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Abstract

It is well known that unit root limit distributions are sensitive to initial conditions in
the distant past. If the distant past initialization is extended to the infinite past, the
initial condition dominates the limit theory producing a faster rate of convergence,
a limiting Cauchy distribution for the least squares coefficient and a limit normal
distribution for the t ratio. This amounts to the tail of the unit root process wagging
the dog of the unit root limit theory. These simple results apply in the case of a
univariate autoregression with no intercept. The limit theory for vector unit root
regression and cointegrating regression is affected but is no longer dominated by
infinite past initializations. The latter contribute to the limiting distribution of the
least squares estimator and produce a singularity in the limit theory, but do not
change the principal rate of convergence. Usual cointegrating regression theory and
inference continues to hold in spite of the degeneracy in the limit theory and is
therefore robust to initial conditions that extend to the infinite past.

Keywords: Cauchy limit distribution, cointegration, distant past initialization, infi-
nite past initialization, random orthonormalization, singular limit theory.
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1. Introduction

Early research on unit root limit theory revealed that initial conditions could play
an important role in the finite sample performance of tests and the form of the limit
distribution. The latter role was evident in continuous record asymptotics (Phillips,
1987) and unit root asymptotics developed under distant past initializations (Phillips
and Lee, 1996; Uhlig, 1995). The importance of initial conditions in affecting size
and power in inference has been particularly emphasized in recent work (Elliott, 1999;
Miiller and Elliott, 2003; Elliott and Miiller, 2006; Harvey, Leybourne and Taylor,
2007).

For many economic time series that wander randomly like integrated processes,
the precise initialization of the sample observations that are used in inference typically
has nothing to do with and, in principle at least, should not affect the underlying
stochastic properties of the time series. Moreover, the stochastic properties of the
initiating observation must often be expected to be analogous to those of the terminal
observation. Accordingly, just as the time series may wander according to a stochas-
tic trend, the initialization itself may be regarded as the outcome of a similar random
wandering process that may have originated in the distant past. In developing as-
ymptotics that embody these properties, it is therefore of some interest to determine
the effects of such conditions on the form of the limit theory and on econometric
inference.

The present contribution points out that if a distant past initialization is extended
to the infinite past, as is frequently the case in stationary series, then the unit root
limit theory is dominated by the initial condition. This outcome is equivalent to the
tail of the unit root process wagging the dog of the unit root limit theory, an analogy
given in an early draft of this paper (Phillips, 2006). Thus, even though an invariance
principle still operates, the tail of the process determines the form of the limit theory.
In such cases, initial conditions are evidently of great significance.

To fix ideas, consider the simple unit root autoregression

rp=priq+u, te{l,..,n}, p=1, (1)

driven by stationary innovations wu;. In order for the process x; to be uniquely defined
by the stochastic difference equation (1) an initial condition is required. In most
cases this initial condition is taken to be a constant or a random variable with a
specified distribution — see e.g. White (1958) and Anderson (1959). However, other
possibilities may be considered. Much of the theory for the stationary case (|p| < 1) is
based on the Wold decomposition x; = Z;’io g u;—; which entails an initial condition
of the form g = 3777 p’u_; for (1), so that xy and x; are comparable in distribution
and order of magnitude. When p = 1 the infinite series in this initialization for xg
diverges almost surely. We can nonetheless consider an initial condition that is of the



form
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where k, is an integer-valued sequence increasing to infinity with the sample size.
Clearly, the sequence k,, determines how many past innovations are included in the
initial condition, with larger values of k,, associated with the more distant past. As
shown below, under suitable assumptions on the innovation sequence, k,, v 2x0 (n) has
a limiting form that dominates the rate of convergence and the asymptotic distri-
bution of p,, when k,/n — oo. The limit distribution of p, is then Cauchy and
bears more similarity to autoregressions with explosive or mildly explosive roots (c.f.
Phillips and Magdalinos, 2007a, 2007b) than it does to conventional unit root limit
theory. Andrews and Guggenberger (2007) found that a similar result applies for
autoregressions with roots very close to unity and infinite past initializations.

On the other hand, when (1) is a vector autoregression, an infinite past initializa-
tion for the process gives rise to a singularity in the asymptotic form of the sample
moment matrix. This degeneracy is analyzed in the paper by characterizing the
degeneracy and rotating the regression coordinates in a direction orthogonal to the
initial condition. These reductions produce a limit theory for the least squares esti-
mator that has the usual n-rate of convergence but a different analytic form.

In cointegrated models involving integrated processes where initial conditions are
in the infinite past, a similar degeneracy occurs in the limiting sample moments.
Nonetheless, the usual mixed normal limit theory for estimation of the cointegrating
matrix still applies and inference may proceed as usual in such situations. The effect of
infinite past initializations is therefore moderated in multiple regressions when there
are some unit roots. These results are relevant in practice and confirm that there is
some robustness in cointegrating regression theory to very distant initializations. In
this respect, scalar unit root limit theory and cointegration theory are again quite
distinct.

The paper is organized as follows. Section 2 outlines the models used and formu-
lates initial conditions into three categories (recent, distant, and infinitely distant)
determined by the inherent order of magnitude of the initialization and the extent
to which the initialization reaches into the past. Our primary interest in this pa-
per is in the third category, where infinite past initializations are permitted. Some
preliminary results for unit root autoregressions and vector autoregressions as well
as the new limit theory for infinitely distant past realizations are presented in Sec-
tion 2. Section 3 develops the corresponding limit theory for cointegrated systems
and explores the implications for inference. Section 4 discusses extensions to models
with deterministic trend. Proofs are given in the Appendix. Throughout the paper
standard weak convergence and unit root limit theory notation is employed.



2. Limit Theory under Extended Initializations

2.1 Model and assumptions

Consider an R¥-valued integrated process generated by
("Et:R.Z't,l—i—Ut, te {1,...,”}7 R:[K, (3)

where u; is a sequence of zero mean, weakly dependent disturbances and z¢ = z¢ (n)
is an initialization based on past innovations that is possibly dependent on the sample
size n. The latter dependence enables xy to have analogous properties to those of the
sample trajectory values {z; : t = 1,...,n}. The following conditions facilitate the
development of a limit theory based on the Phillips - Solo (1992) framework.

Assumption LP  Let F(z) = 3 72 F;2/, where Fy = I and F (1) has full rank.
For each s € 7, us has Wold representation

us=F(Des=) Fiesyy Y JIFI* <o, (4)
j=0 j=0

where (€5),cq 15 a sequence of independent and identically distributed (0,%) random
vectors with X > 0.

We employ the usual notation = F (1) XF (1)’ for the long run variance of u, and
A=37 F(wu_y), A =37 F (uu)_y,) for the one sided long run covariance
matrices.

Under (3), we may decompose x; as

Ty = (n) + Y, (5)

where Y, = 22:1 u; is an integrated process with initial condition Y, = 0. The
asymptotic behavior of x; is governed by the order of magnitude of the initialization
xo (n), which in turn depends on the behavior of x,, as n — oc.

