

To simplify notations, we let:

T

NT(d1> = ZetAdl_let_l, (65)
t=2
T 3

Dy (d1) = Z(Adl_let—1> et (66)
t=2
T 2

DQT(dl) = Z (Adl_1€t71> y (67)
t=2
T 4

Dyr(d) = 3 (Adl—let,l) , and (68)
t=2
T 2

D4T(d1) = Z (Adl_letfl) 6? (69)
t=2



Using equations (65) — (69), the ¢y (d1) in (63) can then be written as
tw (d1) = Nr (d1) Dr (d1) /2 (70)
where Dy (dy) is

Dr(d1) = Dyr(d1) —2Nr (d1) D17 (di) Dor (dr)
+Nr (d1)? Dar (d1) Dar (d1) 2.

The first derivative of ¢ty (d1) is given by

Otw (dy)
Odq
ONr (dy) L 0 (DT (dl)—1/2)
leDT (dl)_§ + ads Np (dl) . (71)

Therefore equation (62) holds if, for all dy € [l —c—¢,1 — ¢] with any 0 < e < 1/2 — ¢,

(T—l/QaN(;d(fh)> (T Dy (d)) 2 = 0, (1) (72)
and 1/2
0 (Dr(d)”
<T1/2 ( Tadi ) ) (T_l/QNT (dl)) = Op (1) . (73)

For equation (72), Lemma 5 below shows that

_1/20N7 (d1)
TV~ 0,(1).
8d1 p( )
Given that Dr (dy) appears in the denominator, we wish to show that T~ Dy (d;) does not
converge to zero in probability. To show this we write

T_IDT (dl)
= T 'Dyp(di) = 2T Ny (d1) T Dir (di) (T ' Dor (dv))

+ (T Ny (1)) > T~ Dy (dy) (T2 Doy (dy)) 2.

1
(74)

Let A1=1le, | =2, . Since d; € [l —c—¢,1—¢|, we can apply Lemma 3 to the terms
in (zz). The first term in (74) does not converge to zero in probability. To see this, we
write

T71D4T (dl)
T T
= 71! > (zf_lef - F (zf_lef)) + 771 > FE (23_162) . (75)
t=2 t=2
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the first term in (75) converges to zero in probability by (36) and (37). The second term in
(75) is bounded away from zero by (38).

We will show that the second and third terms in (74) converge to zero in probability. To
see this, we note the following convergence results for 7! Dot (d1) , T Ny (d1) , T~ D17 (d1)
and T~ D (dy) . Given that T~ Doy (dy) = T~ 3.1, 22 | appears in the denominator of
(74), we have shown that equation (22) does not converge to zero in probability. We have

T
T_INT(dl) = T‘_1 etAdl_let,l

t=2

T

= 71! tgz etzi—1 = 0p (1) (76)

by Lemma 3(ii) with 6 = 0. We have

T 3
T_lDlT (dl) = T_lz (Adl_let_l) (&)

=2
T
= T' Y 2 qe0=0,(1) (77)
=2
by equation (46). We have
T 4
T Dyr (dy) =T71 3 (Adrlet_l) =0,(1) (78)
=2

by equation (??). Thus (72) is shown.
As for equation (73), since Lemma 4 and (38) imply that

T
T~ Y2Np (dy) = T2 Y e, AT =te, 1 = 0, (1)
t=2

it suffices to show that
B (DT (dl)—W)

T/? e =0, (1). (79)

To show (79), we write

) <DT (dl)_1/2>

T1/2
ody

18D4T (dl) o 2T—1a <NT (dl) DlT (dl) D2T (dl)_1>
8d1 8d1

=3/2 [

— —% (T_IDT (dl))

0 (NT (d1)? D3 (d1) Dar (dl)_2>
odq

+ 771
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We have already shown in the proof of (72) that Dy (d;) does not converge to zero in

probability. From Lemma 5 below,

10Dyt (dy)
Ody

T- —0,(1).

