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Abstract

The distribution of unit root test statistics generally contain nui-
sance parameters that correspond to the correlation structure of the
innovation errors under the null and alternative hypothesis. The pres-
ence of such nuisance parameters can lead to serious size distortions.
To address this issue, we adopt an approach based on the character-
ization of the class of asymptotically similar critical regions for the
unit root hypothesis and the application of two new optimality crite-
ria for the choice of a test within this class. This method is designed
to address the issue of size stability right from the point of selecting
a test. Related methods of Forchini and Marsh (2000) are extended
to the case where the innovation sequence takes the form of a moving
average process, the order of which is determined by an appropriate
information criterion. Limit distribution theory for the resulting test
statistics is developed and simulation evidence suggests that our sta-
tistics have substantially reduced size distortion while retaining good
power properties.
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1 Introduction

The unit root hypothesis has attracted a great deal of interest in econo-
metrics. Nelson and Plosser (1982) provided empirical evidence that many
macroeconomic series have a unit root. From the statistical point of view it
is important to know whether or not series are stationary in order to conduct
valid inference. The outcome of non-stationarity introduces the possibility of
di¤erencing the series (Plosser and Schwert, 1978) cointegration (Johansen,
1988) or error-correction (Engle and Granger, 1987) models. Banerjee et al.
(1993) and Maddala and Kim (1998) give a review of the literature for unit
root tests. Fuller (1976) and Dickey and Fuller (1979, 1981) proposed a unit
root test (DF) which is widely used.
As in many testing problems, the fact that the distribution of unit root

test statistics under the null hypothesis depends on nuisance parameters
can result in serious size distortions for the associated unit root tests. Said
and Dickey (1984) showed that the "augmented" DF (ADF) test is suitable
for processes with autoregressive moving average (ARMA) errors. Phillips
and Perron (1988) proposed a nonparametric testing procedure (PP) which
allowed for a wider class of stationary time series in the error term. Schwert
(1989) used Monte Carlo simulations to show the existence of size distortions
in the ADF and PP tests. His results suggest that PP has higher power than
ADF, but also much higher size distortions in the presence of negative moving
average (MA) parameter in the error term. DeJong et al. (1992) showed that
PP tests perform poorly against trend stationary alternatives and suggested
the use of the Said-Dickey testing procedure.
Ng and Perron (2001) derived a class of unit root tests that take into ac-

count possible autocorrelation in the error term. The local asymptotic power
function of these tests is close to the Gaussian local power envelope. They
also derive the modi�ed information criteria for the choice of the truncation
lag. Their simulation study suggest that, for the sample sizes considered,
size distortion is very low even in the presence of negative autocorrelation in
the innovation sequence. These statistics are described in detail in section 6.
Seo (2006) pointed out that a problem exists regarding the global power of
these statistics: in �nite samples and for alternatives far from the null, the
possibility of power reversal occurs. Power reversal in this context means
that as the true value of the parameter of interest moves farther away from
the null hypothesis, power decreases. This problem is caused by the fact that
the null of non-stationarity is imposed in the procedure in the construction
of the modi�ed information criteria. This type of information criteria could
provide very good results with respect to control over size, but it could also
have serious �aws when the parameter of interest moves far from the null.
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Seo (2006) suggested the use of a two-step procedure in which he �rstly �ts
an autoregression to get the estimated residuals and at the second step uses
them as a proxy for the MA component. Perron and Qu (2007) address the
issue of power reversal and improve the performance of the statistics by in-
troducing a two step procedure, using OLS estimation for the choice of the
order of the lagged di¤erenced terms and GLS estimation for the calculation
of the statistics. As can be seen from their results (Figures 1-4), the problem
becomes less severe, but is still evident for the case of no autocorrelation in
the error term.
This paper addresses the issue of unit root testing in the presence of cor-

related innovation errors that take the form of a �nite order moving average
process. Following Hillier (1987), our approach is based on obtaining a char-
acterization of the class of similar tests. These are tests whose size does
not depend on nuisance parameters, provided that su¢ cient statistics for the
nuisance parameters exist, under the null hypothesis. Given the fact that
a su¢ cient statistic for the MA parameters is not available, we consistently
estimate the MA parameters by maximum likelihood, and then use the above
estimates to characterize the class of (asymptotically) similar tests. After the
characterization of the class of similar regions we proceed to the selection of
some tests within this class by the use of appropriate optimality criteria.
The advantage of such an approach is that we can focus our attention on a
set of tests whose asymptotic size is independent of the nuisance parameters
involved. In this way we can address the serious issue of size stability at the
�rst stage of selecting a test.
In order to choose statistics from the class of asymptotic similar tests we

make use of the optimality criteria proposed by Forchini and Marsh (2000).
They derive unit root tests according to the Bounded Norm Minimizing
(BNM) and Bounded Estimated Point Optimal (BEPO) criteria under the
assumption of i.i.d. innovation errors. We apply the same optimality cri-
teria to derive tests statistics in a more general framework that allows the
presence of possibly correlated innovation errors that may take the form of a
�nite order MA process. The objective is to derive unit root tests with fairly
stable size over MA processes with varying order and values of associated
parameters, and with high global power in comparison to other unit root
tests existing in the literature.
The paper is organized as follows. In Section 2 we refer to the theory

related to the construction of similar tests. Section 3 describes the BNM and
BEPO optimality criteria for the choice test statistics proposed by Forchini
and Marsh (2000). Section 4 describes the construction of similar regions
in the case of correlated errors and in Section 5 we use the optimality crite-
ria to derive the test statistics followed by the description of the method of
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estimation we are using. The limiting distributions of the resulting test sta-
tistics are derived in the presence of deterministics consisting of an intercept
term only and an intercept and a linear trend. In Section 6 the �nite-sample
performance of the statistics is assessed in the context of a simulation study.
In Section 7 we provide some concluding remarks. All proofs are included in
the technical Appendix of Section 8. Tables and �gures are presented in the
last section of the paper.

2 Methodology on the characterization of sim-
ilar regions

The methodology we follow for the characterization of similar regions is de-
scribed by Hillier (1987). Let z be a vector of random variables with density
f(z; �; �) depending on two vectors of parameters �; and �: If we want to test
the null hypothesis

H0 : � = �0

then � is the vector of parameters of interest and � is the vector of nuisance
parameters. In general the size of any critical region ! in this context will
be dependent on �; ie., Z

!

f(z; �; �0) = �(�):

Critical regions related to this problem which are independent of nuisance
parameters Z

!

f(z; �; �0) = �

are called similar critical regions. If there is a su¢ cient statistic t for � under
H0 the density function is given by

f(z; �; �0) = pdf(t; �; �0)pdf(zjt; �0)

where pdf(t; �; �0) is the density of the su¢ cient statistic under H0 and
pdf(zjt; �0) is the conditional density of z given t; which is independent of
the nuisance parameter �: So, provided we have su¢ cient statistics for �;
the conditional distribution of z given these statistics will be free of nuisance
parameters and will result in a similar critical region.

3 Optimality criteria

We now address the question of how to select a particular test from within
the class of similar tests. Ideally, we would choose a Uniformly Most Powerful
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(UMP) test. A UMP test is a test which has the highest available power for
every �; and �: In unit root tests the power of a test depends on the nuisance
parameters � and the value of the parameter of interest � under H1, so it
is not possible to achieve the UMP criterion. Consequently, we have to use
weaker optimality criteria for the selection of test. Cox and Hinkley (1974)
suggest some alternative optimality criteria, such as the selection of a typical
alternative for � (point optimal (PO)) or the construction of a locally most
powerful (LMP) test, which involves the maximization of the power of the
test in the neighborhood of the null hypothesis. Selecting a typical value of
� could be seen as arbitrary unless there is speci�c prior information for the
parameter. The problem with the LMP tests is that their power often can
be low for alternatives that lie far from the null (Zaman, 1996, pp. 133-136).
Forchini and Marsh (2000) suggest the use of two alternative optimality

criteria. Their statistical framework can be summarized as follows. Consider
a N � 1 vector of observables and a vector of unknown parameters (�; �2) 2
R � (0;1): The null hypothesis H0 : y � N(0; �2
(�0)) is tested against
H1 : y � N(0; �2
(�)) using the critical region

y0
�1(�)y

y0
�1(�0)y
< k� (1)

where k� is chosen so that � is the size of the test. It is clear that when
the numerator changes with � there is no a UMP test.
In the absence of a UMP test two weaker optimality criteria are presented

in sections 3.1 and 3.2 below.

3.1 Bounded Norm Minimizing tests

Suppose that y0
�1(�)y � l(�)0	(y)l(�), where l(�) is a vector depending
only upon � and 	(y) is a positive de�nite matrix depending only upon y.
A su¢ cient condition for

l(�)0	(y)l(�)

y0
�1(�0)y
< k�

is to minimize the norm 



 	(y)

y0
�1(�0)y





 < k;

for k such that the size of the test is �: The norm in the above equation
can be any matrix norm (see e.g. Horn and Johnson, 1985). Notice that any
norm of the matrix 	(y)=y0
�1(�0)y gives a norm minimizing (NM) test and
when (1) holds with equality and a BNM test when the inequality is strict.
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3.2 Bounded Estimated Point Optimal Tests

The second optimality criterion is that of using estimated point optimal tests
(EPO). This criterion is related to the PO tests which are discussed above.
Even if the alternative is generally unknown, it is possible to estimate it with
the value �� which satis�es

�� = argmin
�

�
l(�)0	(y)l(�)

y0
�1(�0)y

�
for a set of observations y: In the case where (1) holds with equality, the
EPO critical region is given by

l(��)0	(y)l(��)

y0
�1(�0)y
< k; (2)

where k is chosen such that the size of the test is �: As with the case of
the BNM criterion, if (1) does not hold with equality, (2) is a BEPO test.
Another criterion of this type is to reject H0 if

j�� � �0j > ka; (3)

where �0 is the value of the parameter under H0 and ka is chosen such that
the size of the test is a:
Forchini and Marsh (2000) use the above criteria for the derivation of

similar unit root test statistics. Simulation results suggest that these statis-
tics have distorted size in the presence of an MA(1) error. In the presence of
an MA process in the errors, these test statistics are no longer similar due to
the fact that their critical regions depend on the associated MA parameters.
The approach in this paper is to modify the construction of the UMP critical
region in order to take into account the possibility of an MA(m) process in
the errors. Then we apply the BNM and BEPO optimality criteria to choose
statistics from the class of asymptotically similar tests and we �nd that these
have good power properties in �nite samples.

