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Abstract

One of the most cited studies in recent years within the field of nonstationary panel
data analysis is that of Bai and Ng (2004), in which the authors propose PANIC, a new
framework for analyzing the nonstationarity of panels with idiosyncratic and common
components. This paper shows that their results are not sharp enough to ensure PANIC

as an asymptotically valid framework for constricting pooled panel unit root tests.
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1 Introduction

Consider the observed variable X;;, where t = 1,...,T and i = 1, ..., N indexes the time series
and cross-sectional units, respectively. The starting point of PANIC is to decompose X;; into

two components, one that is common across ¢ and one that is idiosyncratic. In this note, we
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consider the simple setup with an intercept only, in which case X;; may be written as

T
Xi = i+ NF+eyp = ¢+ Z AjiFjt + eit, (1)
i=1

where the common factor Fj; and loading Aj; represent the common component of X;;, while

e;¢+ represents the idiosyncratic component. These are assumed to be generated as
Fyy = ¢jFj1+wuj and ey = piej—1+ €, (2)

where we assume for simplicity that u;; and €;; are uncorrelated across ¢. In this setup, the
idiosyncratic component e;; has a unit root if p; = 1 and it is stationary if p; < 1. Similarly, if
some of the ¢; parameters are equal to one, then X;; has as many common stochastic trends
as the number of unit roots in Fj.

The objective of PANIC is to determine the number of common stochastic trends and
test if p; = 1 when F}; and e;; are estimated using the method of principal components. The
problem is that if e; is nonstationary, then this method cannot be applied to X;; because
it will render the resulting estimate of \; inconsistent. Bai and Ng (2004) therefore suggest
applying the principal components method to z;, the first difference of X;;, rather than to

X itself. To appreciate the point of this, note that x;; can be written as
Ty = Nfi+ zits (3)

where f; and z;; are the first differences of F; and e;, respectively. In contrast to (1), all the
components of this equation are stationary, which means that consistent estimates Xi, ft and
Zit = Tit — X;ﬁ of \;, f+ and z;; can be obtained. Estimates ﬁt and €;; of F; and e;; can then
be obtained by simply recumulating ft and Zj;.

The idea behind PANIC is to test whether p; = 1 by subjecting €;; to any conventional
unit root test, such as the classical Dickey and Fuller (1979) test, which can be written as
DF%(i) = % where IA]Z and 171 are the usual sample moments of €;;. The justification for
testing in this particular way is that DF$(i) is asymptotically equivalent to DF¢ (i), the unit
root test based on e;. Similarly, knowing ﬁt is as good as knowing Fy, in the sense that
DF}%(Z) is asymptotically equivalent to DFF.(i). This is very convenient as it implies that it
is possible to disentangle the sources of potential nonstationarity in X;; by separately testing

for unit roots in e;; and Fj.



Another interesting advantage of PANIC is that DF£(i) can be used to construct pooled
tests for a unit root in e;;. The conventional way to construct such tests involves first de-
meaning the data, and then subjecting each of the demeaned series to a unit root test.! If X
is independent across 4, the normalized average of these tests converges to a normal variate
under the null hypothesis of a unit root. Unfortunately, such tests are generally inappropriate
as X;; will usually exhibit at least some form of dependence across i. By contrast, pooled
tests based on e;; are more widely applicable, since they are valid under the more plausible
assumption that X;; admits to a common factor structure.

Yet another advantage, even in comparison to other studies that also permit for common
factors, is that in PANIC the factors need not be stationary. This makes tests based on e;
very general indeed, and is probably one of the main reasons why PANIC has become so
popular in both applied and theoretical work, see Breitung and Pesaran (2005).

This paper points out a weakness in PANIC that seems to have been largely overlooked
in the literature. In particular, it is shown that the theoretical results provided by Bai and
Ng (2004) are not enough to ensure that PANIC can be used for constructing asymptotically
valid panel tests based on averaging. This is because the order of the error incurred when
replacing DF¢ (i) with DFX (i) is not sufficiently sharp to ensure that it vanishes as IV increases.
This paper provides additional results showing that PANIC can in fact be used for pooling

purposes.