We will show that
0 (NT (d1) D17 (d1) Dar (d1)71>
ody

T—l

2o (80)

and

0 (NT (d1)? D3z (dy) Dar (d1)_2>
odq

Tfl

0. (81)
To show (80) , we write
0 (NT (d1) D17 (d1) Dar (dl)_l)
Od
— T 'Dyg (dy) (T Dar (dr)) ' T~

Tfl

0d;

_ 0D (d
+T Ny (dq) (T*1D2T (dl)) 1T16137;ll( )

~T Ny (dy) T~ Dyr (dy) (T Dar (d1)) T_lal)gz@ll)- (82)
1

As noted previously, T~ Dar (d1) does not converge to zero in probability. The first term
on the right-hand side of (82) is o, (1) by (77) and Lemma 5(d) below. The second term is

op (1) by (76) and Lemma 5(e) below. The third term is o, (1) by (76), (77) and Lemma
5(f) below.

To show (81), we write
0 (NT (d1)? D3 (d1) Do (dl)_2>
0dy
— 2T Ny (d) T 'Dar (da) (T~ Dar (1)) " T~

T—l

Ody
1 8D3T (dl)
ody
_ 2, _ —3 _+0Dor (d
—2(T Ny (d1))* T~ Dar (dy) (T Doy (dy)) T 1;21(1).
By similar arguments as above, the first term is o, (1) by (76), (78) and Lemma 5(d) below.

The second term is o, (1) by (76) and Lemma 5(g). The third term is o, (1) by (76), (78)
and 5(f) below.

The next Lemma gives the asymptotic properties of the first-order derivatives for the
expressions (65)-(69) defined above.

+ (T Ny () (T Do (dy)) 2T~
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Lemma 5 Let {e;} be a sequence of random variables generated according to (2) with oy
and {e.} satisfy Assumptions V and E respectively. Let0 < ¢ < 1/2. Ifd; € [1 —c—¢€,1 — ¢
for any 0 < e < 1/2 —c then:

(a) supycycr E (A4 og Aet,1)2 < B, < o0

(b) supgcicr E (Adl*let_1)2 (A%t ]og Aet_1)2 < B, < o0

T
(c) supgy, T*1/2% = supg, T-12% ¢ (Ah~tog Aeyq) = O, (1);
=2

T
(d) supg, T~ aNT(dl) =supy, 771 Y e; (A% 1log Aey—1) =0, (1);
=2

T
(e) supy, TflaDéz(d) = supy, 371 Y (Adl*let_1)2 er (AT log Aey—1) =0, (1);
=2

T
(f) supg, T~ 18D§7§(d) = supy, 2171 Y (A%~ te_y) (AT log Aey—1) = Oy (1)
=2

T
(9) supg, T*16D37§w = supy, 47" Z (Adl*let_l)3 (A%~tog Aeyq) = 0, (1);
—2

(h) supg, T_18D4T(d) = supy, 27" Z 2 (A% 1ley_q) (A% llog Aey—q) = O, (1).

Proof of Lemma 5
Throughout the proof, we use the formula

log A =log (1 — ):—Z ZLZ (83)
i=1

According to DGM, (83) holds because the function log (1 — L) is analytic in the convergence
disc |z| < 1.
(a) We write

E (Adl_l log Aet,l) ’

-2 1 2
= |E <Z .Adl_let—l—z’>
i=11
t—21-2 1 1
= —= ((Adrlet—l—i) (Adrlet—l—j»
i=1j=11%]
t=21-2 17 t=2t=
= Z - Z Z Tp—i (d1 — 1) m_j (d1 — 1) B (ej—1-rer—1-1)
i=1j=1 Z] k=il=j
— — 11 t—2
< Z E —= [Th—i (d1 — 1) [mp—j (dy — 1)o7y
i=1j=1 117 k=iVj
5 oo 0 11
< 0T Z" Z i (di = D[ |m—j (di = 1)| = Ba, < Be <00
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The second last inequality follows from Lemma 6 below. Thus, (a) is established.
(b) We write

E (Adl—l log Aet,1)2 (Adl—leH)Q

t—2—it—2—j
> T (dr — 1) m (di — 1) epm1—i—p€r—1—j—

k

t—2 t—
( Z Tm (dl - 1) Tn, (dl - 1) et—l—met—l—n>
9i

=0n=0
t—2t-2 11 t—2—it—2—35 t—2 t—2
_ (ch — 1)1 (dy — 1) o (dy — 1) (o — 1)
- i=1j=1 k=0 =0 m=0n=0
E(tljketlzletlmetln)
t—2t—2 11 t—21—2 t—2 t—2 p . p ) p ) p )
= i=17=1 v k=i l=j7 m=0n=0 T ( . )Wl—] ( ! )ﬂ-m ( ' )ﬂ-n ( ' ) (84)
E(e—1-k€t—1-1€t—1-m€i—1—n)