4 Construction of similar critical regions

Marsh (2005) considers a linear regression model with an MA term in the
errors and characterizes the class of asymptotically similar tests. We use the
BNM and BEPO optimality criteria for deriving tests within this class. The
model is

y = X� + u; (4)
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where � is a k�1 vector of parameters. X is an N�k full rank matrix of the
deterministic components which can either be an intercept, or an intercept
and a trend, u = (u1; :::; uN)0 and

ut = �ut�1 + �t

�t =
mX
j=0

�j"t�j

"t � NIID(0; �2)

for t = 1; :::; N; u0 = 0 , and �0 = 1: We impose the invertibility condition���j�� < 1 for j = 1; :::;m: So the parameters involved are � = (�; �0; �2; �0)
with parameter space � = (�1; 1]� Rk � R+ � (�1; 1)m:
In the context of (4) the unit root hypothesis takes the form

H0 : � = 1 vs. H1 : j�j < 1;

with �; �2 and � the nuisance parameters for this testing problem. The
method described in section (2) is going to be applied for the construction of
similar critical region for the hypothesis stated above. Invariant transforma-
tions are applied on the data y; which do not a¤ect the decision with respect
to H0 and H1; but take out the e¤ect of the nuisance parameters. These
transformations involve the use of some matrices de�ned below.
Let L(i) be the lower-triangular matrix with ones on the ith o¤-diagonal

and zeros elsewhere. Multiplying (from any side) L(i) by any vector gives the
ith lag of this vector leaving the �rst element of the vector unchanged. For
this reason we refer to L(i) as the lag-matrix. Using L(i); T� is de�ned as

T� = (IN � �L(1)): (5)

Notice therefore that T1 = IN�L(1):Multiplying any vector by T1 results the
vector of �rst di¤erences for the last N �1 elements leaving the �rst element
unchanged (implicitly a zero initial condition is imposed). So T1 acts as a
�rst di¤erence operator that transforms an I(1) series to I(0) except from the
the �rst element which remains unchanged and is asymptotically negligible.
Then, using the L(i) matrix again K� is de�ned as

K� = (IN +
mX
i=1

�iL
(i)): (6)

So when the K� matrix is multiplied by a vector of white noise errors this
results in a MA vector series of order m: Using this rationale K�1

� transforms
a vector of MA(m) to a vector of white noise series. De�ning
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� = (�1; :::; �m)
0 and " = ("1; "2; :::; "N)

0;

(4) can be expressed as
T�(y �X�) = K�": (7)

At this point, the transformation matrices listed above are used to clear the
distribution of the vector of observables from the nuisance parameters. We
start from the joint sample density of y; which is

y � N(X�; �2T�K�K
0
�

�
T�1�

�0
):

Then, for notational simplicity, we de�ne

x = K�1
� T1y; (8)

Z = K�1
� T1X; (9)

and (7) is transformed under H0 to

x = Z� + ":

The distribution of x is given by

x � N(Z�; �2��;�)

where
��;� = K�1

� T1T
�1
� K�K

0
�

�
T�1�

�0
T 01
�
K�1
�

�0
: (10)

Note that x under H0 is
x � N(Z�; �2IN)

At this point it is useful to use the following lemma before proceeding.

Lemma 1. The matrix ��;� given in (10) can be expressed as

��;� � �� = T1T
�1
�

�
T�1�

�0
T 01:

For the characterization of the class of similar tests the methodology
by Hillier (1987) described in section 2 is applied in this setup. Using the
Cholesky decomposition, the projection matrix

MZ = IN � Z (Z 0Z)
�1
Z 0

can be decomposed as:

CC 0 = MZ

C 0C = IN�k
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where C is a N �N � k matrix.
The following transformation are applied using C matrix. First x is trans-

formed as

x 7�!
� b� = (Z 0Z)�1 Z 0x
w = C 0x

�
and then w as

w 7�!
�
s2 = kwk2 = x0MZx
� = w

kwk = C 0x=s

�
As it can be seen from the above, b� is not feasible due to the fact that is
dependent on �: It is possible however to proceed by �nding a consistent
estimate of �:
The distribution of w is

w � N(0; �2C 0��C)
H0� N(0; �2IN�k) (11)

Marsh (2007) gives the density of � with respect to the normalized Haar
measure on the surface of the unit N � k sphere to be

pdf(�) = det (C 0��C)
�1=2

h
�0 (C 0��C)

�1
�
i�N�k

2
; (12)

According to the above, the most powerful critical region of H0 vs. H1 has
critical region given by

�0 (C 0��C)
�1
� < k�; (13)

where k� is chosen such that the size of the test is �:

5 Asymptotically similar statistics

After the characterization of the class of asymptotically similar statistics we
use the optimality criteria suggested by Forchini and Marsh (2000) in order to
derive test statistics from this class. Since there is not a su¢ cient statistic for
the MA parameters included in matrix K�, these parameters are estimated
using maximum likelihood estimation (MLE). The matrix K� including the
estimated MA parameters is denoted as Kb�. More explicitly we de�ne

Zb� = K�1b� T1X and � =MZb�K�1b� T1y: (14)

The procedure that gives the order of the MA process and the estimation of
the MA parameters is described in detail later in section 5.1. We de�ne

	11 =
�
T�11

�0
T�11 (15)

	12 =
�
T�11

�0 �
T�11 � IN

�
(16)

	22 =
�
T�11 � IN

�0 �
T�11 � IN

�
: (17)
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Theorem 2. Let k:k denote a norm on the space 2 � 2 positive de�nite
matrices, and let

	(�) =
1

� 0�

�
� 0	11� � 0	12�
� 0	12� � 0	22�

�
(18)

Then a BNM test is: reject H0 : � = 1 if

N�1 k	(�)k < k� (19)

where � is de�ned in (14), and k� is chosen such that the size of the test is
�:
Theorem 2 generates a class of BNM tests, depending upon the choice of

particular norm. A statistic from this class could result from the use of the
Euclidean matrix norm k	(�)k = ftr	(�)0	(�)g1=2 or the spectral norm of
	(�); de�ned as the square root of the maximal eigenvalue of 	(�)0	(�): For
the statistics derived in this paper k	(�)k = 2:

Theorem 3. A BEPO test for H0 : � = 1 against H1 : �1 < � < 1 is
given by the following rule:
reject H0 if

BEPO = N

����� 0	12� � � 0	22�

� 0	22�

���� > k� (20)

where � is de�ned in (14) and ka is such that the size of the tests is �:

5.1 Estimation of the MA process

Both the BNM and BEPO statistics contain the matrix Kb� of estimated MA
coe¢ cients. The construction of this matrix requires two steps: a procedure
that detects the order of the MA component and an estimation method for
the MA parameters. Treating both these aspects as a priori unknown makes
the inference of Theorems 2 and 3 asymptotically feasible and suitable for
practical application.
We �rst discuss the estimation of the MA parameters for a given order.

In the absence of a su¢ cient statistic for �; we need to employ a consistent
estimator. It has to be stressed that the choice of a good estimator for � is of
major importance for the good properties (empirical size near to the nominal
one and high power) of the statistics. We estimate � by conditional maximum
likelihood or pseudo-maximum likelihood if we do not wish to maintain the
normality assumption on the innovation errors. It is a well known fact that,
under the invertibility assumption imposed on the moving average process,
the (pseudo) maximum likelihood estimator of � is

p
N -consistent.
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Having estimated models of certain order m, we use information based
rules to choose one among them. These are the criteria proposed by Akaike
(1974), Schwarz (1978) and Hannan and Quinn (1979), denoted henceforth
as AIC, BIC and HQIC respectively. These are described in detail below.
The algorithm for estimating � is described below. We �rst estimate the

following model with least squares:

yt = Xb� + ût; (21)

where X includes an intercept only, or an intercept and a trend. We then �t
the following ARMA(1;m) model on the residuals of (21)

but = �but�1 + "t +
mX
i=1

�i"t�i;

for t = 1; 2; :::; N:We set a minimum valuemmin; and a maximum valuemmax

for the order of the MA component. We estimate ARMA(1;m) models with
mmin � m � mmax: For each model, we condition on the m �rst values of "
being zero:

"0 = "1 = ::: = "m = 0:

From the above assumptions we can iterate on:

"t = (but � �but�1)� mX
i=1

�i"t�i;

for t = 1; 2; :::; N:
The conditional log likelihood is

L
�
�; �; �2

�
= �N

2
log(2�)� N

2
log(�2)�

NX
t=1

"2t
2�2

Since we assumed
���j�� < 1 for j = 1; :::;m the e¤ect of the initial condition

fades out as sample size increases (Hamilton p.128).
After the estimation ofmmax�mmin+1models we use information criteria

to choose one of them. These information criteria are the following

ICAIC (m) = �2L
N
+
2 (m+ 1)

N

ICBIC (m) = �2L
N
+
(m+ 1) ln(N)

N

ICHQIC (m) = �2L
N
+
2 (m+ 1) ln (ln(N))

N
:
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We choose m such that the information criterion (used in each case) is min-
imized: bm = argmin

m
IC(m):

After choosing the order of the MA component and estimating the MA
parameters, we can substitute them in the su¢ cient statistics for (�; �2) and
then construct the similar critical regions. It is important to note here that,
asymptotically, the test statistics we derive do not depend on the nuisance
parameter under H0 since Z = K�1

�̂
T1X and T1u = K�" which gives

� = MZK
�1
�̂
T1 (X� + u) =MZK

�1
�̂
T1u

= MZK
�1
�̂
K�" = [I + op (1)]MZ":

The above result shows that the statistics we derive are asymptotically sim-
ilar.

5.2 Limiting distribution of BNM and BEPO statistics

Having derived the BNM and BEPO test statistics for the unit root hypothe-
sis, we proceed to derive their limiting distributions. To this end, we restrict
the deterministic components of the data generating process to an intercept
and a linear trend, i.e. we assume that the matrix of deterministics in (4)
takes the form

X 0 =

�
1 1 ::: 1
1 2 ::: N

�
; (22)

or
X 0 =

�
1 1 ::: 1

�
; (23)

which corresponds to the case where only an intercept is included in the
model.