Assumption IC  The initial condition zo (n) of the stochastic difference equation
(3) is given by (2) with u_; satisfying Assumption LP and (kn), oy an integer valued
sequence satisfying k, — oo and

@HTE[0,00] as n — Q. (6)
n
The following cases are distinguished:
(i) If =0, x¢(n) is said to be a recent past initialization.

(i) If 7 € (0,00), o (n) is said to be a distant past initialization.
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(iii) If 7 = 00, xo (n) is said to be an infinite past (or infinitely distant) initialization.

The above rates for the sequence &, are considered in view of the differing impact
of the initial condition on the time series z; and least squares regression theory on
(3). Recent past initializations where 7 = 0 satisfy zo (n) = O, (/ﬁi/ 2) = o, (n'/?)
and do not contribute to the limiting distribution of the least squares coefficient es-
timator R, = S.1, z,)_, (>, xt_lxg_l)_l , in the same way that constant initial
conditions are asymptotically negligible. Thus, the limit distribution of the standard-
ized and centred estimator n(f%n — Ik ) is invariant to recent past initialization of the
process and has the standard form given in Phillips and Durlauf (1986). Distant past
initializations have asymptotic order zq (n) = O, (n'/?) and are of the same order of
magnitude as the partial sum process in the functional limit theory that drives unit
root asymptotics. In consequence, the standard approach to unit root limit theory
applies but with an additional contribution from the initial condition, as shown in
Phillips and Lee (1996) for the near-integrated case.

The effect of infinite past initializations on unit root limit theory is materially
different and seems not to have been considered in the published literature, although
some results may be familiar!. The present paper makes several contributions to
this subject. First, we show that an infinite past initialization dominates the unit
root limit theory, giving rise to a Cauchy limit distribution for the normalised and
centred least squares estimator and a limit normal distribution for the ¢ statistic in
the univariate case. These results, which are analogous to those for an explosive
Gaussian autoregression, hold under an invariance principle. Second, for multivariate
integrated regressors the effects are shown to be more complex in nature but simpler in
terms of their implications. The complexity arises because infinite past initializations
produce an asymptotic degeneracy that gives rise to a singular least squares regression
limit theory. This singularity carries over to cointegrating regression limit theory,
where the effects are important for inference because they ensure robustness of the
standard limit theory to infinite past initial conditions, thereby simplifying the effects
of initialization on inference. In this respect, there are some major differences between
the effects of ‘large’ initial conditions on unit root limits and cointegration regression
theory.

2.2 Recent and distant past initializations

The following result summarizes limit theory for R, covering recent and distant past
initializations and is largely already familiar.

!For instance, the scalar case has been given in Yale time series lectures for some years and, as
mentioned above, Andrews and Gugenberger (2007) recently considered a very near to unity scalar
limit theory with infinite past initializations.



Theorem 1 Under model (3) and Assumptions LP and IC with T € [0,00)

1 1 —1
n (Rn - [K> = ( / dBBY + A) ( / Bij’) , asn— oo (7)
0 0

where B, By are independent K-vector Brownian motions with variance matrix €2,
Bf (s) =B(s)+ 7By (1) and A =377 | E (uwu_,) -

Remark A

(i) Under recent past initializations, 7 = 0 and the usual least squares regression
theory (Phillips and Durlauf, 1986; Phillips, 1988a) applies. Similar results
have been obtained (see Miiller and Elliott (2003) and the references therein)
for nearly integrated processes with coefficient matrix R, = Ix + C/n, C =
diag(c;) < 0, and an initial condition of the form xo (n) = 272  Rju_;. Of
course, when C' = 0 this infinite series diverges. The integrated processes of
this paper could be nested into a local to unity framework by choosing a more
flexible distant past initialization of the form

zo (n) = ZRZLu,j where k,,/n — 7 € (0,00),
j=0
with R, = Ix + C/n, as in Phillips and Lee (1996). Theorem 1 then specializes
that limit theory to the case where C' = 0. In this sense, Theorem 1 is not new
and is included for the sake of completeness.

(ii) The Brownian motions By and B in Theorem 1 are independent limit processes
corresponding to partial sums that involve past and sample period innovations,
respectively. These processes are defined by the functional laws

[kns] [ns]
F (1 F (1
&0 (s) = ﬁf/ﬁ > = By(s) and,(s) = DS e = B(s)
no =0 t=1

given in (25) and (35) below. The composite process Bl (s) in Theorem 1
then depends on both the limiting sample trajectory B (s) and the component
/7By (1) which carries the effect of the initial conditions.

(iii) Theorem 1 is readily extended to include the case where a nonparametric bias
correction (Phillips, 1987) is made to the estimate R, involving a consistent
estimator A of the one sided long run covariance matrix A that is constructed
in the usual manner from regression residuals. Expression (7) in the limit
theory is adjusted accordingly, eliminating the term in the numerator of the
matrix quotient that involves A. Evidently, the critical values corresponding to
this limit theory differ from those delivered by standard unit root tabulations
when 7 > 0, partly explaining the size distortions from distant initializations

that can occur in such cases.



2.3 Infinite past initializations: scalar autoregression

The main contribution of the present work is the development of a limit theory under
infinitely distant initializations, as presented in Theorems 2 and 3 below and in the
cointegration limit theory that follows in Sections 3 and 4. We start with the scalar

case.

Theorem 2 When K = 1 and Assumptions LP and IC hold with 7 = oo, the
following limit theory applies as n — oo :

(i)
(i)

VEnn <Rn — 1) = C, where C is a standard Cauchy variate.

. 2
Letting §$L =n"! Z?Zl (xt — Rnxt_l) , the t-statistic satisfies

(Z?:l x%—l) 2

Sn

(Rn - 1) - %W(l), (8)

where o = F (u?) and W is standard Brownian motion.

Remark B

(i)

Part (ii) follows immediately from part (i) and the fact that §2 = n=' Y 7 u?+
O, (n™') —, E (u?) . Theorem 2 shows that integrated processes with infinitely
distant initializations do not conform with the usual unit root asymptotics. The
asymptotic behavior of the least squares estimator presents more similarities to
explosive rather than unit root regression theory in the form of the limiting
distribution, its symmetry, and the rate of convergence. The latter can be
made to grow arbitrarily fast according to how far in the past of the innovation
sequence the initial condition ¢ (n) is allowed to reach. If the sequence k,
is allowed to increase at an exponential rate, the least squares estimator of
Theorem 2 may achieve or even exceed the explosive consistency rate.

The limit behavior of the t-statistic also resembles the standard stationary and
Gaussian explosive cases. When the innovation sequence u; is independent,
Q) = FE(u?), so the t-statistic has a standard normal limit distribution. An-
drews and Guggenberger (2007) derived a related result by considering local
to unity autoregressions with an infinite past initialization based on i.i.d. in-
novations. The present result extends that theory to the unit root case with
weakly dependent innovations. Obviously, both (i) and (ii) can be used for
inference, and in the case of the ¢ statistic consistent estimation of 2 and o2
can be accomplished by standard methods.