We show that the terms for which non-zero expectations arise are uniformly bounded in
2 < t < T. First, consider the case in which the summation indices £k = [ and m = n.
Equation (84) thus becomes

t—=21-2 11 t=2

g** > Zm jldi =) i (dy — 1) 7o, (dy — 1) E (671 _pef 1)

] k=ivjm=0

2t-2 11 t=2

g - 2 Z Ty (dy — 1) T (dy — 1) 73, (dy — 1) \/E (ef1-p) B (ef1-m)

=17 7/]]@ Vj m=0
211 t=2
< supE (e )ZZ" > |- J<d1—1>\|m<d1—1>|2 m (d1—1)
t i=1j=1vJ k=ivj

IN

sup B (cf) (2 555 5 ey (@ = Dl s d —1)\) (£ m@-1)<x

i=1j= 17’.714: i\Vj m=0

uniformly in 2 < ¢t < T by equation (3), Lemma 6 below and the fact that m, (d; — 1) is
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square summable. Second, when m = k and n = [, equation (84) becomes

t=21-2 11 t=2¢t-2
2 *.*.Z Tk— Z(dl—l)ﬂ'l ](dl—1)7Tk(d1—1)7rl(d1—1)E(€t 1— ke? 1— l)
i=1j=1"v] k=il=j
1—=21=2 11 t=2t=-2
< 2y Y - e (dr = Dl [y (d = D)l (dr = D] [ (d = D) \/B (efy_y) B (ef,)
i=1j=1 Y] k=il=j
t—2t-2 11 t— t—2
< sup B (ef)2 2 Z [Tk—i (dy — 1) |7k (do — 1)) IZ 1 (dy = D] |m (dy — 1))
1=1j=1 k=i =J
21 o© t—=2 1 oo
s swpk (ef) 2 (Z 7 > ki (dy — D[ |7 (dy — 1)|> <lel2|7fu (dy — )| |y (dy — 1)\)
=17% k=i Jj=1J l=j
<

o 1 2
supE(ef)2<Z ;fﬁ (1—d1)> < B, < o0
t i=1

where v} (1 — dy) denotes the autocovariance function defined in Lemma 6 belOW The last
inequality follows from the fact that 4% (1 — d;) < Bi?(1~%) the sequence {z (1-d)}
is summable since the asymptotic approximation of v} (1 —d) is ¢ 2(1—d1)— 1 2d1.
Finally, when the summation indices m = [ and n = k, equation (84) is uniformly
bounded in 2 < ¢ < T by arguments similar to those above. Therefore, (b) is proved.

(c) Note that {e;A%1log Ae;—1,F;} is a martingale difference sequence as
E (etAdl_l log A6t71|ft,1> == Adl_l log AetflE (€t|-7:t71) =0 a.s.

By (a) and equation (3) and taking into account that {e;} are independent, we have

T 2
E (T—W > eAog Aet1>

t=2
T 2
< TN E() B (A log Acy )
t=2

< supk (ef) sup E (Adl_l log Aet,1>2 < 00
t 2<t<T
uniformly in dy € [l —c—¢,1 —¢| for any 0 < e < 1/2 —c. Then (c) follows directly from
the Markov’s inequality.