2 Main results

This section reports our main results using as an example the DFX(i) statistic, which was
also considered by Bai and Ng (2004). However, the results apply to all panel tests that
are based on pooling across individual test statistics or their p-values. The data generating
process is taken directly from Bai and Ng (2004), and consists of (1) and (2) plus their
assumptions A through E. For simplicity, in this paper we also assume that u; and €; are

serially uncorrelated, and that €;; is normally distributed.?

!See Breitung and Pesaran (2005) for a recent survey of the existing panel unit root literature.

2The first assumption is by no means restrictive, in the sense that violations can be easily accommodated
by using any serial correlation corrected test, such as the augmented Dickey and Fuller (1979) test. Although
we speculate that the second assumption can be relaxed as well, some of the proofs given in this paper would
not go through, and normality is therefore maintained.



The appendix shows that if p; = 1 holds for unit 4, then
1
DF%(i) = DF{(i)+R; = DF{(i)+ O, (C ) = B; as N, T — oo, (4)
NT

where R; is a remainder term, Cy7 = min{\/T , VN } and B; is the usual Dickey and Fuller
(1979) test distribution. The by far most common way of pooling statistics of this sort is to
take the cross-sectional average, WE(N) say. Bai and Ng (2004) argues that since DFS(i) is

asymptotically equivalent to DF<(i) and B; is independent across 4, it must be true that

VN(DFi(N) — E(B)) = N(0,var(B))

and this should hold irrespectively of the relative expansion rate of N and T', as long as they

both go to infinity. However, this is not correct, as seen by noting that as N, T" — oo

. . 1 &
VRDFAN) = BB) = VEDFWN) - BE)+ 2 )R

= N(0,var(B)) + O, (‘/N> (5)

Cnr
Thus, even if we assume that % — 0 as N, T'— oo, the order of the remainder is still O,(1).
In other words, although still valid on an individual unit level as seen in (4), based on the
results provided by Bai and Ng (2004), PANIC does not seem to be a valid approach for
pooling tests. The following theorem shows that this suspicion is uncalled for, and that the

Op(1) remainder actually is o,(1).

Theorem 1. Under the assumptions given above and the null hypothesis that p; = 1 for all

i, asN,T%oowith%%O

(a) DFL(N) —, E(B)
(b) VN(DFLN) - E(B)) = N(0,var(B))

A detailed account of the remainder in (5) is provided in the appendix. However, it is

instructive to note that

N

1 Y e; Al 1 \/N
\/NZ;RZ - \/>TZ \T/>T \/>TQZ 3/22% 14— 1+O< >

Ryt

where Ry = min{v/T, N}, A is the cumulative sum of a;; = /):;ﬁ — X, ft, and U; and V; are
ﬁi and f}l based on e;, respectively. It is further possible to show that if N, T — oo with



% — 0, then this expression has the following limit

1 & :
\/N;R — ¢<N71%IEOO \/NE(R)>,

where V NE(R) tends to zero as N, T' — oo. Our simulation results suggest that ¢ plays a
big role in determining the small-sample performance of the pooled test. To see why, note

that ¢ can be written as

1L
¢ = NIE%ON;%¢ Nz,

where T' and ¥ are such that & SN 02X\, — T and £ 3N AN, — S as N — oo,

respectively. Thus, since ¢ is essentially an average of N unit specific variance ratios, it is
generally positive, which means that v/ N(DF%(N) — FE(B)) is expected to be negative in
small samples, as vV NE(R) will tend to be negative. Being left-tailed, this is suggestive of
an oversized test. We also see that 0621- and A; can be scaled by a constant without leaving
any effect on ¢. As an extreme example, note that if o?i is equal across i, then I' simplifies

to 02X in which case we get

1L 1 1 &
¢ = N;%\/A;(z—lm—l)Ai = N;./A;(z—l)Ai.

Thus, if €;+ is homoskedastic across i then there is no dependence upon 062. Heteroskedasticity

is therefore an important factor in determining the extent of any small-sample bias that comes

from replacing DF¥(i) with DFZ(i).