(iii) It is worth pointing out that the effect of the dominating initial condition in
Theorem 2 is analogous to the effect of the initial condition and initial shocks
in an explosive autoregression. In that case the initial condition and shocks also
play a dominant role in determining the form of the signal, which behaves like
the square of a one dimensional random variable whose distribution depends on
the distribution of the shocks in the pure explosive case but not in the mildly
explosive case - see Phillips and Magdalinos (2007a). In the present case, the
centred least squares estimator again behaves like the ratio of two independent
random variables, one determined by the past (through Bj) and one by the
future (through B). Unlike the explosive case, the limit theory involves an
invariance principle because the dominating initial condition effect arises from
the functional limit law (26).

(iv) The heuristic explanation for the result in Theorem 2(i) is that when 7 = oo the
behavior of the time series x,—,, is overtaken by the one dimensional normal
random variable By, which is not dependent on 7, the limiting point in the sam-
ple trajectory corresponding to ¢. So the limiting trajectory of the process over
the sample period is dominated by the infinitely distant initialization. Hence,
upon suitable scaling, the numerator of the centred least squares estimate is a
product of independent normals and the denominator is the square of one of
these normals, thereby producing a Cauchy limit distribution for the centred
coefficient. Upon random normalization in the case of the ¢ ratio, the effect of
the infinitely distant initialization cancels from the numerator and denomina-
tor, producing a Gaussian limit. In both cases, the tail of the unit root process
wags the trajectory of the process and in doing so defines the limit theory when
T=00.

2.4 Infinite past initializations: vector autoregression

When the initialization is in the infinite past (7 = 00), the sample moment matrix is
shown in (41) to behave asymptotically as

K tn th_lazg_l = By (1) By (1) asn — oo,
t—1

where By = BM (2) obtained from the functional law (25), so the limit is singular if
K > 2. A similar situation occurs in explosively cointegrated systems with repeated
roots, i.e. systems with a (possibly mildly) explosive coefficient matrix that does not
have distinct latent roots — see Phillips and Magdalinos (2007b) and Magdalinos and
Phillips (2007) for details. The asymptotic singularity of the sample moment matrix
may be treated by rotating the regression coordinate system to isolate the effects of
the dominant component (here the initialization z, (n)). This coordinate rotation is
analogous to that used in Park and Phillips (1988) and Phillips (1989) for systems

7



with cointegrated regressors, but in the present case the rotation matrix is a random
matrix in the limit, corresponding to the random limit of zo (n) , a feature that causes
some technical complications.
To fix ideas, define
= ©)
[500 (n) o (”)]

and consider a K X (K — 1) random orthogonal complement H, (n) to H (n) satisfying
H, (n)'H(n)=0and H, (n) H, (n) = Ix_; almost surely. Although H, (n) is not
unique its outer product is uniquely defined by the well known identity (e.g., 8.67 in
Abadir and Magnus, 2005)

H,(n)Hy (n) + H(n)H (n) =Ix a.s. (10)

Then M (n) = [H (n),H, (n)] is a K x K orthogonal matrix which may be used to
transform x; into a vector with the property that all but one of the regressors has a
zero initialization. Specifically, define

L M(n)/x _ H(n)/xt _. 21t (11)
b t HJ_ (n), Tt ' 29t ’

Then, using (5), we can write zo; = H, (n) xo(n) + Hy (n)'Y; = H, (n)'Y;, which

implies that 29, has initial condition zero, and

sy = H(n) o =H(®) (20 (n) + Y1) = [20 (n) 2o ()]* + H (n)' Vi

= [20(n) 7o (n)]1/2{1+op( Hﬁ)} (12)

n

under infinite past initialization (7 = oo). Thus, for large n, z1; behaves like the

quantity [zo (n) z (n)] Y2 and is independent of ¢ as = — 0. Thus, the new coordi-
nate system reveals that in one direction the time serles behaves like an integrated
process originating at the origin (i.e., H, (n)'Y;), whereas in the other direction the
time series behaves like a ‘constant’ (over ¢) intercept but one that has a random
diverging value as n — oo, viz. [zg(n) 2o (n)] V2 o ki {Bo (1) By (1)}1/2 :

The differing behavior of these components leads to a singular regression limit
theory that corresponds to a unit root limit theory of reduced dimension (K — 1) in
one direction and an explosive limit theory in the other. The outcome is presented
in the following result.

Theorem 3 For the multivariate integrated process generated by (3) with K > 2
under Assumptions LP and IC with 7 = oo, the following limit theory applies as
n— oo:

—1

1 1
n (fzn —]K> — U (B, By) := [/ dB§’+A1 H, <H;/ @’HL) H., (13)
0 0

8



N (Rn - IK) H(n)= [Bo(1) Bo(1)] * |B(1) — W (B, By) /01 B] . (14)

where H, is a K X (K — 1) random orthogonal complement to By (1) satisfying (24),
B and By are independent K-vector Brownian motions with variance matriz € and

B(s)

= B(s) — [, B(s)ds.

Remark C

(1)

(i)

(iii)

Theorem 3 reveals that the least squares estimator has the usual n-rate of con-
vergence and that the initialization contributes to the asymptotic distribution
(through H, H' ) but does not dominate the limit theory. Thus, the effect of
an infinite past initial condition on multivariate unit root regression theory
is moderated by higher dimensional effects in comparison with the univariate
case. The result of Theorem 3 bears some similarity to regression theory un-
der distant past initializations, where both the initial condition and the sample
moments of the integrated process contribute to the limiting distribution of
the least squares estimator without one dominating the other. Of course, in
the direction H (n) where the initialization dominates, the limit theory is ac-
celerated to the rate \/nk,. When K = 1, (14) reduces to the result for the
scalar case given in Theorem 2(i) because in this case H, (n) = H, = 0,

H (n) = sign (z (n)) = sign (By (1)), {Bo (1)’ By (1)}1/2 = |By (1)|, and then
(14) is simply /knn <Rn - 1) =C.

Interestingly, the unit root limit theory given in (13) and (14) involves the
demeaned process B (s) even though there is no intercept in the regression.
The demeaning effect arises because, as shown in (12), in the direction of the
initial condition, the time series is dominated by a component that behaves like
a ‘constant’ (i.e., H(n) x; ~ By (1) By (1) {1+ 0,(1)}), which produces the
demeaning effect of an intercept in the limit theory.

The limiting distribution in Theorem 3 is singular, since the matrix

1 -1
H, (H; / BB’HL) H
0

has rank equal to K — 1. This is a manifestation in the limit theory of the
asymptotic singularity of the sample moment matrix in the original regression
coordinates.

-1
The matrix H | (H 1 fol BB'H L) H' is invariant to the coordinate system

defining H . Thus, the limit theory of Theorem 3 is also invariant to the choice
of coordinates.



(v) When A is estimated nonparametrically and a corresponding bias corrected
estimate R; constructed, then the limit theory for this estimate is given by
expression (13) with A = 0. This limit theory is analogous to that of a first order
vector autoregression with a fitted intercept and K — 1 unit roots. The reason
for the fitted intercept in this correspondence is that the implicit regression
on zy; in the new coordinate system is equivalent to regression on a constant
because zy; = H (n) z; behaves like 24 (n) asymptotically.