(d) Since {etAdl_l log Aet_l} is a martingale difference sequence, we have by argument
similar to (c)

7 2
FE (T_l Z e AN T log Aet1>

t=2
T

2
< T 2ZsupE (ef) sup E(Ad1 log Ae; 1) 2 0.
— 2<t<T
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(e) Note that {(Adl*let_1)2et (Adl*llog Aet_l) ,.7-}} is a martingale difference se-
quence. By Lemma 3(i), equation (3) and (a),

FE (3T_1 i (Adl_let,1>2 et (Ad1_1 log Aet1)>2
t=2

= 972 tiE (Adl_let,1)4 E (ef) E (Adl_l log Aet,1>2

IA

T 4 2
97 2% sup E (Adl*letq) sup F (ef) sup E (Adl*l log Aet_1> 20
t=12<t<T t 2<t<T

uniformly in d; € [1 —c—¢,1 —¢] for any 0 < € < 1/2 — ¢. Thus, (e) follows from Markov
inequality.
(f) By Lemma 3(i) and (a),

E‘2T1 ti <Ad1*let_1> (Adl*llogAet_l)

=2
-1 ti (Adl_let1>2> v <T_1 ti (Adl_l log Aet1)2>

< 2\/E (T—l i (Adl—let_l)z) E (T—l i (Ad-1]og Aet_1)2>

t=2 t=2

1/2

IN
O
&
/7~
N~

< QJ ( sup E(Adl_let_1)2> ( sup E(Adl_llogAet_1)2> < o0
2<t<T 2<t<T
uniformly in dy € [1 —c—¢,1 —¢| for any 0 < ¢ < 1/2 —¢. Thus (f) follows from Markov
inequality.
(g) By Lemma 3(i) and (b),

E ‘4T_1 é (Adl_let_l)g (Adl_l log Aet_1>
= Bty (A ) (A% ) (A% og der )
< (5 (anre) ) (0 (0 ) (a5 s ))
> P €t—1 = €i—1 08 A1

IN

t=2 t=2

4\/E <T—1 ) (Adl—let_1)4> E <T—1 sz (Ad—1e, 1)* (Adi—1log Aet—1)2>

— 4 < sup E(Adl—let_1)4> ( sup E (Ah—1le,_q)? (Adl_llogAet_1)2> < 00
2<t<T 2<t<T
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uniformly in dy € [1 —c—¢,1 —¢] for any 0 < e < 1/2 — ¢. Thus (g) follows from Markov
inequality.
(h) By argument similar to (f)

Blr e (%) (A% og e )
t=2
T o\ 1/2 T o\ 1/2
< 2FE <T_1 S ef (Adl_let,o > <T_1 > (Ad1_1 log Aet,1> >
=2 =2
a 2 L 2
= 2 (T—1 S E(e}) E(AN—1eq) ) <T—1 S E(A%—1llog Ae_q) >
t=2 t=2
<

2 (supE(e?) sup E(Adl_let—1)2> ( sup E(Adl_llogAet—l)Q) < o0.
t 2<t<T 2<t<T

Lemma 6 Let u; be a fractionally integrated process defined by uy = A~ %v; = Z;’io i (—0) vy,
where 6 € [0,1/2) and v; is an i.i.d. process with E (v;) = 0 and E (v}) = 1. Let 75 (0) =
E (wus—j) . Then

© 00 11 00 s . 2
S == 2 mki (=) Ime—j (—0)| < 2B Y (log§) %772 + 745 (0) — < o0,
i=1j=1*J k=ivj j=1 6
where B is a positive constant.
Proof of Lemma 6
Notice that the upper bound of |v;_; (0)‘ can be expressed as
V=i 0] = B (w—iue—j)|
= |2 X (=0)m (=0) E (vi—i—kvi—j1)
k=01=0
< 3 5% s (<) iy (<6)] 1B (o)
=1l=y
= > |m—i (=0)]|mp—; (—0)]. (85)
k=ivj

The last equality follows from the fact that E (vf) = 1.
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To show Lemma 6, we use equation (85) and write

i=1j=1 % J k=ivj

< Syl
i=15=11%]
o < 1 1 .,

= @;j:;ﬂgj—ﬂ }Vj( )’

~ 2% i’il..l.) O+ S Ly o)
j=1 \i=11J t1 =y

- 2%’3(%1) I O)] +75(0) 3 .
j=1\J i=1" =1 k2

The last equahty is obtained by making use of the identity » ;° 1 7 H = ; f 15 L Now,

since: (i) Z] 1 <logj; (ii) 75 (0) < B39~ for some constant B (Hosking (1981)); and
(iii) Yopoq b 2 = 772/6, it follows that