Theorem 4. Consider the process in (4) and let W (�) be standard Brown-
ian motion on D [0; 1]. Under the null hypothesis H0 : � = 1 the following
limit theory applies as N !1:
For X satisfying (22)

(i) The BNM test of Theorem 2 satis�es

BNM ) 2

�Z 1

0

W 2(r)dr � 2W (1)
Z 1

0

rW (r)dr +
1

3
W 2(1)

�
:
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(ii) The BEPO test of Theorem 3 satis�es

BEPO ) 1

2

1���R 10 W 2(r)dr � 2W (1)
R 1
0
rW (r)dr + 1

3
W 2(1)

��� :
For X satisfying (23):

(iii) The BNM test of Theorem 2 satis�es

BNM ) 2

�Z 1

0

W 2(r)dr

�
:

(iv) The BEPO test of Theorem 3 satis�es

BEPO ) 1

2

����� W 2(1)� 1R 1
0
W 2(r)dr

����� :
6 Numerical Study

The test statistics we develop are motivated asymptotically in the sense that
they are asymptotically similar with respect to the MA parameter. In order
to examine their size and power properties in small samples we employ a
Monte Carlo study. Two models are considered for the simulations: the �rst
is based on (4) with X de�ned as in (22) for the case of a constant and trend
included and (23) for the case of a constant only included. The DGP used
for the simulations has the following speci�cation:

ut = �ut�1 + "t + �"t�1;

"t � NIID(0; 1);

Each Monte Carlo experiment was based on 10000 replications. We in-
vestigate size distortion and power of the statistics in �nite samples. For the
numerical study related to size distortion, the following minimal complete
factorial design is used with values for the parameters

� = �0:8;�0:7; :::; 0:8;
N = 50; 100; 200; 400;

� = 1;

� = 0:05;
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where � is the nominal size of the test statistics. For the numerical study
investigating the �nite sample power of the statistics, the simulation design
includes all combinations of the following parameter values

� = 0:8; 0:82; :::; 0:98;

N = 50; 100; 200; 400;

� = �0:5; 0;
� = 0:05;

and

� = 0:1; 0:2; :::; 0:9;

N = 50; 100; 200; 400;

� = 0;

� = 0:05:

The statistics BNM0 and BEPO0 correspond to the case in which MA
terms are not estimated. These are the statistics proposed by Forchini and
Marsh (2000). In order to get statistics BNM0 and BEPO0 we set � = 0
(i.e. K� = IN) in (19) and (20) respectively. For BNMa and BEPOa sta-
tistics the AIC is used, for BNMb and BEPOb the BIC, and for BNMh

and BEPOh the HQIC. We refer to these test statistics as similar statis-
tics. The information criteria consider MA(m) processes with mmin = 0 and
mmax = 5: Throughout this simulation study we use exact critical values for
the statistics resulting from the BNM and BEPO criteria.
We compare the �nite sample performance of the statistics derived in this

paper with other statistics in the literature. In Ng and Perron (2001) the
following statistics can be found:

MZGLS
a =

N�1~y2N � s2AR

2N�2
NX
t=1

~y2t�1

;

MSBGLS =

0BBBB@
N�2

NX
t=1

~y2t�1

s2AR

1CCCCA
1
2

MZGLS
t = MZGLS

a �MSBGLS;

where ~yt = yt�xtb
GLS; (xt being the t-th row of X) and b
GLS being the GLS
estimate of 
: This is calculated by the GLS regression of yat on x

a
t ; where
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yat = yt � ayat�1 for t = 2; :::; N and ya1 = y1: Following Elliot et al. (1996),
for the case of a constant only in the model a = 1+ �7

N
; and when a constant

and trend are included a = 1 + �13:5
N

:
Ng and Perron also modify the feasible point optimal test suggested Elliot

et al. (1996) which is

PT =
S (a)� aS (1)

s2AR
;

where S(a) = inf

PN

t=1 (y
a
t � 
xat )

2 :
The modi�ed point feasible point optimal test suggested by Ng and Perron

(2001) for the constant case is

MPGLS
T =

c2N�2
NX
t=1

~y2t�1 � cN�1~y2N

s2AR
;

and for the case of a constant and trend included in the deterministics

MPGLS
T =

c2N�2
NX
t=1

~y2t�1 + (1� c)N�1~y2N

s2AR
:

The autoregressive spectral density estimate of �2 is de�ned

s2AR =
�̂2ek 

1�
NX
t=1

b̂i

!2 ;

�̂2ek = N�1
NX

t=k+1

ê2tk;

with b̂i and e2tk derived from the following OLS regression

�~yt = b̂0~yt�1 +

kX
i=1

b̂i�~yt�i + êtk:

Note that the above regression is used for the GLS ADF test. More speci�-
cally a t-test is run on H0 : b0 = 0:
The Modi�ed Akaike Information Criterion used for the determination of

the autoregressive order k is:

MAIC(k) = ln
�
�̂2k
�
+ 2

�T (k) + k

N � kmax
;
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where

�T (k) =

b̂0

NX
t=kmax+1

~y2t�1

�̂2k
;

�̂2k =

NX
t=kmax+1

êtk

N � kmax
:

The upper bound is set to kmax = int
�
12(N=100)1=4

�
: The value of k chosen

by MAIC(k) is the one such that k = argmink2[0;kmax] :
In the tables of this paper,MZa and MZt are the modi�ed PP statistics

andMSB is the modi�ed Sargan-Bhargava statistic. PT refers to the feasible
point optimal test and MPT to its modi�ed variant. All these statistics
use GLS detrending. ADF corresponds to the ADF statistic with GLS
detrending and for ADFLS OLS detrending is used. MZaLS statistic denotes
theMZa statistic based on OLS detrending. Lastly,MZa2 corresponds to the
MZa statistic with GLS detrending used for the data and OLS detrending
used for the spectral density estimation.
Tables 1a (N = 50; 100) and 1b (N = 200; 400) report size distortion

of the statistics for a model including an intercept term only (X de�ned by
(23)) and 2a (N = 50; 100) and 2b (N = 200; 400) report the size distortion
of the statistics for the case of an intercept and a trend included in the model
(X de�ned by(22)). A �rst observation is that serious size distortions occur
when the MA parameter is speci�ed to be near to �1: These tables show
that the statistics derived in this paper exhibit much lower size distortion
in comparison to the BNM0 and BEPO0 statistics. It can be also seen
that the choice of the speci�c information criterion is crucial for the level
of size distortion in small samples (N = 50; 100). More speci�cally, the
size distortion for our statistics is the lowest when the AIC is used. When
the HQIC is used, size distortion becomes higher and the use of BIC gives
the highest size distortion among all information criteria considered for our
statistics. The relatively good performance of BNMa and BEPOa with
respect to size distortion could be explained by the fact that the AIC is
the most "liberal" (tends to choose comparatively higher order for the MA
process) of all information criteria. This is evident in Figure 1 which presents
the relative frequencies of the order chosen by each information criterion
under H0 for di¤erent values of � (for a model with an intercept and trend,
sample size N = 100). It can be seen that BIC is the most "conservative"
information criterion, in the sense that, keeping everything else constant, it
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tends to choose the lowest MA order in comparison to the other two criteria.
This has a very detrimental e¤ect for values of � close to �1 and that is why
BNMb and BEPOb give the highest size distortion in small samples. It is
also observed that for sample sizes N = 200; 400 the di¤erent information
criteria deliver almost the same empirical size.
Comparing our statistics with other statistics in the literature, we �nd

that they have much lower size distortion for N = 50: For values of the
MA parameter being close to �1; it is obvious that all the the statistics of
Ng and Perron (2001) have extremely high size distortion, making them not
reliable for such small sample sizes. This is important since sample sizes of
this kind are relevant in applied research. For higher sample sizes, statistics
MZa, MZt; MSB; PT and MPT appear to have very small size distortion
and perform better than the similar statistics. Figures 2 and 3 illustrate
graphically the facts mentioned above.
Another crucial observation for the similar statistics is that their size

distortion reduces as the sample size N increases. For example, in the case
of a model with intercept only (Tables 1a and 1b), when � = �0:8; BEPOa

statistic has size 0:367 for N = 50; 0:22 for N = 100, 0:101 for N = 200;
and 0:07 for N = 400. We observe the same behaviour for BNMb; BEPOb;
BNMh and BEPOh: This observation suggests that the empirical size of the
similar statistics derived in this paper converges to its nominal value (5% in
this case), as sample size increases. This can be attributed to the consistency
of the maximum likelihood estimator, as well as the better performance of
the information criteria as N increases. This is not the case for statistics
BNM0 andBEPO0: size distortion increases as sample sizeN increases. The
BEPO0 statistic for example has size 0:673 for N = 50; 0:832 for N = 100
and 0:908 for N = 200, when � = �0:8: This suggests that empirical size
of the BNM0 and BEPO0 statistics can go farther from nominal size as N
increases in the presence of autocorrelation in the errors. In the case of an
intercept and a trend included in the model (Tables 2a and 2b) we observe
that the level of size distortion increases for all the statistics.
Tables 3 and 4 report the power of the statistics for models corresponding

to X de�ned by (23) and (22) respectively, when there is no autocorrelation
in the error term "t (� = 0). This is not a favourable case for the statis-
tics we derive in this paper, since MA processes are considered which do
not exist under the data generating process. However, we observe that the
power of BNMb and BEPOb statistics is very close to the power of BNM0

and BEPO0 (which do not assume autocorrelation of "t). The BNMa and
BEPOa statistics have substantially lower power than the other statistics.
The power of BNMh and BEPOh statistics is lower that the power of BNMb

and BEPOb; but close to it. For sample sizes N = 200; 400 the choice of a
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speci�c information criterion does not make any substantial di¤erence with
respect to the level of power of the statistics.
Table 3 shows that MZa; MZt and MSB for N = 50 have substantially

higher power than our statistics. For N higher that 100 our statistics appear
to outperform the modi�ed statistics derived by Ng and Perron (2001). The
ADF statistic appears to have comparatively high power across all sample
sizes considered. In the case of an intercept and trend included in the model
(Table 4), we observe that statistics MZa; MZt, MSB; PT , MPT ; MZaLS
andMZa2 have extremely low power (smaller than the 5% size for alternatives
close to H0). The ADF and ADFLS statistics appear to have higher power
compared to our statistics. For sample sizes higher than 100, BNMb and
BEPOb statistics have higher power than the ADF statistic.
Table 5 presents the results for size-adjusted power for the model includ-

ing an intercept only, when there is negative autocorrelation (� = �0:5) in
the error term. A �rst observation is that the power of our statistics is lower
in comparison to the case of no autocorrelation (Table 3) especially for sam-
ple sizes 50 and 100: We also observe that the BNMb; BEPOb; BNMh and
BEPOh appear to have higher power than BNM0 and BEPO0 for sample
size N = 50: For this sample size the modi�ed statistics perform better than
our similar statistics. For sample size 100; we observe that BNMb; BEPOb;
BNMh and BEPOh have higher power than BNM0 and BEPO0 and the
statistics proposed by Ng and Perron (2001) for alternatives far from the null
� = 1: For alternatives 0:98 � � � 0:90 we �nd that the ADF statistic has
higher power. For the same alternatives BNM0 and BEPO0 have higher
power. For higher sample sizes our statistics have comparatively higher (in
comparison to the Ng and Perron statistics) power close to the null as well.
Table 6 refers to the case of a model including an intercept and a trend