3. Cointegration under Extended Initialization
This section considers the cointegrated system

Y= Az + uy, =21 +uy, te{l,..,n}, (15)
where u;, = (ul,, u;t)/ is an m + K-vector of innovations satisfying Assumption LP,
A is an m x K matrix of cointegrating coefficients, x; is a K-vector of integrated
time series and the system is initialized at some xo (n) = > 7" u, ; that satisfies
Assumption IC. Under LP, the functional law n~'/2 Z]Li{ u; = B (-) applies with B
an m + K-vector Brownian motion with variance matrix 2. We partition the limiting

Brownian motion and the various matrices associated with its variance conformably
!/

with w; as follows: B = (B}, B.), F (1) = (F, (1), F, (1)),

— ny Qyw — Ayy AZ/I
2= |: Q:cy T :| and A= |: Axy A:m: .

Finally, we let By denote a K-vector Brownian motion with variance matrix {2,
defined by the functional law "/ Z]L’ZSJ Uz —j = Bo (+).

We will be concerned with the effect of the initialization on the limit theory of
cointegration estimators and tests. These effects are demonstrated in terms of the
FM regression procedure (Phillips and Hansen, 1990) and the same results apply for
other commonly used cointegration procedures. Of course, under IC(i), or recent past
initializations, the limit theory is well known to be invariant to the effects of xy (n).
Under IC(ii), the effects are manifest in the mixture process in the limit theory, so
that

1
n (At —4) = MN <o, Qo @ /O Bij’) , (16)

where At is the FM regression estimator, €2, , = €1y, — QWQ;; (), is the conditional
long-run covariance matrix of u,; given u,, and B} (s) = B, (s) + /7By (1) as in
Theorem 2, so that B, and B, are independent K-vector Brownian motions with vari-
ance matrix €2,,. Result (16) follows in a straightforward way using results obtained
in the proof of Theorem 2. Since fol B} B! is the weak limit of the standardized
sample moment matrix n=2 Y 1" | x4z}, as shown earlier, the limit theory (16) leads

10



to the usual inferential theory based on the estimate A*. Thus, the conventional
approach to inference in cointegrated systems is robust to both recent and distant
initializations. We therefore focus our attention in this section on infinitely distant

initial conditions. ) ) R
The FM regression estimator has the explicit form A1 = (Y*’ X - nA;x> (X' X))

where X = [2],...,2]] , Y+ = [gf', ...,gjf{’}/ is an n X m matrix of observations of
corrected variates ;" = y; — QyQ; Az, where Q,, Q71 and A¥, are consistent esti-
mates of Q€ and AY = A, — Q,,Q, Ay, all of which may be constructed in
the familiar fashion using semiparametric lag kernel methods with residuals from a
preliminary cointegrating least squares regression on (15). The limit theory for AT
under infinitely distant initial conditions as given in IC(iii) is as follows.

Theorem 4 Under model (15) and Assumptions LP and IC(iii) with T = oo, we
have, as n — oo

1 1

(18)

fol V (s)*ds )

where B and By are independent K-vector Brownian motions with variance matriz
Que, Hy is a K X (K — 1) random orthogonal complement to By (1) satisfying (24),
B, (s) = B, (s) — fol B, (s)ds is demeaned By, By, = B, — Q,.Q,, B, is Brownian
motion with covariance matriz ,, , independent of B, and By, and

V(s)=1-B,(s) Hy (H; / 15&;&)_1 m, ( / 1 Bx) |

Remark D

(i) The limit distribution of A* is mixed Gaussian, just as in the case of recent
and distant initial conditions, and the dominating rate of convergence is order
n as usual. The dominating limit theory (17) is invariant to the infinitely
distant initialization. Nonetheless, the initialization does affect the limit theory
because the limit distribution (17) is singular and a faster convergence rate
\/nky applies in the direction of the infinitely distant initial condition. In
that direction the limit theory is also mixed Gaussian and the mixing variate
depends on the squared norm || By (1)]|* = By (1)’ By (1) of the standardized
limiting initialization. Thus, while the initialization does have an effect on the
limit theory, it is of secondary importance.

11



(ii) As in Theorem 3, the limit theory (17) involves the demeaned process B, (s)
corresponding to the regressor x;. Again, the demeaning is caused by the fact
that in the direction of the initial condition, the time series x; is dominated by a
component that behaves like a ‘constant’ - in this case H (n)"z, ~ By (1)' By (1)
- which acts like an intercept in the limit theory. Therefore, one material impact
of the infinitely distant initialization is that the regression equation behaves as
if there is a fitted intercept.

4. Extensions to Models with Drift

The above discussion has considered unit root and cointegration regression models
without intercept and trend. Introducing drift to these models provides a practical
extension that produces some further new results. It will be sufficient to use the
cointegrating regression model to illustrate the effects of drift in both the sample
observations and the initial conditions. One aspect of the results — an increase in
the degeneracy of the limit theory stemming from a drifted initialization — is not
immediate.

We take model (15), assume K > 3, and replace the generating mechanism of the
regressors by

r, = pt+xf, t=1,..,n (19)
t Kn

vpo= Y Uggt g, xh(n) = Us_j+ Bk, (20)
j=1 j=0

in which case xy = = (n) is the outcome of a random wandering process with drift
so that its stochastic order is O, (x,), which is analogous to that of z;. In this event,
the sample data X' = [z, ..., x,,] satisfy

X =71,8 +t,xf + S,

where S' = [S5,...5,] with S; = Z;Zl Upjy, Tn=(1,..,n)", and ¢, = (1,...,1)". As
usual, unit root regression with a fitted trend and intercept removes the effects of
the initialization z{; and the trend coefficient (3, and conventional theory applies with
appropriate effects of the detrending being manifest in the limit theory, as shown in
Park and Phillips (1988) across a variety of models. Similar considerations apply in
the present case but with an additional complication arising from the form of the
initialization (20).

We illustrate by taking the case of FM regression applied to (15) with z; generated
as in (19). Here the limit theory is given by

1 -1
n (/ﬁ . A) = MN (0, Qyyo ® H.o (H’L / QIQZBHL) Hi) NI
0

12



where B, is the detrended process

-1

Bo=n0-([82)([22) 20, z0=00. @

so that the limit theory is entirely analogous in form to that given in (17). However, in
the present case, the additional complication stems from the fact that the directional
matrix H | has structure and rank that reflect the presence of the time trend and the
space spanning the infinitely distant initialization. The latter is affected by the rate
at which k,, — oo in relation to n and the various components of the initialization,
which we now briefly discuss.