3 Simulations

A small-scale simulation was conducted to assess the impact of our asymptotic results in
small samples. For that purpose, since our focus lies in examining the null distribution of
the test, the data are generated according to (1) and (2) with p; = 1 for all . For simplicity,
we further assume that ¢; = 0 for all j, that » = 2, that A; ~ N(0,1) and that ¢; = 1 for
all 2. The errors u;; and €; are both assumed to be mean zero and normally distributed
with variance one and 0621- ~ U(0,b), respectively. The parameter b determines the degree

of the heteroskedasticity of the idiosyncratic component, and is key in the simulations. All



computations have been performed in GAUSS using 10,000 replications. The results reported
in Table 1 may be summarized as follows.3

Firstly, looking at the rightmost column, we see that the simulated remainder is a sig-
nificant contributor to the variation of DF(N) with a variance share close to 50% in most
cases. We also see that this share slowly disappears as N and T grows, which corroborates
the asymptotic results.

Secondly, it interesting to see how the centering of the simulated remainder is affected by
N and T on the one hand, and by b on the other hand. With b fixed, we see that while the
effect of increasing T seem to be small, a larger N pushes the distribution of the remainder,
and hence also that of DF¢(N), to the right, thus making positive outcomes more likely.
Hence, since the critical region is in the left tail of the normal distribution, this will make
the test more conservative. By contrast, if we fix IV and T, and instead let b increase, we see
that the remainder tends to the left, causing DF3(N) to become oversized. When there is no
heteroskedasticity, there is no bias effect.

Finally, note that while the performance of the pooled tests seems to be greatly affected by
the parametrization of the data generating process, as expected, the performance of DF;(i)

is essentially unaffected.

4 Concluding remarks

In this paper we point out a flaw in the theoretical results provided by Bai and Ng (2004) for
their PANIC unit root methodology. The problem lies in the order of the error incurred when
replacing the idiosyncratic component e;; by its estimated counterpart €;;, which is not sharp
enough to ensure that PANIC can be used for pooling across i. The current paper provides

more exact results establishing that PANIC can in fact be used for pooling purposes.

3To better isolate the effect of pooling, we have assumed that the true number of factors is known. Also, as
in the previous sections, we do not provide any results for the case with serial correlation. Interested readers
are referred to the paper of Kapetanios (2007) for some results when the data are serially correlated.



Appendix: Mathematical proofs

In this appendix, we prove Theorem 1. In so doing, we will make use of the fact that the
common factor can only be identified up to a scale matrix H, say. Thus, what we will consider
here is the rotation HF; of F;. As usual, ||A|| will denote the Euclidean norm /tr(A’A) of
the matrix A.

Lemma A.1. As N, T —

(@) V) = Vi—o? (TQXT:% Ay 1) 0, (1)

t=2

1 1
—e;rAir + Op <) .

b U, = U —
(b) T e

Proof of Lemma A.1.

We begin with (a). By definition

52 1 Z
’L = ezT2 €it—1-

Consider 52. Under the null hypothesis that p; = 1 for all i

1 & 1 &
8622' = *Z@Zt = Z(Aezt (pi — 1)éi— 1)2
thl Tt:2
1 ~
= ) (M)’ -2 - 1) ( > e 1Aen> +T(p; — 1) <T22% 1)
t=2 t=2

Consider the first term on the right-hand side of this equation. From the text, we have that

the defactored and first differentiated residuals can be written as
Aé\it = Tit — }\\;ﬁ = Aeit — (/)\\,/Lﬁ — )\;ft) = Aeit — Q¢ (A2)
If we let d; = Xz — (H=Y)\; and v; = ft — H f;, then a; can be rewritten as

aw = NH Y (fi—Hf)+ i — (H YN = NH ' +d.f,. (A3)



This implies

1 & 1<
Z Aat)2 = T Z(Aeit - ait)2
t=2 t=2
1 & 1 <& 2 &
= = Z(Aeit)Q + = Z aj, — = Z Aejra
T T T
=2 =2 =2
| 7
= 7 Z(Aeit)g +1—1I, say. (A4)

-
[|
I\

By using the same arguments as in Lemma B.1 of Bai and Ng (2004), part I is O,(1/C%).