in the presence of negative autocorrelation in the error term (� = �0:5).
First of all, for sample size N = 50 we observe that all statistics su¤er from
the problem of very low power. We also observe that for most alternatives,
BNM0 and BEPO0 exhibit higher power than our statistics for sample sizes
N = 50; 100: Also the statistics derived by the procedure of Ng and Perron
(2001) have substantially higher power than ours. For sample sizes higher
than N = 100 our statistics appear to have higher power for most alterna-
tives.
Tables 7 and 8 contain the �nite sample power of the statistics when

there is no autocorrelation of the error term, for alternatives farther than
the ones investigated in Tables 3 and 4. The reason for this is to examine
the possibility of power reversal. Table 7 corresponds to a model with an
intercept only. We observe that the problem of power reversal is severe for
statistics MZa; MZt, MSB; PT , MPT ; MZaLS and MZa2 for sample sizes
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N = 100; 200: For example for sample sizeN = 100; alternative 0:8 the power
of theMZa is 0:839 which is the highest among the values of power computed.
Moving away from alternative 0:8 power decreases gradually, reaching power
0:715 for alternative 0:1: ADF and ADFLS statistics do not appear to have
this problem. Regarding the statistics derived in this paper we can see that
there is such behaviour for BNMa and BEPOa statistics. For the same case
(N = 100) BEPOa statistic has power 0:958 for � = 0:5 and then gradually
falls to 0:947 for � = 0:1: We consider the power reversal of BEPOa to be
less serious than the one occurring forMZa mainly because of the magnitude
of the power reduction: 1:1% for BEPOa power reduction from alternative
0:5 to 0:1 is 1.1% while the power reduction from alternative 0:8 to 0:1
for MZa is 14:8%: Additionally, we observe that our statistics have higher
power in comparison to the other test statistics existing in the literature for
alternatives far from the null (� = 1). Figure 4 presents the power of the
BNMb; BNMa; BNMh; ADF; andMZa for the model including an intercept
only. For sample size N = 50 the ADF statistic appears to have higher
power that the BNMb; BNMa and BNMh statistics. The MZa statistic
has higher power for alternatives far from the null. For higher sample sizes
the BNMb; BNMa and BNMh perform better than ADF andMZa: In this
�gure one can see that the power function of MZa changes slope for sample
sizes N = 100; 200:
The problem of power reversal becomes more apparent in the context of a

model which includes an intercept and a trend. This case is presented for the
same statistics in Figure 5. In this case one can see that even for a sample
size as high as N = 400; the MZa statistic has a decreasing power as the
true value of � moves farther away from H0: Table 8 presents the results for
power in the absence of autocorrelation in the errors for all the statistics. For
statisticsMZa; MZt,MSB; PT ,MPT ; MZaLS andMZa2 similar conclusions
to the ones of Table 7 can be drawn. Table 8 shows that the problem of power
reversal occurs for statistic ADF as well, but not for ADFLS: This problem
appears for our statistics being less severe (much smaller power reduction as
� moves farther away from the null).
Tables 9a (N = 50; 100) and 9b (N = 200; 400) present the performance

of the information criteria across di¤erent values of � under H0; for a model
with an intercept only. This could help to explain the di¤erence among our
statistics with respect to control over size. As mentioned above, the BIC
is the most "conservative" information criterion and AIC is the most "lib-
eral", while HQIC lies in between the other two criteria. As a consequence,
statistics that use the AIC have better control over size in the presence of
negative MA parameters in comparison to the statistics using the other cri-
teria. For N = 50 and value � = �0:8 under H0, the BIC chooses order
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0 (no autocorrelation) 68:6% of the cases, AIC 39:4% and HQIC 52:7%: As
sample size increases the performance of all information criteria is improved
(they tend to choose the correct order) and for N = 400 and value � = �0:8,
none of the information criteria chooses order 0 (i.e. all criteria suggest that
there is autocorrelation in the error term). That is why we do not observe
substantial di¤erence with respect to size distortion among our statistics for
large samples. Information criteria behave similarly in the case of a model
with an intercept and a trend.
Tables 10 and 11 present the performance of information criteria for mod-

els including an intercept only and an intercept and a trend respectively,
across di¤erent values of alternatives in the case of no autocorrelation in the
error term (� = 0). These tables explain the occurrence of the problem of
power reversal for some of our statistics. We observe that the AIC performs
worse with respect to identifying the right MA order as the true value of �
moves farther away from the null. In table 10, we see that for N = 100 the
AIC chooses order 0 (the true under the DGP) for the MA component 70:8%
of the cases and for � = 0:1; 61:5%. For the same sample size, under the null,
the BIC chooses order 0 for the MA component 95:6% of the cases and for
� = 0:1; 93:9%. Table 11 shows that moving to a model with an intercept
and a trend makes the problem of identifying the right order more serious
for the AIC. For this model, and for sample size N = 100 the AIC chooses
order 0 67:8% of the cases and for � = 0:1; choice of zero order falls to 55:5%.
Under H0, the BIC chooses order 0 94:8% of the cases and for � = 0:1; the
relative frequency is 92%.

7 Conclusion

In this paper we derive asymptotically similar statistics for testing the unit
root hypothesis in the presence of autocorrelated errors. Based on the BNM
and BEPO optimality criteria proposed by Forchini and Marsh (2000), we
derive test statistics that take into consideration possible autocorrelation in
the error term. We consider our testing procedure to be feasible with respect
to two aspects. The �rst involves the use of information criteria (BIC, AIC
and HQIC) for the choice of the order of autocorrelation. The second includes
the estimation of the parameters of the chosen model. Limiting distributions
for the test statistics are provided which enable us to use asymptotic critical
values for high sample sizes (over N = 100). In order to assess the �nite sam-
ple performance of our statistics under di¤erent speci�cations, we perform
an extensive simulation study.
We believe that we successfully generalize the statistics of Forchini and
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Marsh since we improve substantially the size control of the statistics in the
presence of autocorrelation, without any signi�cant power loss even in the
case of no autocorrelation in the error term.
Additionally, we compare our statistics with a variety of other statistics

existing in the literature (mainly the ones in Ng and Perron, 2001). We �nd
that for a small sample size (such as N = 50) the other statistics could possi-
bly have so high level of size distortion, that would make inference drawn by
them highly unreliable. Our test statistics perform much better with respect
to control over size. For higher sample sizes our statistics perform compar-
atively worse to the Ng and Perron statistics, but size distortion appears
to fall substantially as sample size increases. With respect to �nite sample
power, our statistics achieve higher power for most alternatives apart from
the ones close to the null hypothesis. Finally, our statistics do not seem to
su¤er seriously from the problem of power reversal.
We observe that the optimality criteria used (BNM and BEPO) deliver

statistics that have very similar empirical size and power in �nite samples.
However, what di¤erentiates the �nite sample properties of our statistics,
is the use of the information criterion for the determination of the order of
the MA component. The use of AIC delivers the best results with respect
to size control, but also has the lowest power and for some sample sizes
the problem of power reversal occurs. The BIC gives the best results with
respect to power, but the worse for controlling size in small samples. The
HQIC appears to lie in between the other criteria mentioned, delivering test
statistics with power close to BNMb and BEPOb; and size distortion not
much higher than the one of BNMa and BEPOa:We suggest the use of the
HQIC, because of the fact that the BNMh and BEPOh statistics appear
to have comparatively, to the other asymptotically similar statistics, low
size distortion, high power and not signi�cant (if any) power reduction for
alternatives far from the null.
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8 Technical Appendix and Proofs

Proposition A1. The lag matrix L(i) commutes with any other lag matrix
of di¤erent or same order L(j) and

K�T� = T�K�;

T�11 K�1
� = K�1

� T�11 ;

T 01K
0
� = K 0

�T
0
1;�

T�11
�0 �

K�1
�

�0
=

�
K�1
�

�0 �
T�11

�0
;

K�1
� T� = T�K

�1
� ;�

K�1
�

�0
T 0� = T 0�

�
K�1
�

�0
;

given that K� and T� are invertible.

Proof. Lag matrix L(i) commutes with any other lag matrix of the same
or di¤erent order L(j) and:

L(i)L(j) = L(j)L(i) =

�
L(i+j); for i+ j � N � 1
0; for i+ j > N � 1: (24)

Noting the de�nitions in (5) and (6) and the commutative property of lag
matrix L(i) (24) we have:

K�T� =

 
IN +

qX
i=1

�iL
(i)

!�
IN � �L(1)

�
= IN � �L(1) +

qX
i=1

�iL
(i) �

 
qX
i=1

�iL
(i)

!
�L(1)

= IN � �L(1) +

qX
i=1

�iL
(i) � �

qX
i=1

�iL
(i)L(1)

= IN � �L(1) +

qX
i=1

�iL
(i) � �L(1)

qX
i=1

�iL
(i)

= IN � �L(1) +
�
IN � �L(1)

� qX
i=1

�iL
(i)

=
�
IN � �L(1)

� 
IN +

qX
i=1

�iL
(i)

!
= T�K�: (25)

Equation (25) means that K� commutes with T� (and with T1 which is a
special case of T�). Given that K� and T� are nonsingular matrices, we can
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easily show that their respective inverse and transpose matrices commute
with each other as well:

K�T� = T�K� , (K�T�)
�1 = (T�K�)

�1 , T�1� K�1
� = K�1

� T�1� ; (26)

K�T� = T�K� , (K�T�)
0 = (T�K�)

0 , T 0�K
0
� = K 0

�T
0
�; (27)

and combining (26) and (27) we get�
T�11

�0 �
K�1
�

�0
=
�
K�1
�

�0 �
T�11

�0
: (28)

Finally, using (25) we show that T� commutes with K�1
�

K�T� = T�K� ) T� = K�1
� T�K� ) T�K

�1
� = K�1

� T�; (29)

and transposing both sides of (25) we can show that
�
K�1
�

�0
T 0� = T 0�

�
K�1
�

�0
:

Proposition A2. Let S = T�11 " and �2 = E ("21). Under the assumptions
of Theorem 4 with X satisfying (22), the following limit theory applies under
the null hypothesis H0 : � = 1 as N !1:

(i) N�1S 0") 1
2
�2 [W 2(1) + 1]

(ii) N�1S 0PZ") �2W (1)
R 1
0
W (r)dr

(iii) N�2S 0T�11 PZ") �2W (1)
R 1
0
rW (r)dr

(iv) N�2 �T�11 PZ"
�0
T�11 PZ") 1

3
�2W 2(1)

(v) N�1 �T�11 PZ"
�0
PZ") 1

2
�2W 2(1)

(vi) N�1 �T�11 PZ"
�0
") �2W (1)

�
W (1)�

R 1
0
W (r)dr

�
(vii) N�1� 0� !p �

2

For X satisfying (23) parts (i) and (vii) continue to apply and:

(viii) N�1S 0PZ", N�1 �T�11 PZ"
�0
PZ" and N�2 �T�11 PZ"

�0
T�11 PZ" have order

Op(N
�1) and N�2S 0T�11 PZ", N�1 �T�11 PZ"

�0
" have order Op(N

�1=2) as
N !1.

where W (�) denotes standard Brownian motion on D [0; 1].
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Proof. By de�nition of the matrix T�11 ; St is a unit root process with
i.i.d. innovations "t. Also, using the particular form of the matrix X of
deterministics, it is easy to obtain the following identities:

PZ" =
1

N � 1 [(N � 1) "1; SN � "1; :::; SN � "1]
0

and

T�11 PZ" =
1

N � 1 [(N � 1) "1; SN�1 + (N � 1) "1; :::; (N � 1)SN�1 + (N � 1) "1]0 :

In what follows, we make use of standard unit root asymptotics, see e.g.
Phillips (1987) and Phillips and Perron (1988).
For part (i), we have

N�1S 0" = N�1
NX
i=1

Si"i = N�1

 
NX
i=1

Si�1"i +
NX
i=1

"2i

!