Observe that under (20) the drift in the initialization determines the primary
limit so that 'z} (n) —, 8. Expanding the probability space as needed for the
strong invariance principle By, := kn 1/2 ZJL'ZE)J Uy, —j —a.s Bo(+) to hold, with By =
BM(€,.) , the large sample behavior of the initial condition has the form

Kn

xé (n) = Z Ug,—j + Bkn = Bkp + BOn\/ Rn
=0

5.5 (0] | | {140, (1),

so that zf (n) is spanned by the two columns of the matrix C,, = |3, By,] and in the
limit by the matrix C' = [3, By (1)] where 3 and By (1) are a.s. linearly independent
vectors. The components 3 and By, of the initialization vector xj (n) have divergence
rates r, and k) corresponding to the two components in (20). So, because of (19)
there will be a time trend in the regression and because of the effect of the initial

condition there is effectively a (random) intercept in the regression since x,, is large.

When &k, is very large relative to the trend, in particular if %/2 — o0, then zf (n)
is the dominating force in the asymptotics and both components of zf (n) figure in
the limit theory. To resolve the limit, we transform coordinates using the matrix
[Cy, Ch1], where C), is a complementary matrix of vectors orthogonal to C, giving

c C' 3 n- +c;lcn{ in }+c,gsn.
= | i |+l
- CriB ]+ ChySin

If k,, is such that @ — 00, the largest effect is in the direction C,,, so that both
components § and By, are relevant. The next largest effect comes in the direction
C! | 5 and then finally the dominating effect on the limit theory for AT with slowest
asymptotics comes in the direction orthogonal to [C),,C!  (]. That rate is O, (n)
and the limit theory for A* is just as given in Theorem 4 by (17) or (21) above.

However, in this case H, is of reduced dimension K x (K — 3) and is a random
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orthogonal matrix spanning the orthogonal complement of the limit matrix [C, C", 3] .
The dimension reduction to K — 3 in the columns of H, comes about because of
the effect of the linear trend in z; and the initialization z (n) which lies in the two
dimensional space spanned by C' in the limit. The process B, in (21) is the detrended
process (22). Again, inference proceeds as usual in the presence of initializations such
as (20).

Thus, initialization with drift in a cointegrated system does not affect the prac-
ticalities of inference even when the initialization is in the infinite past. But initial-
ization does influence the form of the asymptotic theory in a subtle manner in terms
of its dimensionality and its support whose orientation involves a random component
that is determined by infinitely distant initialization effects.

5. Appendix

This section provides proofs of theorems in the text together with some auxiliary
results. We start with the following preliminary results. The notation is the same as
that used in the text.

Lemma A1l. Joint convergence in distribution of

(52@) &) n/ZYnZYY)

as n — 00 s equwalent to convergence in distribution of each component where
—1/2 KnS — ns
En(s) = F (Wm0 ey 60 (9) = F ()0 20 e, and Y= 305 ;.

Proof. Joint convergence of £ (1) and &, (1) holds trivially by independence. We
will show that the last two components are asymptotically equivalent to continuous
functionals of the partial sum process &, (-) on the Skorohod space D [0,1]%. The
lemma will then follow by the continuous mapping theorem and independence of

&, () and &, (-).
The BN decomposition yields, for each s € [0,1],

[ns]
1 1
Uy, (s) := V) Zut =&, (8) — nl/z <5LnSJ e ) ) (23)

=1
where & = 77 Fje,; with F; = > heji1 Pk Using (23) and the fact that Y =0,
n=3/23"" Y, 1 can be written as

n 1 1 1 1
2N = /OUn(s)dSZ/O fn(s)ds—m/o Elns)ds +0p (1)
t=1
1
_ /5n<s>ds+op<1>>
0

14



since n~1/? fol E|ns)ds — 1, 0. Similarly, by (23)

n 1
n_2ZYt_1Y;’_1=/ Uy () ds-/ &, ( s) ds + o, (1),
t=1 0

since n~1/2 fol E|ns) 5/Lnsj ds —r, 0 and

3 [ 6| < o [ Ellee) i
< / B (I (5)] 2 ds
< 2n [ EO6OR " B () s
< E(lal) B (el o “?jjds:()(n‘w)-

Lemma A2. [In the setup of Sections 2.4 and 3, there exists a K x (K — 1) random
orthogonal complement, H, , to By (1) satisfying

H' By(1)=0 and H, H = Ix — [By(1) By(1)] " Bo(1) Bo (1) a.s.  (24)

Define B (s) fo s)ds, Zy = [210, 211, -+ Zin—1] » the n x (K — 1) matriz

Zy = [2’2072’217-- Z2n 1} ) cmd
My, = (Z120) " ZiZs, Q1= 1, — Z:(2,21) " Z5.

The following hold as n — oo and w0

-1
(ii) Hy (n) (n"2Z,Q125) " H. (n) = H, (Hi 1N @’HQ H.

Proof of (24). We begin by establishing the existence of an orthogonal complement
satisfying (24) in the setup of Section 2.4. In view of Assumption LP the asymptotic
behavior of the initial condition xy (n) follows by standard methods (Phillips and
Solo, 1992). In particular, letting By = BM (£2), we have the functional law

Lrns]

& (s) = 1/225_]¢Bo , asn — 00 (25)
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which, together with the BN decomposition, yield
Ky 2 (n) = €2 (1) + 0, (1) = By (1). (26)
By (9) and (26) we obtain

&n (1) Bo (1)

H(n)= . +o0,(1) = H := : (27)
ey [Bo (1) By (1)] 7
Since ||H|| = 1, the random matrix I — H H' is positive semidefinite with rank K —1.

Therefore, by a standard decomposition result for positive semidefinite matrices (cf.
8.21 in Abadir and Magnus, 2005) there exists a K x (K — 1) random matrix H
such that, a.s.,

H H' = Ix — HH = Ix — [By (1) By (1)] " By (1) By (1)’

and H'| H, is a diagonal matrix of rank K — 1 containing the positive eigenvalues of
Iy — HH'. Since Ix — HH' is idempotent, all its positive eigenvalues are equal to
1, implying that H| H, = Ix_; a.s. Combining the latter with H, H| = Ix — HH'
implies that H| H = 0, so the matrix H, is an orthogonal complement to H (and
hence to By (1)).

Having established the existence of an orthogonal complement H satisfying (24),
we can use (10) to write the limiting distribution of the outer product H, (n) H, (n)’
as

: & (1) & (1) :
H, (n)H, (n) = Ik 0 (17 €0 (1) +o0,(1)=H, H' . (28)

For the setup of Section 3, we can use an identical argument, replacing £° (s) by

€Y (s) (defined in (51)) and Q by Q,,.

Proof of Lemma A2 (i). First, note that, by (5),

n n

1 / $0 /
,{111/2713/2 ;xt—lytq = 1/2 ng/gz t—1 T 1/2 32 Z}Q—lyi_l

zo (n) , n
- L2 n3/2 ZY; 11+ 0p ( /in>‘ (29)

Thus, since, by (27) and (28), H (n) and H, (n) are O, (1), (26) yields

Z1Zy=H )Y 1Y) Hy (n) =0, (r)/*n*?) .