Part 11 can be written as

17

T T
1 1 ~
2)\;H_1T E Ae;vp + QdQT E Aeg fi
=2

1
2d/ Aeltft + O ( >
T Z C]2VT

1 o~
t=2

where the second equality follows by Lemma B.1 of Bai (2003). By applying ||AB|| < ||A]|||B||

and the triangle inequality to the remaining part, we get

£l 1
1] < 2||dz'||< > llAei(fi - Hft)|> + 2||d; ||| |H]| <TZ|A€ztft||> + Oy ((72 >
NT

t=2
which, by applying the Cauchy-Schwarz inequality to the first term on the right-hand side,

reduces to

1 < o
11| < 2Hdz’H( ;Aen ) (T;Hft_HftHg)

T
1 1
+ 2llal|1H] TZHAGitft!>+Op (02 )
t=2 NT

) (i) o (i )or(B) o ()

where ||H|| = O,(1) by construction and ||d;|| = O,(1/Rn7) by Lemma 1 (c) of Bai and Ng

1/2

(2004). Also, from Lemma A.1 of Bai (2003), we have

1 - ) 1
3= 1A = 0 (). (5)
t=2



This implies that I7 is O,(1/C%), which in turn implies

1SN 1< 1
TtZQ(Aeit)2 _ TtZQ<AeZt) +O <C]2VT>. (AG)

Consider next the third term on the right-hand side of (A1), which, since €;; = 0 by

definition, may be written as

[]=
=N
[l
‘?—‘
[\
uMﬂ
[\
—
¢
o
&
|
[
s
&
|
s
i
SN—

=92 t
T T T
1 1 1 2
= et fefl T > 4G T2 > eindi
t=2 t=2 t=2
1 & 1 &
S ICOIEES 3PY
t=2 t=2
1 T
= 7 > el +I+II—III-1V, say. (A7)

Part I is obviously O,(1/T). The next step is to show that IT is O,(1/C%;). We begin by
using (A3), which implies that A;; = N.H 1V} + d;ﬁt where V; is the cumulative sum of v;.

Thus, by subsequently applying the triangle inequality and then (a +b)? < 2(a? + b?), we get
1| — -
11 = || S H e+ diF)?||
- 1 Z T
2|\ <T2 > ||vt|\2> + 2]l <T2 > |rFt||2>
t=2 t=2

- o) oo

where we have used equation (A.3) of Bai and Ng (2004), which says that

7= O (cjlw) )

LS () eld) e

Also, Lemma B.2 (i) of Bai and Ng (2004) implies that - Zt 9 |2 = Op(1).

IN

and therefore




Part 111 can be rewritten as

T T

1 1 ~

111 = 2)\;H_1ﬁ E eit‘/t +2d;ﬁ E eitFt
t=2 t=2

T T T
4 1 1 ~ 1
2)\;H lﬁ E e Vi + Qd; (TQ E eit(Ft — HFt)> + Qd;H <T2 E eitFt>
t=2

t=2 t=2

- 0, (C'zlvT>+O (ij)o (Cjw>+o <R;T>op<1),

where the order of the first term on the right-hand side follows from first using the Cauchy-
Schwarz inequality and then (A9), as seen by writing

T T 1/2 LT 1/2 .
T2 Zeit‘/t < (TQ Ze?t) <T2 Z |V;€||2> = 0p(1)0, <> :
=2 =2 =2

Cnr

The order of the second term follows by the same argument, after rewriting ﬁt — HF;, =
—HF + V;. The third term is obvious. If follows that 111 is O,(1/Cnr).
Finally, consider part I'V. The first term within the parenthesis is O,(1/v/T) and can be

considered as Op(1/Rn7). For the second term, we have

1 & 1 & 1 & 1 &
ﬁZAit = MNH! <T22Vt>+d§H<T22Ft>+d§< — > (F, Hﬂ)
t=2 t=2

t=2 t=2

- o0 (gt ) (s () o0 ) o o)

where we make use of (A8) to obtain the individual orders. Thus, by collecting all the terms,

we can show that (A7) reduces to

1 T 1 T 1
72@% = T2 Zeit T2 ZeztAuH-O < ) (A10)

t—2 t—2 — Rt

By using (A6), (A10), part (b) and the fact that T'(p; — 1) = O,(1), (A1) reduces to

T
1 1
62 = Tz (Aeir)? + 0O, <02 ) —, o4 (A11)
t=2

This result, together with (A10), implies part (a).
Next, consider (b). Again, by definition

€it—1A€jt.