= N�1
NX
i=1

Si�1"i +N�1
NX
i=1

"2i

) 1

2
�2
�
[W (1)]2 � 1

	
+ �2

=
1

2
�2
�
W 2(1) + 1

�
:

For part (ii),

1

N
S 0PZ" =

1

N � 1

"
S1 (N � 1) "1 +

NX
i=2

Si (SN � "1)

#

=
1

N (N � 1)SN
NX
i=2

Si +Op

 
1

N2

NX
i=2

Si

!

=
1

N1=2
SN

1

N3=2

NX
i=2

Si +Op(N
�1=2)

) �2W (1)

Z 1

0

W (r)dr:
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For part (iii),

1

N2
S 0T�11 PZ" =

1

N2

1

N � 1

NX
i=1

fSi [(i� 1)SN�1 + (N � 1) "1]g

=
1

N2

1

N � 1SN�1
NX
i=1

Sii+Op

 
1

N2

NX
i=1

Si

!

=
1

N1=2
SN�1

1

N5=2

NX
i=1

Sii+Op

�
N�1=2�

) �2W (1)

Z 1

0

rW (r)dr:

For part (iv),

1

N2

�
T�11 PZ"

�0
T�11 PZ" =

1

N2

�
1

N � 1

�2 NX
i=1

[(i� 1)SN�1 + (N � 1) "1]2

=
S2N�1

(N � 1)2
1

N2

NX
i=1

(i� 1)2 +Op

�
1

N
SN�1

�
= [1 + o (1)]

S2N�1
3N

+Op

�
N�1=2�

) 1

3
�2W 2(1):

For part (v),

1

N

�
T�11 PZ"

�0
PZ" =

1

N

�
1

N � 1

�2(
(N � 1)2 "21 +

N�1X
i=1

[(iSN�1 + (N � 1) "1) (SN � "1)]

)

=
1

N (N � 1)2
SN�1SN

N�1X
i=1

i+Op

 
1

N3
SN�1

N�1X
i=1

i

!
= [1 + o (1)]

1

2

SN�1
N1=2

SN
N1=2

+Op

�
N�1=2�

) 1

2
�2W 2(1)
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For part (vi),

1

N

�
T�11 PZ"

�0
" =

1

N

(
1

N � 1SN�1
NX
i=1

i"i �
1

N � 1SN�1SN + "1SN

)

= [1 + o (1)]
SN�1
N1=2

1

N3=2

NX
i=1

i"i +Op

�
N�1=2�

) �W (1)

�
�W (1)� �

Z 1

0

W (r)dr

�
:

For part (vii), recall that, under H0, Z = K�1
�̂
T1X and T1u = K�" which

gives

� = MZK
�1
�̂
T1 (X� + u) =MZK

�1
�̂
T1u

= MZK
�1
�̂
K�" = [I + op (1)]MZ"

using the fact that �̂� � = op (1) : Therefore, since

"0PZ" = "21 +
1

N � 1 (SN � "1)
2 = Op (1) ;

the weak law of large numbers yields

1

N
� 0� = [I + op (1)]

1

N
"0MZ"

= [I + op (1)]

�
1

N
"0"+Op

�
N�1��!p �

2:

For part (viii) PZ corresponds to X including a constant term only which
gives the following results,

S 0PZ" =
�
T�11 PZ"

�0
PZ" = "21 = Op(1);�

T�11 PZ"
�0
T�11 PZ" = N"21 = Op(N);

S 0T�11 PZ" = "1

NX
i=1

Si = Op(N
3=2);

�
T�11 PZ"

�0
" = "1

NX
i=1

"i = "1SN = Op(N
1=2);

A direct result from the above is that N�1S 0PZ", N�1 �T�11 PZ"
�0
PZ" and

N�2 �T�11 PZ"
�0
T�11 PZ" have orderOp(N

�1) andN�2S 0T�11 PZ",N�1 �T�11 PZ"
�0
"

have order Op(N
�1=2) as N !1.
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Proof of Lemma 1. Using the commutation results given in Proposition
A1 we get

��;� = K�1
� T1T

�1
� K�K

0
�

�
T�1�

�0
T 01
�
K�1
�

�0
= T1K

�1
� K�T

�1
�

�
T�1�

�0
K 0
�

�
K�1
�

�0
T 01

= T1T
�1
�

�
T�1�

�0
T 01:

Proof of Theorem 2. The most powerful similar test of size � is given by
(13) which can be rewritten as:

y0T 01
�
K�1
�

�0
C (C 0��C)

�1C 0K�1
� T1y

y0T 01
�
K�1
�

�0
MZK

�1
� T1y

< k�

Lemma 3 of Forchini and Marsh (2000) shows that the matrix

Q = C 0B�1C � (C 0BC)�1

is positive semi-de�nite. Applying this in our case gives the following result:

y0T 01
�
K�1
�

�0
C (C 0��C)

�1C 0K�1
� T1y

y0T 01
�
K�1
�

�0
MZK

�1
� T1y

�
y0T 01

�
K�1
�

�0
CC 0��1� CC 0K�1

� T1y

y0T 01
�
K�1
�

�0
MZK

�1
� T1y

y0T 01
�
K�1
�

�0
C (C 0��C)

�1C 0K�1
� T1y

y0T 01
�
K�1
�

�0
MZK

�1
� T1y

�
� 0��1� �

� 0�
;

where � is de�ned above. So (13) is bounded above by the ratio of quadratic
forms in �: Inverting �� and expressing T� as T� = IN � �L(1) :

��1� =
h
T1T

�1
�

�
T�1�

�0
T 01

i�1
=
�
T�11

�0
T 0�T�T

�1
1 =�

T�11
�0 �

IN � �L(1)
�0 �

IN � �L(1)
�
T�11 =�

T�11
�0 �

IN � �L(1)
�
T�11 � �

�
T�11

�0
L(1)0

�
IN � �L(1)

�
T�11 =�

T�11
�0
T�11 � �

�
T�11

�0
L(1)T�11 � �

�
T�11

�0
L(1)0T�11 + �2

�
T�11

�0
L(1)0L(1)T�11 :

(30)

From equation (30) and the de�nition of the matrix 	(�) we obtain:

� 0��1� �

� 0�
=
�
1 ��

�
	(�)

�
1
��

�
(31)

So a su¢ cient condition for (13) to hold is that the positive de�nite matrix
	(�) is small with respect to some norm. We can �nd statistics such that
Pr fk	(�)k < k�jH0g = a:
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Proof of Theorem 3. The �rst BEPO criterion is:

l(��)0	(y)l(��)

y0
�1(�0)y
< ka (32)

where k� is such that the size of the test is � and �� is the value of � which
minimizes (31). We di¤erentiate (31) with respect to parameter � and set it
equal to zero. From equations (18) and (31) we get:

�
1 ��

�
	(�)

�
1
��

�
=

�
�2� 0	22� � 2�� 0	12� + � 0	11�

�
:

1

� 0�

@ (��2� 0	22� � 2��� 0	12� + � 0	11�)

@��
= 0)

2

� 0�
(�� 22 �  12) = 0) �� =

 12
 22

: (33)

Combining condition (32) with (33) and values given by (16) and (17) we
get the BEPO statistic. Also we need to note that  22 � 0 since 	22 is a

positive semi-de�nite matrix, so
@2(�2 22�2� 12+ 11)

@�2
� 0:

The theorem is proved by substituting (33) and in (3).

Proof of Theorem 4. We make repeated use of the limit theory estab-
lished in Proposition A2. For notational simplicity, de�ne

 11 = � 0	11�;  22 = � 0	22� and  12 = � 0	12�

and note that

 22 =  11 � 2
�
T�11 �

�0
� + � 0�

=  11 � 2
h
S 0"� S 0PZ"+

�
T�11 PZ"

�0
PZ"

i
� 2

�
T�11 PZ"

�0
"+ � 0�(34)

and
 12 =  11 � S 0"+ S 0PZ"�

�
T�11 PZ"

�0
PZ": (35)

For part (i), it is clear Proposition A2 and (34) and (35) we obtain that
 22 =  11 +Op (N) and  12 =  11 +Op (N). Now by Proposition A2,

1

N2
 11 =

1

N2
S 0S � 2

N2
S 0T�11 PZ"+

1

N2

�
T�11 PZ"

�0
T�11 PZ"

) �2
�Z 1

0

W 2(r)dr � 2W (1)
Z 1

0

rW (r)dr +
1

3
W 2(1)

�
: (36)
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The BNM test statistic is given by

1

N
k	(�)k =

1

N�1� 0�





 1N2

�
 11  12
 12  22

�




=

1

N�1� 0�





 1N2

�
 11  12
 12  22

�




=

1

N�1� 0�





 11N2

�
1 1
1 1

�



+Op

�
N�1�

)




� 1 1
1 1

�



�Z 1

0

W 2(r)dr � 2W (1)
Z 1

0

rW (r)dr +
1

3
W 2(1)

�
and the result follows from Proposition A2(vi) and (36).
Part (iii) corresponds to the case of a constant only included in the model.

Proposition A2(viii) applies here and we get

1

N2
 11 =

1

N2
S 0S +Op(N

�1=2)) �2
Z 1

0

W 2(r)dr: (37)

The above result in conjunction with Proposition A2(vii) gives us

1

N
k	(�)k = 1

N�1� 0�





 1N2

�
 11  12
 12  22

�



) 



� 1 1
1 1

�



Z 1

0

W 2(r)dr:

For part (ii):

1

N
( 12 �  22) =

1

N

�
S 0"� S 0PZ"�

�
T�11 PZ"

�0
"+

�
T�11 PZ"

�0
PZ"� � 0�

�
L! 1

2
�2
�
W 2(1) + 1

�
� �2W (1)

Z 1

0

W (r)dr

��2W (1)
�
W (1)�

Z 1

0

W (r)dr

�
+
1

2
�2W 2(1)� �2

= �2

(
1
2
[W 2(1) + 1]�W (1)

R 1
0
W (r)dr

�W (1)
�
W (1)�

R 1
0
W (r)dr

�
+ 1

2
W 2(1)� 1

)

= �2

(
1
2
W 2(1) + 1

2
�W (1)

R 1
0
W (r)dr

�W 2(1) +W (1)
R 1
0
W (r)dr + 1

2
W 2(1)� 1

)
= �1

2
�2

As before, when a constant and trend are included in the model N�2 22 =
N�2 11+Op(N

�1). Combining the above results and the one in (36), we get
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the asymptotic distribution of BEPO statistic which is given by

BEPO = N

���� 12 �  22
 22

���� = ����N�1 ( 12 �  22)

N�2 22

����
L!