The result for II,,, follows since (Z,2;)™" = O, (k;'n1).

n
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Proof of Lemma A2 (ii). By (41) and (27)

1

121 = Y weaw H (n) = & (1) & (1) + 0, (1), (30)

)

which, together with (29), (26) and (27), yields

270\ ,
M, — ( 1 ) H (n)

Nkp,

thfIYt/AHL (n)

Nky,

- (Z2) oy | LS o, ()]

= JEaram)™” (ni/ ZY)H o, (/)

Thus, by (39) and (27) we obtain

n
>
/
— Ut 24 H1
n 1t—1 n
t=1
0 0 -1/2 n

_ & %1)} Zwtl (%gy) H. (n)

(i)

[0 (' en (] €, (1) € (1) H (n) (ni/ > YH) Hy (n) + 0, (1)

= £, (1) (#ZY“) H,(n)+o0,(1). (32)

Proof of Lemma A2 (iii). We first show that
n2ZyQ1Zy = Hy (n) T,Hy (n) + 0, (1), (33)

where T,, denotes the random matrix

/
1 & . R R

T, = 2 E Yi 1Y, — (W E Y;S—l) (W E 3@_1) .
t=1 t=1 t=1

17



By an application of (10) we can write

ZyZy Iy /Zt = 1T 1y

n /

k12372 12,80 Hy (n) L7232 (n) H (n) PEVEREYE 1(n)
. /ZtlY;f 1xt12t1xt 1Y/
- HJ_ ( ) 1/2n3/2 1/2n3/2 HJ_ <n>
B ) 2ot Vi-1Ty g ) 2ot TV
HL (n> ﬁ,ll/2n3/2 HL (n) HL (n) K;/2n3/2 €1 (n)
_ H (n)/ Z?:l }/t_l'rg—l Z?:l xt_l}/tl—l H (n)
+ /{711/2713/2 ,{}Lﬂng/z +
r LY, Y Yo YY)
_H /Zt_l tltlH H 1 Lat=1 t=1 gy
1 (n) TRy 1 (n)Hy(n) TRy 1 (n)
- g (n)/ Z?:l Yzfl‘rgfl Z?:l xtfly;/lle ( ) + O
- Kl 2p3/2 KL/ 232 bin )

where H, (n)' Y7 1Y) ;= Hy (n) > 1, Vi1, | because of (5) and the fact that
H, (n) 2o (n) = 0. Thus, (29) and (26) yield

Zézl ZiZQ _ 50 (1)/£0 (1) H (n) LXn:Y LXR:Y’ H (n), +o (1)
ki 2n3/2 gl sz " ! IR Tin j=1 e s

and (33) follows by (30) and the identity Z3Z, = H, (n)' > 1, Y;1Y/  H, (n) since

1., 1, 2N\ 22y 77,
ﬁZ2Q1Z2 = —ZyZy— < nk, /11/2n3/2 K1/2n3/2
— 2’22 (n)’ MZYt | wZY’ VH (n) + 0, (1)

— Hy(n) TuH, () +0,(1).
Having established (33), the limiting distribution of
H, (n) (n2Z5Q1 %) Hy (n) = H, (n) [Hy (n) T,H, (n)] " Hy (n) + 0, (1)

is derived as follows. By Lemma A1, (€% (1),7,) = (By(1),T), where T = [ BB'.
So (28) implies that

(Hi(n)H. (n),T,) = (H . H,T). (34)

Thus, the Skorohod representation theorem implies that there exist random matrices
(Ln, Tn> and (L, T) defined on the same probability space for all n € N such that

18



(Ln,fn) =4 (HL (n)H, (n)’,Tn) and <Ln,fn) —s (L,f) as n — o0o. By (34),
(L, T) =, (H H,T). Denote by M* the Moore-Penrose inverse of a matrix M.
Since the rank of both L, T}, L,, and LQL is K —1 a.s., Theorem 2 of Andrews (1987)
yields

HJ_ (n) [HJ_ (n)/TnHJ_ (n)]fl HJ_ (77,), = |: HJ_( ) TnHJ_ (H)HJ_ (n)’]Jr
_, (L T I ) e (LTL)+

—, (H H'\TH H')"

— H,(H,TH) "H|,

which proves part (iii) of the lemma.

Proofs of Theorems 1 and 2

The limit theory for sample moments involving trajectories of x; may incorporate
elements from both initial conditions and sample period observations depending on
the behavior of k,, as n — co. Decompose z; as x; = zg (n) + Y, as in (5). Recalling
that Yy = 0, the limit behavior of ¥; and its sample moments is standard (Phillips
and Durlauf, 1986), viz.,

|ns] [ns]

*WZut s)+o0,(1), &, (s):= 1/225 = F(1)ZY2W (s), (35)
and
n 1 n 1 n 1
n?’/?ZYH;»/ B, nQZYt'ly,;l;»/ BB/, nlzutyt"l;»/ dBB'+A,
t=1 0 t=1 0 t=1 0 (36)
36

where B = F (1)SY2W = BM (Q), Q=F (1) SF (1), A= Y32, E (wu,_,) and W
is standard K-vector Brownian motion. By virtue of the independence of the &, the
processes

Lrns] [ns]
3 =€+ o) md Y w60 o) (30

t=1

are asymptotically independent for all s € [0, 1], and so the Brownian motions By
and B are also independent.

The effect of the initial condition on the asymptotic behavior of the sample mo-
ments of x; can be obtained by comparing the convergence rate of zo (n) with that
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of the sample moments of Y;. First,

1 & fn 1 — zo(n)\ 1
2 : / o n 0 - 2 : /
L R n nl/2 t=1 " ( /1711/2 ) " n iy

1
= / dBB} + A, (38)
0

where B (s) = B(s) + /7By (1), giving the limit result for recent (7 = 0) and
distant (0 < 7 < 00) past initializations. For infinite (7 = oo) past initializations,
(38) requires rescaling so that

— Zu e wew+o, (L) = Bwmu. @

and the sample moments involving Y; are asymptotically negligible under the revised
standardization, thereby eliminating the components that produce the usual unit root
limit theory. Instead, the asymptotic behavior of the sample covariance Y ;| uz)_;
is determined exclusively by the infinite past initialization z( (n) and partial sums of
Us.

For 7 € [0, 00) the sample moment matrix of x; has the expanded form

1 & PR Kn a:o Zo (
ﬁz%lxm - n3/2 ZYt 1" 12 1/2
=1 P
//fnxo( -
RV 1/2 n3/2z t1+_ZY; 1Y
1
_ / BB, (40)
0

giving the limit result for recent and distant past initializations. Under infinite (7 =
o0) past initializations the sample moment matrix has a faster rate of convergence
that is driven by the behavior of z¢ (n). In particular,

gxt—lxz_l =65 (ME M) +0, <\/§) = By (1) By (1), (41)

producing a singular limit for the sample moment matrix unless (3) is a scalar au-
toregression (K = 1). In the scalar case, (39) and (41) yield

_1 n F(1) n

a vV Enm Zt:l xtilut 1/2 Zt:l st n B (1)

V Fint <R" - 1) -1 ST 22 - FTE1) Fom +0, — = =qC
Knn t=1"t—1 Nl/z ijo 5_]‘

Kp
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where C is a standard Cauchy variate, giving the scalar result of Theorem 2. In this
case where 7 = 00, the tail of the process from the origination of x; wags the dog in
the limit theory of estimator. The distribution depends on the past through By and
the sample through B.