IMﬂ

10



Note that ggt = (Gir_1 + Aey)? = @?tfl + (A%;)? + 2€;;_1Ae;, from which it follows that

T T
1 - . 1 9 ~
T Y euiley = oT > (@~ — (Aen)?)
=2 =2
Lo 1o 1 L
t=2

and by applying the same trick to e?t, we have

1 & 1 1 &
T Z eitflAeit = T zQT 2 31 7T Z Aelt . (A13)
=2 t=2

Now, the terms in the middle of the right-hand side of (A12) and (A13) are clearly O,(1/T)
as €;1 = 0 while e;; = Op(1) by assumption. Also, by using (A6) the difference between the
third terms is O,(1/C%7). As for the first term, note that

1 . 1
fez?T = f(ez‘T — ey — Air)?
1 1 1 2 2
= 7 zT + = T 121 TA?T — feiTAiT — Te’il(ez’T — Air)
1
= b1+ 11— 11 -1V, say. (A14)

By using (a +b)? < 2(a? +b?), the triangle inequality, || AB|| < ||A||||B|| and then (A5), part

II can be written as
1 . 1 & 1~
1| = T(/\QH”VTerQFT)Q < 2NHTY]? (TZHvtll2> +2[|d;||” (TZHft|2>
t=2 t=2

- o))

Hence, IT is O,(1/C%;).
Part 111 is simply

2 .
I = TeiT(AgH_lVTeriFT)

= 2 (\}Tem> AH (\}TVT> 2 <\1erT> <\1ﬁ )

0,10 () + 010, (- ) 0,11,

Ryt

where the first term on the right-hand side is a direct consequence of (A8) while the second

follows from Lemma B.2 (i) of Bai and Ng (2004). Thus, 111 is O,(1/Cnr). Part IV is

11



dominated by #e;e;r, which is Oy(1/VT) or Op(1/Rnt). Therefore, by adding the terms,
(A14) simplifies to

1. 1 2 1
T Z2T = TE?T — TErL'TAiT + Op <}2J\7T> y
which it turn implies (b) and thus the proof of Lemma A.1 is complete. [

Proof of Theorem 1.
Consider (a). By Lemma A.1 (a) and a first order Taylor expansion of the inverse square
root, we get

1 1
3/2R2i + Op <}%NT> )

1 1
N

where

T
2 1
Rai = 0eimg g eit—1Ait—1.
=2

Let Ry; = %eiTAZ-T. Application of Lemma A.1 (b) now gives
DFS(i) = DFS(s 1 Ri: + Us ——0R Op 1 = DF°(i R;
E(Z) - e (Z) - ﬁ i + V3/2 2i 1 RNT - e (Z) + K,

where

1 U; 1
ﬁRli V3/2 —75 Rai +Op <RNT) (A15)

Thus, since the first two terms on the right-hand side of (A15) are O,(1/Cn7) by Lemma

Ri =

A.1, we have that

. 1 N 1 N N
DFL(N) = NZDFg(i) = NZ(DFC()JrR) = DF.( Z
=1 =1 i=1

= DF.(N)+0, (levT). (A16)

Consider DF.(N). Because DFS(i) = B; as T — oo and B; is independent across i, we

obtain the following sequential limit as T" — oo and then N — oo

N
DFY(N) = %ZDFEC(Z') ., E(B), (A17)
=1



where the index 7 in B; is suppressed here because of the independence. Now, according to
Corollary 1 of Phillips and Moon (1999), since the scaling of DF$(i) is just unity, if we can
show that |DF£ ()| is uniformly integrable in 7', then (A17) is not only a sequential but also
a joint limit as N, T — oco. But since DF£(i) converges to B;, we have from Theorem 5.4 of

Billingsley (1968) that uniform integrability of |[DFS(i)| is equivalent to requiring that
E(DF(@))) — E(1B]),

which holds trivially since DF£(i) is a scalar so (A17) is indeed a joint limit as N, T — oo,
see Appendix C of Phillips and Moon (1999). This result, together with (A17), imply that

DFAN) = DFUN) +0, (o) = E®)

which establishes (a).
Next, consider (b). We have

N
VN(DFY(N) - E(B)) = VN <le 5" DFE() - E(B))

1 - VN
LR e v s (i)
= —I+I1+0, <}\2/AZ> say. (A19)

Note that the reminder vanishes under the condition that % —0as N, T — oo.