������ �1
2
�2

�2
hR 1
0
W 2(r)dr � 2W (1)

R 1
0
rW (r)dr + 1

3
W 2(1)

i
������

=

����� �1
2R 1

0
W 2(r)dr � 2W (1)

R 1
0
rW (r)dr + 1

3
W 2(1)

�����
=

1

2

1���R 10 W 2(r)dr � 2W (1)
R 1
0
rW (r)dr + 1

3
W 2(1)

��� :
For part (iv) of the theorem X satis�es (23). We use results from Propo-

sition A2(viii) and we get

1

N
( 12 �  22) =

1

N

�
S 0"� S 0PZ"�

�
T�11 PZ"

�0
"+

�
T�11 PZ"

�0
PZ"� � 0�

�
=

1

N
(S 0"� � 0�) +Op

�
N�1=2�

L! 1

2
�2
�
W 2(1) + 1

�
� �2 =

1

2
�2
�
W 2(1)� 1

�
:

Using the above result and (37) we get

BEPO = N

���� 12 �  22
 22

���� = ����N�1 ( 12 �  22)

N�2 22

����
L!
����� 12�2 [W 2(1)� 1]
�2
R 1
0
W 2(r)dr

����� =
1

2

����� W 2(1)� 1R 1
0
W 2(r)dr

����� :
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Table 9a, Relative frequencies of MA order chosen when only an intercept is included in the model
N = 50 N = 100

� 0 1 2 3 4 5 0 1 2 3 4 5
�0:8 BIC 0:686 0:249 0:043 0:019 0:004 0:001 0:223 0:731 0:033 0:008 0:003 0:002

AIC 0:394 0:278 0:110 0:087 0:070 0:062 0:094 0:603 0:116 0:072 0:059 0:057
HQIC 0:527 0:291 0:082 0:054 0:028 0:019 0:152 0:713 0:076 0:029 0:019 0:013

�0:7 BIC 0:497 0:416 0:057 0:019 0:011 0:001 0:093 0:863 0:031 0:008 0:004 0:001
AIC 0:271 0:366 0:117 0:085 0:092 0:071 0:031 0:673 0:112 0:072 0:056 0:055
HQIC 0:378 0:406 0:099 0:055 0:044 0:020 0:055 0:814 0:071 0:030 0:017 0:012

�0:6 BIC 0:423 0:485 0:058 0:022 0:008 0:005 0:050 0:904 0:034 0:009 0:003 0:001
AIC 0:199 0:455 0:101 0:088 0:086 0:072 0:014 0:681 0:121 0:071 0:056 0:056
HQIC 0:296 0:501 0:086 0:055 0:042 0:021 0:027 0:834 0:076 0:033 0:018 0:012

�0:5 BIC 0:451 0:458 0:058 0:028 0:005 0:002 0:070 0:889 0:031 0:007 0:002 0:001
AIC 0:207 0:432 0:112 0:098 0:083 0:069 0:014 0:700 0:116 0:069 0:048 0:053
HQIC 0:311 0:485 0:090 0:060 0:035 0:021 0:032 0:843 0:072 0:029 0:013 0:012

�0:4 BIC 0:591 0:333 0:045 0:021 0:008 0:003 0:164 0:792 0:035 0:007 0:001 0:001
AIC 0:298 0:353 0:109 0:091 0:082 0:069 0:039 0:667 0:123 0:070 0:050 0:051
HQIC 0:438 0:384 0:086 0:047 0:033 0:015 0:082 0:786 0:077 0:032 0:014 0:009

�0:3 BIC 0:736 0:212 0:035 0:011 0:005 0:002 0:398 0:567 0:027 0:005 0:002 0:001
AIC 0:410 0:283 0:110 0:071 0:058 0:070 0:132 0:592 0:108 0:064 0:053 0:051
HQIC 0:557 0:283 0:071 0:040 0:028 0:023 0:240 0:647 0:064 0:023 0:015 0:010

�0:2 BIC 0:869 0:090 0:024 0:015 0:002 0:001 0:726 0:246 0:020 0:005 0:002 0:001
AIC 0:561 0:176 0:075 0:069 0:062 0:058 0:365 0:381 0:102 0:062 0:044 0:046
HQIC 0:717 0:150 0:051 0:042 0:024 0:018 0:546 0:353 0:057 0:023 0:012 0:009

�0:1 BIC 0:921 0:045 0:019 0:011 0:004 0:001 0:928 0:060 0:009 0:002 0:001 0:000
AIC 0:666 0:091 0:063 0:061 0:065 0:056 0:641 0:166 0:068 0:047 0:039 0:039
HQIC 0:814 0:072 0:045 0:031 0:026 0:013 0:821 0:115 0:033 0:014 0:010 0:008

0 BIC 0:920 0:055 0:014 0:007 0:005 0:001 0:959 0:031 0:006 0:002 0:001 0:000
AIC 0:645 0:115 0:069 0:062 0:062 0:049 0:706 0:116 0:062 0:043 0:035 0:038
HQIC 0:794 0:091 0:043 0:034 0:026 0:012 0:875 0:073 0:027 0:012 0:009 0:005

0:1 BIC 0:822 0:138 0:027 0:007 0:007 0:001 0:824 0:156 0:014 0:004 0:001 0:001
AIC 0:525 0:208 0:086 0:057 0:063 0:063 0:492 0:289 0:085 0:053 0:042 0:040
HQIC 0:672 0:188 0:058 0:035 0:034 0:014 0:676 0:247 0:044 0:019 0:009 0:006

0:2 BIC 0:624 0:317 0:037 0:013 0:009 0:001 0:500 0:468 0:025 0:005 0:002 0:001
AIC 0:328 0:381 0:102 0:074 0:064 0:053 0:188 0:549 0:104 0:062 0:049 0:048
HQIC 0:460 0:383 0:072 0:042 0:031 0:014 0:320 0:574 0:060 0:024 0:012 0:010

0:3 BIC 0:378 0:547 0:045 0:018 0:011 0:002 0:163 0:794 0:034 0:007 0:002 0:001
AIC 0:140 0:517 0:114 0:087 0:072 0:072 0:034 0:672 0:121 0:070 0:054 0:050
HQIC 0:241 0:579 0:086 0:044 0:034 0:018 0:076 0:795 0:079 0:026 0:016 0:010

0:4 BIC 0:167 0:754 0:047 0:021 0:011 0:002 0:025 0:932 0:033 0:007 0:002 0:002
AIC 0:039 0:612 0:120 0:081 0:072 0:077 0:003 0:709 0:122 0:066 0:052 0:048
HQIC 0:085 0:713 0:094 0:049 0:034 0:027 0:009 0:863 0:076 0:028 0:014 0:010

0:5 BIC 0:038 0:877 0:058 0:016 0:010 0:003 0:002 0:952 0:034 0:008 0:003 0:001
AIC 0:009 0:650 0:127 0:084 0:074 0:058 0:000 0:710 0:117 0:074 0:053 0:046
HQIC 0:018 0:777 0:103 0:049 0:037 0:017 0:000 0:866 0:074 0:031 0:018 0:010

0:6 BIC 0:006 0:912 0:055 0:019 0:007 0:003 0:000 0:954 0:034 0:007 0:003 0:002
AIC 0:001 0:664 0:123 0:077 0:073 0:064 0:000 0:702 0:126 0:074 0:050 0:049
HQIC 0:002 0:804 0:093 0:045 0:036 0:022 0:000 0:865 0:079 0:030 0:015 0:011

0:7 BIC 0:001 0:916 0:055 0:016 0:011 0:003 0:000 0:956 0:034 0:007 0:002 0:001
AIC 0:000 0:682 0:117 0:068 0:072 0:062 0:000 0:712 0:126 0:067 0:046 0:048
HQIC 0:000 0:816 0:094 0:039 0:035 0:017 0:000 0:873 0:077 0:028 0:013 0:009

0:8 BIC 0:001 0:912 0:059 0:021 0:007 0:002 0:000 0:957 0:034 0:006 0:002 0:001
AIC 0:000 0:659 0:132 0:066 0:080 0:064 0:000 0:713 0:121 0:067 0:053 0:046
HQIC 0:001 0:801 0:095 0:043 0:037 0:024 0:000 0:870 0:075 0:029 0:017 0:009
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Table 9b. Relative frequencies of MA order chosen when only an intercept is included in the model
N = 200 N = 400

� 0 1 2 3 4 5 0 1 2 3 4 5
�0:8 BIC 0:014 0:958 0:023 0:004 0:001 0:000 0:000 0:983 0:015 0:001 0:000 0:000

AIC 0:003 0:721 0:121 0:069 0:045 0:042 0:000 0:730 0:123 0:065 0:048 0:035
HQIC 0:007 0:893 0:062 0:023 0:009 0:006 0:000 0:918 0:056 0:017 0:006 0:002

�0:7 BIC 0:002 0:971 0:023 0:003 0:001 0:000 0:000 0:984 0:015 0:001 0:000 0:000
AIC 0:001 0:722 0:123 0:068 0:047 0:039 0:000 0:744 0:117 0:064 0:040 0:036
HQIC 0:001 0:898 0:066 0:022 0:010 0:004 0:000 0:924 0:053 0:016 0:005 0:002

�0:6 BIC 0:001 0:972 0:024 0:003 0:001 0:000 0:000 0:984 0:014 0:002 0:000 0:000
AIC 0:000 0:724 0:122 0:067 0:047 0:040 0:000 0:734 0:125 0:068 0:041 0:033
HQIC 0:000 0:897 0:067 0:022 0:010 0:004 0:000 0:917 0:056 0:018 0:006 0:004

�0:5 BIC 0:001 0:973 0:024 0:002 0:000 0:000 0:000 0:984 0:015 0:001 0:000 0:000
AIC 0:000 0:734 0:119 0:064 0:045 0:038 0:000 0:737 0:121 0:064 0:041 0:037
HQIC 0:000 0:906 0:062 0:019 0:009 0:003 0:000 0:923 0:055 0:015 0:005 0:002