Combining (38) and (40) we have the least squares regression limit theory for (3)
under recent or distant past initializations

1 1 -1
n (fzn - IK) = </ dBBj’+A> </ Bij’) ,
0 0
as stated in Theorem 1.

Proof of Theorem 3

In the new coordinates given by (11), we have
1 ¢ 1 & o
n <Rn - [K) = (‘ Zut22—1> <_2 Z Ztlzé—l) M (n)
n t=1 n t=1
(& n2Z!7Z, nZZy ' [ H(n)
= (ﬁ ; UtZt—1> |: TL72ZéZl n722522 H, (n)l ’ (42)

My, = (Z,2)) " Z/Zy and Q) =1, — Z,(Z.2,) " Z..

Set Z = [Zy, Z,]. Standard partitioned inversion gives

g [ () e () My, (2
(n22'z)" = K - @
- (ZQQ%) I, (Zng)
n? 1n pou

where

and (42) becomes
- 1« Ziz,\ 7
n (Rn — [K> = = ;utzitl (#) H (n)'

1 < 2y Zo\ 7
+E Z utzit—lnln (2— [HllnH (n), —Hy <n),}

n?
t=1

n2

n / —1
+% Z UsZhy 4 <M) [H (n) =11, H (n)] . (44)
t=1

By (27) and (28) we know that both H (n) and H, (n) are bounded in probability.
Thus, recalling that the effect of the initial condition is present only in zy;,_;, we have

217y = Oy (nky) ’Zutzitq = 0, (y/nk,) and Z uzn, 1 = O, (n). (45)
t=1

t=1
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The asymptotic behavior of the remaining terms of (44) is given in Lemma A2 above.
Consideration of these terms leads to the following simplification

n (Rn — [K) = [ Zutzm 17 - Z“tzu Ui (Z Q1Z2) Hy (n),+0p (\/HZ

H, (n) <Z§QlZ2

n2

N——

%;WYZ1 — &, (1) (#;E—l) >_ Hi(n) +o0,(1).
B B (46)

Joint convergence in distribution of the various elements in (46) needs to be proved.
The proof of Lemma A2 (iii) yields

ZyQ1 2
n2

H, (n) ( ) H, (n) = [Hy (n) Hy () T,H, (n) Hy ()] + o0, (1),

which together with (28), imply that the right side of (46) is a continuous function of

n n 1 n
(az<1>,gn<1>,n3/2zn1,n2zmw%zutm) |
t=1 t=1 t=1

Joint convergence of the first four terms has been established in Lemma A1l. The
sample covariance n~* Y " | ;Y | does not admit a neat integral representation like
the other two sample moments. The stochastic component of its limiting distribution
is nonetheless driven by the partial sum process U, (+) in (23) and joint convergence
of ™13 | w, Y/ ; and other sample moments of Y; is well documented (c.f., Phillips,
1988b). Thus, it is enough to show that n='> 7"  w, Y/ ; — A is asymptotically in-
dependent of £2 (-). To see this, note that n™* Y"1, &} —.. F (8u}) = A by the
ergodic theorem and a simple calculation. Using the BN decomposition and summa-
tion by parts we can write

1 Z” F (1) Z” 1 1 Z"
- ]rl _ A — ]r/ o _~nyl - ~ / o
n - Ut t—1 n gt t—1 ng n + n pa gtut

t=1

t—1 1T Op (1)

n

gg-F (1) +

n

5t ) + o0, (1), (47)

since n=' Y"1 &8, — 0 in Ly by a martingale LLN. This establishes the required
asymptotic independence.
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Since joint convergence of the various terms of (46) applies, (36), (35) and Lemma
A2 (iii) give

-1

1 1 1
n(f%n—IK> - {/ dBB’+A—B(1)/ B’}Hl (H’l/ @’HL) H'
0 0 0

-1

1 1
- ( / dBB' + A> H, (H’L / @’Hl) o,
0 0
as stated in (13).

For (14), using the fact that

1 , n
\/mzutzlt 1 = \/n—,%zutfo(m H(n)+0p< K:_n>
(€0 (1)' € ()] €, (1) + 0, (1)
and that H (n)' H (n) =1, H; (n)' H (n) = 0 a.s., (44) gives

NG (Rn - IK) H (n)
i 2 i (ﬁmn) (Zéifs%) (ﬁﬂm)
= [C@em™ e - [Ea e {Z % ~¢,(1) (Z ff—/) }

t=1

/ -1 n
U EPREICoRY
t=1

1 1 1
B(1) — {/0 dBEJrA} H, (Hi/ @/HL) Hl/ B
0 0

where we have used (30), (31), (36), Lemma A2 and joint convergence developed in
Lemma Al and (47).

-1

= [Bo(1)'Bo(1)]

)

Proof of Theorem 4

Setting ty.or = Uy — QyeQpr Azy and Uyp = [u, 1, ,u;.m]/ as the corresponding
data matrix, we have

~

g):r =Yt — Q Q 1Al’t AZL‘t + Uo.zt — (nyﬂ_; - QyzQ;;> A:Etv
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and, letting U, := AX = [u/,,...,u.,]", we obtain

<A+ - A) - (U;.xX —nAl - (nyfz;; . QWQ;;> U;X) (X'X)7h. (48)

Writing (48) in the rotated coordinates (11) and using the inversion formula (43), we
have

o(dr - ) = (B2 A - (0,0:0 - 0,.0.2) B2 (0222) by

1< . o Uz 72170\ ! ,
= (Ezuy.wmt - A - (nyQ;xl - QmeEi) > 1) ( = 1> H (n)

n n
t=1
1< . A U.Z
+ (52% w21 — Ay, — (Qmem}l — 0.9, > . 1)
t=1
700175\
><H1n( 2(1 2) [T, H (n) — H, (n)']
1 & ~ U'Z
+<Ezuwzﬂ A - (Q 01— 0,0 ) nQ)
t=1
700175\
( 22221 2) [H, (n) — I}, H (n)]. (49)

In order to analyze the components of (49), note that, by an identical argument
to Lemma A2, both Y7 | uy.21; and U.Z; are of order O, (\/n_/in), Dot Uyt
and U.Zy are of order O, (n), Z1Z; = O, (nk,) and ZyZy = O, (n?). Also, given
an integrable lag kernel function k (-) and a lag truncation parameter M satisfying
T

ZM B 1 Z” ZM h\ 1 Z”
~ + . ~ / _ ~ /
Ay = h=0 ’ <M> n t=1 et = h=0 ’ (M) n t=1 Bt

= ALM(n)=0,(1),

since A;m is a consistent estimator (cf. Phillips and Hansen, 1990) and M (n) =
O, (1). Thus both A; ., and A;@ are bounded in probability. Finally, as both ny and