© 0 1] % 00 71-2
2 oo 2 Amei (SOlmes (=0) < 2B X 57 (log) 57T +5(0) &
i=1j=1 7] k=ivj Jj=1
.90—2 w?
= Zle(logj) +70(0)€<oo.
J

The last inequality holds since the sequence {(log 7) j29*2}]°.i1 is summable for § < 1/2.Thus
Lemma 6 is proved.
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7 Appendix: Tables

Table 1: Single Variance Shift: Empirical Size

Volatility dl =0.6 dl =0.7 d1 =0.8 d1 =0.9 d1 =0.95

T4 T t(d) tw(d) t(d) tw(d) t(d) tw(d) t(di) tw(d) t(d) tw (dr)

250  5.68 5.98 5.66 5.99 5.52 5.62 4.84 5.06 4.84 5.21

1 500 5.46 5.65 5.12 5.38 4.63 4.76 5.11 5.19 5.29 5.37

1000  5.34 5.45 5.12 5.16 5.19 5.33 5.31 5.32 4.59 4.69

250 6.45 5.89 6.33 5.85 6.08 5.46 5.85 5.34 5.90 5.30

0.1 5 500 6.15 5.54 6.17 5.46 5.59 5.03 5.86 5.19 5.78 5.12

1000 6.13 5.24 5.96 5.04 6.19 5.45 6.26 5.43 5.53 4.77

250  25.03 7.91 25.10 7.67 24.14 7.38 23.35 7.21 23.14 6.98

0.2 500 24.64 6.70 24.34 6.61 24.26 6.21 24.27 6.58 24.63 6.47

1000  25.28 6.32 25.24 5.93 24.41 5.76 24.35 5.86 23.81 5.69

250 12.55 6.11 12.03 5.96 11.60 5.48 11.45 5.65 11.54 5.46

0.5 5 500 12.24 5.80 11.95 5.81 11.67 5.32 11.19 5.21 11.64 5.61

1000 11.91 5.73 11.54 5.08 11.50 5.30 11.70 5.34 11.11 4.80

250 12.55 6.25 11.64 5.86 11.81 5.90 11.48 5.50 11.30 5.50

0.2 500 11.60 5.77 11.69 5.66 11.22 5.44 11.19 5.26 11.72 5.60

1000 11.92 5.64 11.75 4.98 11.16 5.28 11.62 5.53 11.14 5.08

250 24.92 7.95 25.46 7.58 24.26 7.58 22.77 7.02 23.29 6.90

0.9 5 500 25.55 6.60 25.46 6.86 25.14 6.34 24.05 6.37 23.79 6.08

1000 24.81 5.99 25.11 6.20 24.74 5.86 25.00 5.68 22.96 5.01

250  6.42 5.92 6.17 5.57 6.01 5.57 5.77 5.30 6.05 5.56

0.2 500 6.31 5.65 6.00 5.33 5.35 4.74 5.98 5.14 6.08 5.38

1000  6.23 5.44 5.92 5.24 5.86 5.11 5.99 5.31 5.78 4.96
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Table 2: Double Variance Shifts: Empirical Size

Volatility d; = 0.6 di =0.7 d; = 0.8 di1 =0.9 d; = 0.95
Foo6 T t(d) tw(d) t(d) tw(d) t(di) tw(d) t(d) tw(d) t(d) tw (d)

250  6.28 5.83 6.19 5.90 5.91 5.49 5.80 5.35 6.01 5.57
0.05 5 500  6.18 5.47 6.01 5.39 5.48 4.68 5.98 5.40 5.86 5.11
1000  6.13 5.13 5.82 5.16 6.31 5.39 6.00 5.28 5.60 4.81

250 24.14 7.51 24.66 7.55 23.44 7.37 23.12 7.16 23.55 7.52
0.2 500 24.03 6.80 25.25 6.57 24.11 6.40 24.39 6.17 24.68 6.23
1000 25.21 6.26 25.69 5.98 24.47 6.01 24.82 5.65 23.81 5.67

250 24.13 7.95 23.57 7.18 23.55 7.34 23.37 7.32 23.53 7.27
0.45 5 500 24.54 6.68 24.32 6.41 24.45 6.05 23.86 6.21 24.49 6.46
1000 24.45 6.08 24.73 5.84 24.81 5.86 24.59 5.48 23.61 5.60