Consider I. From the proof of Theorem 3 in Bai (2003), we get

-1 N t
VN 1 & 1 1
Y4 o= M= AN ] =S =S e
N N]Z; 779 VN = ! TSZ:;]
1
VN 1 <, (1K, 1 & < 1 )
+ = E s *E s 75 is + O
T TSZQf T8:2fsf TSZQfsfs 4 C]2VT
N -1 N t
1 1 1 vV N 1
= A —Ex\)\' g)\gﬁ‘s—i‘O( >+O< )
szl ] ]) szl J TS:2 J p / P 012\7T



Similar to (A.30) in Phillips et al. (2001), it is possible to show that as N — oo

N

1

WZAjaequ(s) = TY2W,(s),
j=1

where W¢;(s) and We(s) are independent standard Brownian motions. In view of this result,

it is not difficult to see that as N, T" — oo with % -0

Ay = /N (STITE) N W(s).

Let qSZQ =\ (E_le_l) )\i/aei. Since %eit = 0 Wei(s) as T — oo, we get

VNRy, = \/N@eiTAiT) _ (1%) <*/NA2T> o o2 W (1) Was(1).

VT vT
Moreover, since V; = O' fo )2ds as T — oo, passing N, T — oo w1th —0
1 W ()W (1
/E (R) L 5 WD)
VVi f Wei(s)3ds
from which it follows that
(1)
—Rii = W( ¢z—
\/> Z \/> ; [w,

Thus, by assuming that % ZZZ\; 1 i — ¢ as N — oo, and then applying the same arguments
as in equation (A.10) of Phillips et al. (2001), we get

(1) We(1)
¢z— —p OF
i

\V fo \/ fol We(s)?ds

— GE[W.(D]E !

\V Jo Wels)?ds |

where the index i is again suppressed because of the independence, and where the equality

follows from the fact that W,(1) is uncorrelated with fol We(s)?ds. Note that E[W(1)] is

(A20)

zero, which means that the whole expression is zero. It follows that
— LZLR = o0,(1) (A21)
CVNE VT T

Next, consider I1. By the same arguments used above, as N, T" — oo with % — 0

\/N<1}2§;eit_1Ait_1> = ;i(\/}ew) <gAit_1> = o4, /01 Wi (w) W (u)du.

14



Therefore, because U; = 02 fol Wei(8)dWei(s) as T — oo, it is possible to show that

r 1
i f 1
\/N< Z/zR%) = VN Z/2 (UeziQ eitlAitl) = ¢ X; (/ Wei(U)We(U)dU>7
Vi Vz T t=2 0
where
) Weils)dWe(s)
i = 572"
(fol Wﬂ-(s)zds)

This implies that

1 Xy 1 1
I = \/NZ;VMRQ = /Owe(r){N;@Xin(u)}du
1
—p /Owg(u)gzﬁE[XWE(u)]du. (A22)

To find E [X We(r)], we first derive the joint moment generating function of the triplet

(U, V,8) = </01 We(s)dW(s), /01 We(s)%ds, Wg(u)>

and then apply an extended version of Lemma 2.3 in Gonzalo and Pitarakis (1998). Towards

this end, note that (Ur, Vp, S) = (U, V, S) as T — oo where

1 o 1 & 1
— 2
(Ur, Vr, St) = <T ;:1 T 1Amy, T2 1;21 Ti_q, ﬁxt> ,

where x; is a cumulated sum of independent standard normals. Now, if we let = denote the
T dimensional vector of stacked observations on z; and g = %h, where h is a vector with
the value one in the position equal to the integer part of w1 and zero otherwise, then the

moment generating function of (Up, Vp, St) is given by

or(u,v,s) = E[exp(uUT +oVp + SST)]
T
= /(27r)_T/2 exp (uUT +oVp + sSr — % Z(Amt)2> dz
t=1
= /(277)_T/2 exp <1x'P:L“ + q’:c> dr = 1t exp <1q'P_1q>
2 det(P) 2 ’
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where P = Py + 7G with

[2(1— ) -1 0 0 ]
-1 2(1-5)
P = 0 ' 0 |-
2(1—7%) -1
i 0 0 ~1 1]
[ 2 -1 0 0
-1 2
G = 0 0
2 -1
| 0 0 -1 0 |

Now, consider the identity

vé/? = g ([ Vo).