~

Q.. are consistent estimators (Phillips and Hansen, 1990), €, —Q,,Q.1 = 0, (1).
The above facts imply, for the first term of (49),

n (1< . A oA U 7Z Z’Z
— <ﬁ Sy — AL, - (nyQ;; — Q00 1) !
n t=1

n/{n

I & 1, [n
(ﬁ_n;“ywtzlt A;—Zl op (1) I{_nUxZI> 0,(1) =0, ( /i'_n) .
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Since n/k, — 0, this shows that the first term of (49) is o, (1) as n — oo. For the
second term of (49), since 11, = O, ( \ /%) from Lemma A2, we obtain

1< R .. U'Z 70017\ !
(E Zuy.azt'zlt - A;—zl - (Q?JQCQLI_?:L} - Qme;:cl> jl 1> Hln ( 2221 2) HllnH (n)l
t=1

and

. N\UZ ZhO1 75\
A+ (a0 - 0,02) B, (BD2) oy
0,

A A U.Z
(\/ )+(QWQ;£—QWQ;$) jllOp( 3)

= 0,(\f2) o) 20, () =0, (1) 0, (1) = 0, 1.

A similar argument on the third term of (49) yields
15N A e U'Zy\ [ Z3Q1Z2\ "
+ -1 —1 42 2142 /
Z/QIZ2 - n
= 0,0 (ZL2) ) = 0, (il =0, (/).

n Rn

and

<Qyw@5§ - Qw;;) UsZs (ZéQlZz

n2

>_1 Hi(n) =o0,(1).

n

Thus, (49) yields

2 1 ¢ Z’Q122
n <A+ — A) = E tzl U,y.thét yz2 Z Uy, $tZ1tH1n ( HL (n)/“‘op (].) .
(50)
Corresponding to the notation of Lemma Al, let Y,; := 22:1 Ugyj
|kns] [ns]
Eon () =F ()2 ey & () =Fy()n ' Ze (51)
§=0
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for J € {z,y}, and
yan (8) = &y (8) = QuaQp o (5) = Bya (5) = BM Qo)

Y.Tn

Then, an identical argument to that used in the derivation of (32) in Lemma A2(ii)
yields

1< 1< L1
ﬁ Z uy.xt'zitHln = E Z uytzitnln - nyﬂxxlﬁ Z uxtzitnln
t=1 t=1 t=1
/
_ 1 O
t=1

= & () (#;Yxt) H, (n)+0,(1)

1 —
= B,.(1) / B,. (52)
0
Also, using Lemma A2(iii) with B, in place of B we obtain

Z5Q1 2

n2

-1

-1 1
JRACETACA V-2 R A
0

(o)

Thus, for the final component of (50), the fact that A;ZQ = A;;H 1 (n)=A)Hy (n)
yields

1 < A 201725\ 7"
(ﬁ;u:y.xtzét _A;Z2> ( 2n21 2) HJ_ (n)/
1 & A Z01Z,\
- lﬁzuy.xtm—gy o (Z42)
t=1
1

1 1 -
= ( / dBNB;> H, (H’L / ﬁmﬁglﬂ> H, (54)
0 0

as in (47) and using Lemma A2(iii).
Substituting (52), (53) and (54) into (50) and using joint convergence of the
various elements as in the proof of Theorem 3, we obtain

-1

1 1 1
n (A+ _A> - {(/ dBy,xB;> —By,x(1)/ BI}HL (Hi/ ﬁwQ;HL> H,
0 0 0
1

1 1 -
- ([ (o )
0 0

1 71
0

26



producing the stated result (17). Mixed normality holds because the limit process
B, , is independent of both B, and B.
It remains to show (18). From (49) we have

NS <A+ — A) H (n)
. o 'z 77\t
= ( Zuywtzlt \/_Agjzl - <ny9;zl _nyQ;zl) Ve 1) ( - 1)
/MKy, Kn NKy NKy
Fon 5 A 2y Zo\
/o (52%,9&52@— o (Q Qpr nyﬂml) - )Hln( =
. N\ULZy\ (251 Z:\ 7!
- ;( Zuymt’ZQt y22 (Q Q 1 QQIQ:E;> n )( 2712 Hlln
1 7' 7, . ZyQ1 7\
TV & Z“y.xtzit <n1—/€n) LRV A ;uy.xtzitﬂln (27 I,

_ [Fn Zy0nZs\ "
( Z Uy, thQt yzg) < 2n21 ) Hlln + Op (1) ’

using similar arguments for the remainder terms as those used in the derivation of

(50). Using (30) and the fact that Y ;" u, .Y, = O, (n), the first term of (55)
becomes

R 21720\
\/m Zuy = i Zuy.xtl’;H (n) ( nlﬁn )
1 / Z{Zl n
= - H O,
i 2y e 010 (30 ) o)
1

Ean (1) &0 (D]

[ gan (1) + 0, (1)
= [Bo(1)' By (1)]

B, . (1). (56)

Similarly, letting

/!
1 & . 1 <& 1 &
Ton =5 YuY}y = (W ) Yxt) (W 2 Y%t)
t=1 t=1 t=1

and using the above, (31), (33) and Lemma A2, the second term of (55) can be written
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as

() (50)(542) ()
07 0] 0 (13 3o

XHJ_(N) [HJ_(n),TmnHJ_( )] HJ_( ( 3/22Yxt>+0p<1)

-1

= [Bo (1) Bo (1] 2 B, (1) / B, (Hg / 1§m§;H¢) H, / ‘B (7

For the third term of (55), since A} = A;YHL (n), we obtain

Yyz2

, -1
\/>< ZUy thQt yz2) (Z2§2122) Hlln
/ -1 /
— (E Zuy_xtYm’t — A;y) H, (n) <Zgg2lz2) (\/%Hln)
, -1
= [@arew™” ( Zuy u A;,@) H. (n) (22%22) H. (n)

8 <W2YH> + 0, (1)

= [Bo(1) By (1)] < / 1 csz.xB;) i, (Hi / 15&;&)

Applying (56), (57) and (58) to (55) and using the joint weak convergence of the

-1

1
" / B,. (59)
0
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random elements of Proposition A1, we obtain

N (A+ . A) H(n)
= By, (1){By(1) By (1)}

s ([ ) o) ' ([ )
_ </01 dBy_wB;> H, (Hi /OlﬁxE;HQ T (/01 Bm) (B (1 o (1)}

— B,.(1){Bo(1) By(1)}*

_ </01 dBy.IE;) H, <HL /OlﬁxE;HQ_l " </01 Bz) (B (1) Bo (1)}

Jy dByo— (Jy dBy.B,) Hy (H [y B.B,H.) T (s B.)
{Bo (1) By (1)}""?

o B (9) |1 B (' (o ) ) o () )]
{Bo(1) By (1)}

= MN (0, Qyy.a /OIV(S)zds/Bo(l)’Bo(D)a

—-1/2
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where .

V(s)=1-B,(s) H. (HL /O lﬁxﬁgm) H', ( /0 1 Bm) ,

as required for (18). Again, mixed normality holds because B, , is independent of
both B, and B,.
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