250  6.54 5.91 6.41 5.85 6.19 5.52 5.76 5.24 5.84 5.12
0.2 500  6.46 5.88 6.20 5.45 5.55 4.87 6.00 5.30 6.09 5.40
1000  5.97 5.29 6.26 5.30 5.90 5.20 6.00 5.31 5.80 5.04

Table 3: Trending Variances Model: Empirical Size

Volatility dy = 0.6 di =07 dip =0.8 di =0.9 d; = 0.95
mo 8 T t(d) tw(d) t(d) tw(d) t(d) tw(d) t(di) tw(d) t(di) tw (dr)

250 7.81 5.83 7.65 5.65 7.67 5.67 7.37 5.43 7.25 5.20
1 5 500 7.70 5.54 7.64 5.54 7.24 5.48 7.57 5.32 7.61 5.66
1000  7.43 5.36 7.74 5.41 7.54 5.48 7.75 5.66 6.83 4.76

250  8.04 6.39 7.30 5.59 7.55 5.88 7.29 5.45 7.40 5.50
0.2 500 7.44 5.68 7.21 5.32 6.94 4.86 7.21 5.27 7.81 5.59
1000  7.77 5.67 7.37 5.14 7.13 5.16 7.58 5.46 7.36 5.11

250 10.56 5.98 10.22 5.85 10.12 6.08 9.64 5.48 9.61 5.43
2 5 500 10.14 5.63 10.80 5.73 9.74 5.67 10.14 5.32 10.59 5.52
1000  10.40 5.28 10.29 5.49 10.04 5.36 10.65 5.55 9.39 4.60

250 7.10 6.12 6.45 5.46 6.61 5.68 6.31 5.25 6.76 5.63
0.2 500 6.63 5.68 6.49 5.37 6.05 4.79 6.42 5.26 6.73 5.53
1000  6.88 5.51 6.65 5.25 6.41 5.19 6.78 5.34 6.60 5.19

Table 4: Constant Variance Model: Empirical Power
Test  T'ldo 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
250 100.00 100.00 99.99 99.46 95.21 77.76 46.43 19.27
t(d1) 500 100.00 100.00 100.00 100.00 99.85 96.63 73.14 29.91
1000 100.00 100.00 100.00 100.00 100.00 99.96 94.38 47.40

250  100.00 100.00 99.99 99.50 95.25 7794 4717 19.88
tw (d1) 500 100.00 100.00 100.00  100.00 99.84 96.57 73.41 30.16
1000 100.00 100.00 100.00 100.00 100.00 99.96 94.53 47.75
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Table 5: Single Variance Shift Model: Empirical Power of ty(d;) test

T 6 Tldo 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
250  100.00 100.00 99.93 99.09 93.14 7426 43.94 19.17
0.1 5 500 100.00 100.00 100.00 100.00 99.78 95.03 69.42 28.28
1000 100.00 100.00 100.00 100.00 100.00 99.90 92.38 44.41
250 91.95 83.61 71.83 59.03 44.78 3146 20.83 12.40
0.2 500 99.57 98.14 92.62 81.47 64.16 44.88 27.28 14.14
1000  100.00 99.95 99.89 97.74 88.35 67.38 40.14 17.12
250 100.00 99.80 98.24 91.84 77.22  54.64 3143 14.84
0.5 5 500  100.00  100.00 99.99 99.73 96.17 80.40 50.62 20.69
1000  100.00 100.00  100.00  100.00 99.93 97.54 76.18 30.59
250 99.96 99.81 98.28 91.83 77.03  55.15 31.29 14.90
0.2 500 100.00 100.00 100.00 99.68 96.18 81.40 49.81 20.61
1000 100.00 100.00 100.00 100.00 99.99 9743 T7.14 31.40
250 90.23 81.30 69.93 56.69 43.55 30.37 19.84 12.65
0.9 5 500 99.44 97.53 91.56 80.34 62.89 43.63 26.51 1391
1000  100.00 99.98 99.63 97.13 87.54 66.99 39.62 17.12
250 100.00  100.00 99.97 99.10 93.22 7515 44.34 19.04
0.2 500 100.00 100.00 100.00  100.00 99.79  95.14 69.85 28.54
1000 100.00 100.00 100.00 100.00 100.00 99.88 92.43 44.39
Table 6: Double Variance Shift Model: Empirical Power of ¢ty (d;) test
T 0 T|do 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
250 100.00 100.00 99.94 99.02 93.37 75.05 44.24 19.36
0.05 5 500 100.00 100.00 100.00  100.00 99.80 95.18 69.58 28.58
1000  100.00 100.00 100.00 100.00 100.00 99.91 92.46 44.76
250 91.36 82.84 71.63 58.39 45.07 3154 21.14 12.13
0.2 500 99.47 97.67 92.32 81.22 63.78 44.19 27.39 13.79
1000 100.00 99.98 99.78 97.23 88.80 65.78 39.72 17.00
250 91.70 83.99 72.56 60.04 44.85 3239 21.13 1247
0.45 5 500 99.71 97.96 92.43 81.78 64.10 45.66 26.48 14.29
1000  100.00 99.98 99.75 97.55 88.47 67.46 39.83 17.36
250 100.00 100.00 99.90 99.02 93.20 74.36 43.75 19.00
0.2 500 100.00 100.00 100.00 100.00 99.77  95.33 69.73 28.26
1000 100.00 100.00 100.00 100.00 100.00 99.91 92.63 44.50
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Table 7: Trending Variances Model: Empirical Power of of ¢y (dy) test