This can be used to obtain

p(Yrory _ 1 /OofazE[ (uUr — vV +sSr)] ) d
V3/2 = T3/2) o v Duds exp(uUr — vVp + sS5p v
T

— F(31/2) /OOO N (({)i;swp(u, —, s)) dv, (A23)

where the derivatives are taken at u = s = 0. To find the required derivative of pr(u, —v,s),

we follow Larsson (1997) and use the following Taylor expansion

e )

from which we deduce that %ZSQOT(U, —uv,s), and hence also (A23), is zero. Thus, letting

T — oo

E(UTST> — E<US> = E[XW.(w)] = 0

3/2 3/2
VT/ V3/
and hence we have shown that
N
1 U;
II = ——> —-Ra = op(1). (A24)
3/2 p
VN Z v, /
By using (A21) and (A24), it is clear that (A19) reduces to
N
1 VN
— SRy = —T+II1+0,[ =) = 0,(1),
m; + 11+ ”<RNT> op(1)
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which in turn can be inserted into (A17) to obtain
VN(DFZ(N) — E(B)) = VN(DF(N) — E(B)) + 0p(1). (A25)

Consider the first term on the right-hand side. It holds that
1
VN(DF(N) - E(B)) = —= ) (DF{(i) — E(B)),
N 2

which suggests that in order to show v N(DF.(N) — E(B)) = N(0,var(B)) as N, T — oo, it
is enough to verify that (DES(i) — E(B)) satisfy conditions (i) to (iv) in Theorem 3 of Phillips
and Moon (1999). Conditions (i), (ii) are (iv) are obviously satisfied in view of the fact that
the scaling of DFS(i) is again unity. Thus, for this theorem to apply we only need to verify
(iii), which requires that |[DFS(i) — E(B)|? is uniformly integrable in T. Towards this end,
note that by the continuous mapping theorem, |DF¢(i) — E(B)|> = |B; — E(B)|? as T — oo,

which together with

E(DFEG) - EB)P) = E((DFEG) - BE®)?) — B((Bi - E(B)?)
= E(|(Bi - E(B)P)

shows that | DF¢(i)— E(B)|? is uniformly integrable in T'. Thus, taking the limit as N, T' — oo
with % — 0, (A25) becomes

VN(DFYN) - E(B)) = VN(DFY(N) - E(B)) + 0,(1) = N(0,var(B)).

This completes the proof of (b). [

17



Table 1: Simulation results.

Test size Remainder

b N T DFs(N) DF.(N) DFs(i) Mean Variance
0 10 100 6.5 5.1 4.8 0.04 40.7
500 6.6 4.8 4.9 0.02 37.0

1000 6.6 4.6 4.9 0.01 36.8

50 100 3.8 4.7 4.8 0.13 14.1
500 4.4 4.4 4.9 0.02 11.5

1000 4.8 4.6 4.9 0.01 10.2

5 10 100 19.9 4.9 8.7 —0.59 63.2
500 19.4 4.7 8.7 —0.60 60.2

1000 21.1 4.8 8.8 —0.62 58.9

50 100 6.1 4.4 5.0 0.03 40.4
500 7.4 4.5 5.0 —0.04 36.7

1000 7.3 4.8 5.0 —0.06 36.5

10 10 100 29.1 5.0 11.6 —0.96 67.0
500 32.5 4.4 12.3 —1.12 66.1

1000 334 4.6 12.1 —-1.13 64.3

50 100 21.9 4.4 7.3 —-0.77 48.6
500 15.6 4.7 6.3 —0.51 38.5

1000 14.4 4.5 6.1 —0.47 36.7

20 10 100 22.8 5.0 9.6 —0.67 62.5
500 26.0 4.8 10.0 —0.85 62.1

1000 26.8 4.4 10.1 —0.90 64.7

50 100 35.8 4.4 9.1 —1.34 49.3
500 45.2 4.8 9.5 —1.61 49.7

1000 45.9 4.9 9.5 —-1.67 51.2

Notes: The value b refers to the heteroskedasticity of €;; with the value zero representing the
homoskedastic unit variance case. The leftmost three columns report the size at the 5% level,
while the next column report the mean of of the simulated remainder. The rightmost column

report the percentage of the total variance in DF¢(N) that is due to variance in the remainder.
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