�0:4 BIC 0:003 0:971 0:022 0:004 0:001 0:000 0:000 0:985 0:013 0:001 0:000 0:000
AIC 0:000 0:731 0:119 0:065 0:045 0:039 0:000 0:741 0:124 0:062 0:041 0:032
HQIC 0:001 0:901 0:063 0:020 0:010 0:005 0:000 0:925 0:055 0:014 0:004 0:003

�0:3 BIC 0:065 0:909 0:023 0:003 0:000 0:000 0:001 0:982 0:016 0:002 0:000 0:000
AIC 0:007 0:725 0:123 0:066 0:043 0:037 0:000 0:739 0:122 0:063 0:040 0:036
HQIC 0:023 0:881 0:064 0:020 0:008 0:004 0:000 0:917 0:059 0:016 0:006 0:003

�0:2 BIC 0:420 0:557 0:019 0:003 0:000 0:000 0:092 0:892 0:015 0:001 0:000 0:000
AIC 0:111 0:628 0:115 0:064 0:046 0:036 0:007 0:732 0:115 0:064 0:045 0:037
HQIC 0:237 0:673 0:059 0:018 0:008 0:005 0:029 0:894 0:054 0:015 0:006 0:003

�0:1 BIC 0:868 0:123 0:008 0:001 0:000 0:000 0:729 0:263 0:007 0:001 0:000 0:000
AIC 0:503 0:290 0:085 0:051 0:040 0:031 0:286 0:486 0:101 0:057 0:040 0:029
HQIC 0:716 0:232 0:032 0:013 0:006 0:002 0:512 0:433 0:038 0:011 0:005 0:001

0 BIC 0:975 0:022 0:003 0:001 0:000 0:000 0:983 0:016 0:002 0:000 0:000 0:000
AIC 0:715 0:124 0:062 0:039 0:032 0:028 0:717 0:123 0:064 0:042 0:030 0:023
HQIC 0:901 0:066 0:020 0:009 0:003 0:002 0:915 0:060 0:015 0:007 0:003 0:001

0:1 BIC 0:772 0:216 0:010 0:002 0:000 0:000 0:636 0:353 0:009 0:001 0:000 0:000
AIC 0:369 0:408 0:093 0:055 0:039 0:036 0:204 0:560 0:107 0:056 0:043 0:031
HQIC 0:583 0:354 0:041 0:013 0:006 0:004 0:406 0:532 0:044 0:012 0:004 0:002

0:2 BIC 0:258 0:716 0:022 0:003 0:000 0:000 0:051 0:935 0:012 0:001 0:000 0:000
AIC 0:050 0:687 0:121 0:063 0:042 0:037 0:003 0:739 0:118 0:065 0:041 0:036
HQIC 0:122 0:788 0:058 0:020 0:008 0:005 0:013 0:911 0:052 0:017 0:005 0:002

0:3 BIC 0:022 0:957 0:018 0:003 0:000 0:000 0:000 0:985 0:013 0:002 0:000 0:000
AIC 0:001 0:731 0:119 0:066 0:046 0:036 0:000 0:745 0:119 0:063 0:040 0:034
HQIC 0:005 0:900 0:063 0:018 0:011 0:004 0:000 0:921 0:056 0:016 0:005 0:002

0:4 BIC 0:000 0:974 0:023 0:003 0:000 0:000 0:000 0:984 0:014 0:002 0:000 0:000
AIC 0:000 0:725 0:121 0:067 0:046 0:040 0:000 0:730 0:120 0:069 0:045 0:035
HQIC 0:000 0:901 0:063 0:022 0:009 0:004 0:000 0:923 0:052 0:018 0:004 0:003

0:5 BIC 0:000 0:974 0:022 0:003 0:001 0:000 0:000 0:986 0:013 0:001 0:000 0:000
AIC 0:000 0:727 0:124 0:064 0:047 0:038 0:000 0:741 0:116 0:064 0:044 0:036
HQIC 0:000 0:903 0:064 0:022 0:008 0:004 0:000 0:927 0:051 0:013 0:006 0:003

0:6 BIC 0:000 0:972 0:024 0:003 0:001 0:000 0:000 0:984 0:015 0:001 0:000 0:000
AIC 0:000 0:730 0:120 0:066 0:044 0:040 0:000 0:743 0:117 0:065 0:042 0:033
HQIC 0:000 0:902 0:068 0:019 0:008 0:004 0:000 0:926 0:052 0:014 0:006 0:002

0:7 BIC 0:000 0:976 0:021 0:003 0:001 0:000 0:000 0:981 0:017 0:002 0:000 0:000
AIC 0:000 0:727 0:121 0:066 0:047 0:039 0:000 0:739 0:119 0:066 0:041 0:035
HQIC 0:000 0:904 0:065 0:020 0:009 0:003 0:000 0:920 0:058 0:015 0:005 0:002

0:8 BIC 0:000 0:973 0:023 0:003 0:001 0:000 0:000 0:983 0:016 0:001 0:000 0:000
AIC 0:000 0:736 0:117 0:065 0:044 0:038 0:000 0:737 0:124 0:062 0:043 0:034
HQIC 0:000 0:906 0:065 0:019 0:007 0:003 0:000 0:917 0:060 0:014 0:006 0:003
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Table 10. Relative frequencies of information criteria when an intercept is included in the model
N = 50 N = 100

� 0 1 2 3 4 5 0 1 2 3 4 5
0:1 BIC 0:910 0:054 0:022 0:010 0:003 0:001 0:939 0:044 0:014 0:002 0:001 0:000

AIC 0:605 0:126 0:095 0:070 0:058 0:045 0:615 0:135 0:094 0:061 0:047 0:048
HQIC 0:777 0:099 0:058 0:036 0:020 0:010 0:824 0:092 0:047 0:021 0:010 0:007

0:2 BIC 0:915 0:049 0:023 0:009 0:003 0:001 0:946 0:040 0:012 0:001 0:001 0:000
AIC 0:623 0:109 0:092 0:069 0:058 0:049 0:641 0:128 0:086 0:057 0:047 0:041

HQIC 0:794 0:082 0:055 0:033 0:022 0:013 0:843 0:086 0:040 0:016 0:009 0:007
0:3 BIC 0:914 0:053 0:023 0:007 0:003 0:000 0:951 0:037 0:008 0:003 0:001 0:000

AIC 0:626 0:112 0:087 0:063 0:064 0:049 0:663 0:113 0:076 0:058 0:048 0:042
HQIC 0:788 0:092 0:056 0:032 0:020 0:012 0:855 0:073 0:035 0:020 0:011 0:006

0:4 BIC 0:908 0:059 0:021 0:008 0:003 0:001 0:948 0:039 0:009 0:002 0:000 0:000
AIC 0:635 0:116 0:082 0:058 0:058 0:051 0:671 0:112 0:072 0:058 0:041 0:046

HQIC 0:784 0:096 0:054 0:030 0:023 0:012 0:855 0:077 0:032 0:021 0:007 0:009
0:5 BIC 0:912 0:055 0:022 0:006 0:003 0:001 0:954 0:033 0:010 0:003 0:001 0:000

AIC 0:643 0:115 0:074 0:058 0:061 0:049 0:681 0:112 0:075 0:050 0:046 0:036
HQIC 0:791 0:094 0:054 0:027 0:023 0:011 0:860 0:074 0:034 0:016 0:009 0:006

0:6 BIC 0:909 0:055 0:025 0:006 0:004 0:001 0:954 0:034 0:008 0:002 0:001 0:000
AIC 0:657 0:114 0:073 0:051 0:059 0:045 0:686 0:106 0:072 0:049 0:048 0:040

HQIC 0:802 0:087 0:050 0:026 0:023 0:013 0:861 0:071 0:034 0:014 0:012 0:007
0:7 BIC 0:920 0:049 0:022 0:006 0:002 0:001 0:955 0:031 0:009 0:002 0:003 0:000

AIC 0:658 0:110 0:077 0:062 0:053 0:041 0:690 0:108 0:066 0:049 0:045 0:041
HQIC 0:808 0:082 0:051 0:027 0:022 0:011 0:868 0:072 0:031 0:013 0:010 0:007

0:8 BIC 0:913 0:052 0:022 0:007 0:004 0:001 0:959 0:031 0:006 0:003 0:001 0:000
AIC 0:647 0:112 0:075 0:059 0:066 0:041 0:696 0:116 0:057 0:048 0:043 0:039

HQIC 0:794 0:091 0:049 0:029 0:027 0:009 0:868 0:072 0:027 0:016 0:011 0:006
0:9 BIC 0:915 0:051 0:019 0:010 0:004 0:001 0:958 0:032 0:008 0:002 0:001 0:000

AIC 0:649 0:118 0:066 0:058 0:058 0:051 0:713 0:113 0:060 0:040 0:036 0:038
HQIC 0:807 0:085 0:042 0:029 0:024 0:012 0:874 0:072 0:030 0:010 0:007 0:006

1 BIC 0:913 0:057 0:018 0:007 0:004 0:000 0:956 0:035 0:005 0:002 0:001 0:001
AIC 0:649 0:115 0:069 0:063 0:059 0:046 0:708 0:114 0:063 0:048 0:030 0:037

HQIC 0:803 0:094 0:039 0:029 0:024 0:011 0:871 0:075 0:026 0:016 0:006 0:006

N = 200 N = 400
� 0 1 2 3 4 5 0 1 2 3 4 5

0:1 BIC 0:956 0:034 0:009 0:000 0:000 0:000 0:976 0:020 0:004 0:000 0:000 0:000
AIC 0:630 0:140 0:094 0:060 0:043 0:032 0:637 0:142 0:096 0:056 0:040 0:029

HQIC 0:855 0:090 0:036 0:011 0:006 0:002 0:890 0:071 0:028 0:007 0:003 0:001
0:2 BIC 0:963 0:030 0:006 0:001 0:000 0:000 0:980 0:017 0:003 0:000 0:000 0:000

AIC 0:655 0:128 0:087 0:054 0:039 0:037 0:679 0:108 0:084 0:054 0:040 0:034
HQIC 0:880 0:073 0:028 0:013 0:004 0:002 0:906 0:056 0:025 0:009 0:003 0:001

0:3 BIC 0:974 0:019 0:005 0:002 0:000 0:000 0:980 0:016 0:004 0:000 0:000 0:000
AIC 0:677 0:110 0:073 0:059 0:044 0:037 0:696 0:109 0:070 0:055 0:037 0:033

HQIC 0:890 0:062 0:029 0:012 0:004 0:002 0:912 0:056 0:021 0:008 0:002 0:001
0:4 BIC 0:973 0:019 0:005 0:002 0:000 0:000 0:981 0:017 0:002 0:000 0:000 0:000