m 0 T|do 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
250 100.00 99.99 99.79 97.86 89.12 68.37 40.01 17.86
1 5 500 100.00 100.00 100.00 100.00 99.41 9196 63.69 26.00
1000 100.00 100.00 100.00 100.00 99.99 99.74 88.75 39.96
250 100.00  100.00 99.76 97.99 89.37 69.64 40.37 17.52
0.2 500 100.00 100.00 100.00 100.00 99.37 9233 63.74 2591
1000 100.00 100.00 100.00 100.00 100.00 99.65 88.79 40.34
250  100.00 99.92 98.96 94.76 81.73 59.86 34.72 15.98
2 5 500 100.00 100.00 100.00 99.84 97.70  84.96 54.76  22.67
1000 100.00 100.00 100.00 100.00 99.97 98.71 81.06 34.29
250 100.00 100.00 99.89 98.66 91.41 72.48 42.17 18.29
0.2 500 100.00 100.00 100.00 100.00 99.62 94.18 66.82 27.30
1000 100.00 100.00 100.00 100.00 100.00 99.80 90.85 42.54
Table 8: Constant Variance Model: Empirical Size and Power
Test  Tldo 1 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6
250 5.11 20.00 47.96 76.15 93.11 98.60 99.82 99.96  100.00
t(cﬁ) 500 4.76 30.61 72.79 95.39 99.61 99.98 100.00 100.00 100.00
1000 5.43 48.10 93.12 99.85 100.00 100.00 100.00 100.00 100.00
250 5.39 20.37 48.54 76.47 93.08 98.61 99.81 99.96 100.00
tw (dl) 500 4.90 30.94 72.80 95.45 99.62 99.98 100.00 100.00 100.00
1000 5.46 48.38 93.13 99.86 100.00 100.00 100.00 100.00 100.00
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Table 9: Single Variance Shift Model: Empirical Size and Power

@)

tw (dl)

T ) T|do 1 0.95 0.90 0.85 0.80 0.75 0.70 0.65 0.60

250 6.06 5.63 19.57 46.03 73.40 91.07 97.99 99.65 99.97 100.00
0.1 5 500 5.86 5.18 29.19 69.25 93.81 99.50 99.96 100.00 100.00 100.00
1000 6.39 5.64 4558 91.18 99.79 100.00 100.00 100.00 100.00 100.00
250 25.63 8.39 14.87 24.42 35.59 48.56 61.89 72.56 81.53 88.46
0.2 500 25.42  6.39 16.10 30.52 48.51 65.15 80.40 90.25 95.67 98.39
1000 24.46  6.01 19.44 42.09 68.30 86.94 96.02 99.14 99.81 99.99
250 12.25 6.44 16.50 34.72 56.21 76.33 89.36 96.18 98.86 99.56
0.5 5 500 11.84 5.64 22.08 51.43 80.12 94.67 99.12 99.93 99.98  100.00
1000 11.53 5.29 32.68 75.44 96.34 99.82 99.99 100.00 100.00 100.00
250 12.00 6.32 16.14 34.51 56.95 76.59 89.47 96.35 98.64 99.59
0.2 500 11.22  5.37 22.67 52.04 80.47 94.68 99.02 99.90 100.00 100.00
1000 11.77 552 32.60 74.99 96.48 99.84 100.00 100.00 100.00 100.00
250 25.64 8.43 14.60 23.50 34.56 46.99 60.75 71.85 80.47 87.21
0.9 5 500 24.92 6.75 16.24 29.37 47.37 64.94 79.45 89.64 94.79 97.83
1000 24.70 6.35 18.96 41.31 66.70 86.26 95.80 98.94 99.79 99.96
250 6.23 5.73 19.68 46.13 73.72 91.39 97.78 99.63 99.93 99.99
0.2 500 5.59 4.95 28.86 69.89 93.89 99.36 99.96 100.00 100.00 100.00
1000 6.10 5.40 4548 91.23 99.70 100.00 100.00 100.00 100.00 100.00

Table 10: Double Variance Shifts Model: Empirical Size and Power

¢ (d}) tw (d})

T 0 T|do 1 1 0.95 0.90 0.85 0.80 0.75 0.70 0.65 0.60
250 5.93 5.37 19.52 46.38 73.80 91.39 98.06 99.61 99.96 100.00
0.05 5 500 5.64 4.95 29.01 69.69 94.02 99.37 99.96 100.00 100.00 100.00
1000 6.16 5.35 45.47 90.97 99.71 100.00 100.00 100.00 100.00 100.00
250 25.10 8.04 1491 23.45 34.64 48.30 61.27 72.01 81.02 88.32
0.2 500 25.02 6.83 15.68 30.37 47.82 65.47 80.21 90.14 95.54 98.20
1000 25.09 6.09 19.80 42.46 67.28 87.23 95.83 98.90 99.81 99.98
250 25.24 8.34 1445 24.04 36.09 49.24 62.07 72.75 82.17 89.12
0.45 5 500 25.01 6.58 15.64 30.64 47.70 66.10 80.30 90.35 95.54 98.26
1000 25.73 5.79 19.26 42.06 67.94 86.61 95.95 98.87 99.83 99.99
250 594 5.34 1999 46.42 73.39 90.93 97.84 99.61 99.95 100.00
0.2 500 6.09 5.50 28.99 69.77 93.80 99.45 99.95 100.00 100.00 100.00
1000 6.10 5.39 4543 91.06 99.77 100.00 100.00 100.00 100.00 100.00
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Table 11: Trending Variances Model

: Empirical Size and Power

t (dl)

tw (dl)

T|do 1 1 0.95 0.90 0.85 0.80 0.75 0.70 0.65 0.60
250 7.54 5.62 18.87 42.61 67.75 87.21 96.41 99.12 99.88 99.98
5 500 7.58 5.56 26.85 64.10 90.59 98.68 99.90 100.00 100.00 100.00
1000 7.73  5.53 41.30 87.40 99.31 99.99 100.00 100.00 100.00 100.00
250 8.04 6.02 1878 42.61 69.02 87.45 96.06 99.26 99.77 99.99
0.2 500 712  5.03 27.34 64.58 90.75 98.62 99.86  100.00 100.00  100.00
1000 7.63 5.36 41.00 86.99 99.33 100.00 100.00 100.00 100.00 100.00

250 1045 5.84 17.63 37.36 60.31 80.45 92.60 97.58 99.36 99.81
5 500  10.57 5.83 23.59 55.88 84.03 96.47 99.56 99.95 99.99  100.00
1000  10.39 5.57 35.68 79.98 97.85 99.92 99.99 100.00 100.00 100.00
250 713 594 1934 4436 T71.97 89.46 97.12 99.53 99.90 99.99
0.2 500 6.27 4.74 2847 67.35 92.73 99.17 99.90 100.00 100.00  100.00
1000 6.70 5.54 43.60 89.40 99.56 100.00 100.00 100.00 100.00  100.00
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