AIC 0:688 0:106 0:070 0:056 0:044 0:036 0:699 0:106 0:068 0:054 0:037 0:035
HQIC 0:892 0:056 0:028 0:015 0:005 0:003 0:912 0:055 0:018 0:010 0:004 0:001

0:5 BIC 0:971 0:023 0:006 0:001 0:000 0:000 0:982 0:017 0:001 0:000 0:000 0:000
AIC 0:690 0:117 0:062 0:057 0:038 0:035 0:695 0:118 0:062 0:047 0:041 0:036

HQIC 0:894 0:065 0:021 0:012 0:005 0:003 0:912 0:058 0:020 0:005 0:002 0:003
0:6 BIC 0:980 0:017 0:003 0:000 0:000 0:000 0:984 0:013 0:002 0:000 0:000 0:000

AIC 0:714 0:107 0:061 0:045 0:037 0:035 0:713 0:123 0:063 0:041 0:030 0:030
HQIC 0:902 0:061 0:019 0:011 0:004 0:003 0:919 0:056 0:016 0:007 0:001 0:002

0:7 BIC 0:973 0:024 0:002 0:001 0:000 0:000 0:985 0:015 0:001 0:000 0:000 0:000
AIC 0:715 0:118 0:063 0:041 0:033 0:030 0:735 0:109 0:061 0:039 0:033 0:023

HQIC 0:901 0:063 0:019 0:009 0:005 0:003 0:925 0:052 0:013 0:006 0:002 0:001
0:8 BIC 0:972 0:023 0:004 0:001 0:000 0:000 0:979 0:020 0:002 0:000 0:000 0:000

AIC 0:721 0:108 0:064 0:043 0:036 0:028 0:719 0:122 0:060 0:040 0:036 0:023
HQIC 0:905 0:059 0:019 0:010 0:005 0:002 0:911 0:063 0:017 0:005 0:003 0:001

0:9 BIC 0:978 0:020 0:002 0:000 0:000 0:000 0:985 0:013 0:002 0:000 0:000 0:000
AIC 0:722 0:118 0:061 0:043 0:029 0:026 0:731 0:115 0:061 0:041 0:031 0:021

HQIC 0:909 0:063 0:018 0:006 0:003 0:001 0:927 0:050 0:014 0:007 0:002 0:000
1 BIC 0:972 0:025 0:002 0:001 0:000 0:000 0:984 0:015 0:001 0:001 0:000 0:000

AIC 0:713 0:126 0:057 0:044 0:032 0:028 0:732 0:112 0:060 0:042 0:028 0:026
HQIC 0:898 0:069 0:018 0:008 0:005 0:003 0:926 0:051 0:015 0:005 0:002 0:001
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Table 11. Relative frequencies of information criteria when an intercept and trend are included in the model
N = 50 N = 100

� 0 1 2 3 4 5 0 1 2 3 4 5
0:1 BIC 0:870 0:077 0:038 0:011 0:003 0:001 0:920 0:055 0:020 0:004 0:002 0:000

AIC 0:515 0:149 0:130 0:082 0:061 0:064 0:555 0:151 0:125 0:072 0:050 0:048
HQIC 0:702 0:126 0:087 0:045 0:022 0:018 0:775 0:108 0:070 0:025 0:012 0:010

0:2 BIC 0:877 0:060 0:039 0:018 0:004 0:001 0:925 0:044 0:024 0:005 0:001 0:001
AIC 0:539 0:113 0:132 0:090 0:067 0:059 0:586 0:113 0:123 0:078 0:048 0:052

HQIC 0:719 0:097 0:092 0:050 0:026 0:016 0:798 0:086 0:069 0:026 0:012 0:009
0:3 BIC 0:894 0:052 0:034 0:015 0:005 0:001 0:941 0:035 0:018 0:004 0:001 0:001

AIC 0:566 0:097 0:121 0:094 0:065 0:056 0:611 0:098 0:098 0:085 0:057 0:052
HQIC 0:740 0:087 0:081 0:050 0:023 0:018 0:827 0:070 0:052 0:029 0:012 0:010

0:4 BIC 0:897 0:053 0:031 0:013 0:004 0:002 0:947 0:035 0:012 0:005 0:001 0:000
AIC 0:588 0:097 0:106 0:084 0:066 0:059 0:633 0:102 0:075 0:079 0:061 0:050

HQIC 0:756 0:082 0:074 0:044 0:027 0:018 0:835 0:072 0:042 0:029 0:014 0:008
0:5 BIC 0:908 0:052 0:025 0:010 0:003 0:001 0:948 0:036 0:011 0:003 0:002 0:000

AIC 0:600 0:100 0:093 0:079 0:071 0:056 0:640 0:106 0:070 0:067 0:065 0:052
HQIC 0:774 0:083 0:067 0:036 0:025 0:015 0:844 0:072 0:035 0:024 0:017 0:009

0:6 BIC 0:905 0:057 0:025 0:008 0:004 0:001 0:958 0:031 0:007 0:002 0:002 0:000
AIC 0:613 0:109 0:085 0:073 0:063 0:058 0:668 0:105 0:058 0:059 0:057 0:054

HQIC 0:780 0:094 0:056 0:034 0:025 0:012 0:861 0:070 0:028 0:019 0:015 0:008
0:7 BIC 0:906 0:054 0:027 0:008 0:004 0:001 0:953 0:036 0:008 0:002 0:002 0:000

AIC 0:611 0:115 0:079 0:070 0:074 0:051 0:674 0:114 0:063 0:050 0:048 0:050
HQIC 0:782 0:092 0:054 0:031 0:027 0:014 0:852 0:080 0:033 0:016 0:012 0:007

0:8 BIC 0:907 0:057 0:021 0:012 0:003 0:001 0:952 0:035 0:008 0:003 0:001 0:000
AIC 0:627 0:110 0:069 0:068 0:076 0:050 0:671 0:119 0:066 0:049 0:046 0:049

HQIC 0:786 0:089 0:049 0:037 0:028 0:011 0:854 0:077 0:028 0:019 0:013 0:009
0:9 BIC 0:896 0:063 0:026 0:009 0:004 0:001 0:948 0:040 0:009 0:002 0:001 0:001

AIC 0:610 0:116 0:081 0:070 0:075 0:049 0:679 0:120 0:073 0:047 0:038 0:043
HQIC 0:775 0:098 0:054 0:036 0:028 0:008 0:858 0:082 0:031 0:014 0:010 0:006

1 BIC 0:899 0:059 0:026 0:012 0:003 0:001 0:948 0:040 0:009 0:001 0:001 0:001
AIC 0:597 0:111 0:084 0:080 0:073 0:055 0:678 0:124 0:069 0:045 0:041 0:044

HQIC 0:763 0:096 0:056 0:045 0:029 0:011 0:853 0:082 0:032 0:015 0:010 0:008

N = 200 N = 400
� 0 1 2 3 4 5 0 1 2 3 4 5

0:1 BIC 0:952 0:036 0:011 0:002 0:001 0:000 0:971 0:023 0:006 0:000 0:000 0:000
AIC 0:579 0:140 0:124 0:070 0:047 0:041 0:613 0:130 0:114 0:063 0:043 0:038

HQIC 0:832 0:086 0:053 0:018 0:007 0:004 0:871 0:066 0:044 0:012 0:004 0:002
0:2 BIC 0:958 0:030 0:010 0:002 0:000 0:000 0:978 0:016 0:005 0:001 0:000 0:000

AIC 0:618 0:108 0:113 0:072 0:050 0:041 0:643 0:103 0:098 0:071 0:050 0:035
HQIC 0:856 0:067 0:047 0:019 0:007 0:004 0:888 0:056 0:035 0:014 0:005 0:002

0:3 BIC 0:963 0:027 0:008 0:002 0:000 0:000 0:982 0:014 0:004 0:001 0:000 0:000
AIC 0:636 0:098 0:089 0:080 0:053 0:044 0:657 0:102 0:070 0:077 0:052 0:042

HQIC 0:868 0:061 0:038 0:023 0:007 0:004 0:900 0:051 0:024 0:018 0:005 0:001
0:4 BIC 0:968 0:024 0:006 0:002 0:001 0:000 0:982 0:016 0:002 0:001 0:000 0:000

AIC 0:659 0:101 0:066 0:073 0:058 0:044 0:674 0:109 0:060 0:062 0:052 0:044
HQIC 0:880 0:060 0:029 0:019 0:009 0:004 0:906 0:052 0:018 0:015 0:007 0:003

0:5 BIC 0:972 0:022 0:004 0:002 0:001 0:000 0:982 0:016 0:002 0:000 0:000 0:000
AIC 0:679 0:101 0:058 0:055 0:058 0:048 0:698 0:113 0:058 0:040 0:049 0:043

HQIC 0:887 0:062 0:022 0:015 0:010 0:004 0:916 0:052 0:014 0:009 0:006 0:003
0:6 BIC 0:973 0:023 0:004 0:001 0:000 0:000 0:983 0:015 0:002 0:000 0:000 0:000

AIC 0:696 0:108 0:059 0:043 0:048 0:046 0:710 0:115 0:062 0:036 0:033 0:044
HQIC 0:898 0:064 0:020 0:009 0:006 0:004 0:918 0:055 0:016 0:006 0:004 0:002

0:7 BIC 0:973 0:022 0:004 0:000 0:000 0:000 0:982 0:016 0:002 0:000 0:000 0:000
AIC 0:706 0:112 0:064 0:046 0:035 0:037 0:728 0:114 0:059 0:039 0:033 0:028

HQIC 0:898 0:063 0:022 0:009 0:006 0:002 0:919 0:056 0:016 0:005 0:002 0:002
0:8 BIC 0:974 0:021 0:004 0:001 0:000 0:000 0:986 0:013 0:001 0:000 0:000 0:000

AIC 0:712 0:118 0:063 0:045 0:032 0:030 0:725 0:118 0:063 0:039 0:031 0:023
HQIC 0:899 0:065 0:021 0:010 0:004 0:002 0:923 0:053 0:016 0:006 0:003 0:001

0:9 BIC 0:973 0:023 0:004 0:001 0:000 0:000 0:982 0:016 0:002 0:000 0:000 0:000
AIC 0:724 0:112 0:064 0:041 0:032 0:027 0:728 0:119 0:062 0:040 0:028 0:024

HQIC 0:902 0:064 0:020 0:009 0:003 0:002 0:918 0:057 0:016 0:006 0:002 0:001
1 BIC 0:970 0:026 0:003 0:001 0:000 0:000 0:982 0:016 0:002 0:001 0:000 0:000

AIC 0:702 0:117 0:070 0:044 0:035 0:032 0:722 0:120 0:062 0:042 0:031 0:025
HQIC 0:889 0:071 0:024 0:010 0:004 0:002 0:918 0:058 0:016 0:007 0:001 0:001
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